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PREFACE TO FIRST EDITION 


THs book is based largely on lectures wliich I have given to 
students taking an Honours Course in Physics during recent years. 
It is intended to serve as an introduction to the treatises and papers 
on particular branches of the subject to several of which reference 
is made at the end of each chapter. It is impossible for any student 
to acquire a complete knowledge of all branches of physics, and in 
this book I have tried only to give a concise but intelligible 
account of no more than a serious student of physics ought to 
be familiar with when he begins to specialize on some particular 
branch. 

The rapid changes which are now taking place in several of 
the subjects discussed make it difficult to write a consistent and 
up-to-date account of them. 

Very few references to original papers have been given. These 
will be found in the treatises on special branches mentioned at the 
end of each chapter. 

No attempt has been made to assign all the facts and theories 
discussed to their original authors. This has been done only in a 
Jew cases. The particular facts and theories selected for discussion 
in such a book depend largely on the knowledge and experience 
of the writer, and it is impossible to avoid many omissions of 
important results some of which another author would very likely 
have considered it essential to include. 

My best thanks are due to Dr. John Dougall for his careful 
reading of the proofs and for many valuable suggestions. Also 
to Sir Ernest Eutherford and Mr, Blackett of the Cavendish 
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CHAPTER I 

The Electron Theory 

1. Electrons and Positive Muclei. 

Tlie principal electrical properties of matter are specific inductive 
capacity, conductivity, and magnetic permeability. When tbe numerical 
values of tliese quantities for the bodies present in a system are known, 
then the electrical phenomena to be expected in the system may be 
worked out. For most practical purposes it is sufficient to know that 
different forms of matter have these properties in greater or less degree, 
and it is not necessary to attempt to explain why this is so. 

For scientific purposes, however, it is desired to explain the pro- 
perties of matter, and to do this it is necessary to consider the nature 
of the ultimate particles composing material bodies. The properties, 
such as those just mentioned, which can be measured, are properties 
of matter in bulk or of bodies containing enormous numbers of atoms. 
They represent average values taken over volumes very large com- 
pared with the volume of one atom. 

According to the electron theory material bodies contain enormous 
numbers of minute particles of negative electricity which are all equal. 
These atoms of negative electricity are called electrons. Electrically 
neutral bodies contain equal amounts of positive and negative elec- 
tricity, and the positive electricity is also supposed to consist of minute 
particles which are the nuclei of the atoms. 

The electrons and positive nuclei are supposed to be so small that 
•even in the densest solids such as gold they only occupy a very minute 
fraction of the space. Material bodies therefore are merely space with 
particles of electricity here and there separated by distances very large 
compared with the dimensions of the particles. The space between 
the particles is not empty, for it is filled with the electrical and magnetic 
fields excited by the particles. Thus if we could select a point at random 

1 
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iiihide a material body and examine tlie state of the space at that 
point we should almost always find nothing except an electric and a 
magnetic field. 

The point would be in a vacuum and the specific inductive capacity, 
conductivity, and permeability at the point would have the usual values 
for a perfect vacuum. If the point happened to be inside an electron 
or a positive nucleus, then we may suppose that there would be a 
certain density of electric charge at the point in addition to the electric 
and magnetic fields. 

2. Fundamental Electromagnetic Equations o! the Electron Theory. 

The electromagnetic equations for the interior of matter according 
to tlie electron theory are the equations for space containing nothing 
but electricity. The only quantities which are required in these equa- 
tions are density of electricity or charge per unit volume, electric 
field strength, and magnetic field strength. There is no magnetism on 
this theory, and magnetic fields are supposed to be produced only by the 
motion of electricity. Following H. A. Lorentz. to whom the develop- 
ment ol the electron theory is largely due, we shall use Heaviside’s 
rational units and suppose that the force between two charges 
and Co, at rest at a distance r apart, is equal to This amounts 

to taking for the unit charge a quantity of electricity equal to the 
usual electrostatic unit divided by V 47 t. The field strength will as 
usual be the force on a unit charge, so that the field strength due to 
a charge e at rest is ejirTf^, The number of lines of force crossing unit 
area, drawn perpendicular to the field, will, also as usual, be taken 
equal to the strength of the field. The number of lines of force ending 
on a negative charge e or starting from a positive charge e is therefore 

477/’^ X r "01 ^^bich is equal to e. The number of lines of force 

starting in unit volume is therefore equal to the density of charge, 
which IS expressed by the equation 

div^ p, 

where F denotes the field strength and p the density of charge. The 
force between two magnetic poles will be taken to be so 

that the field strength due to a pole w? is 7n/irrr^. Since we suppose 
that there is no magnetism all lines of magnetic force must be closed 
curves, so that the number of lines which end in unit volume is zero, 
and div H — 0, where H denotes the magnetic field strengtli. 

The current density, that is the current per unit area drawn per- 
pf 3 iidicular to the direction of the current, at a point between the 
electrons and positive nuclei will be simply the displacement current 

^ The vector notation and nomenclature used here is explained at p 398 
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uiid bo will be equal to oF/dL At a point inside an electron or a nucleus 
where the density of charge is p there will be also, if the charge is moving, 
a convection current density equal to p¥, where V is the velocity of the 
electricity. The total current density at any point is therefore the 

0F 

resultant or vector sum of dFfdt and p¥, or + pV. F and p being 

expressed in the Heaviside electrostatic units, the unit of current 
density will of course be one Heaviside electrostatic unit of charge 
per square centimetre per second. The magnetic field H is excited by 
the current according to the well-known relation that the work required 
to take a unit pole once round a current is equal to 477 times the current, 
the field and current being expressed m ordinary electromagnetic units. 
In vector notation, curl H = ini, where i is the current density. If 
i is expressed in Heaviside electrostatic units and H in Heaviside electro- 
magnetic units this becomes curl H= i/c, where c is the velocity of 
light, so that we have 


In the same way the well-known relation between the induced electro- 
motive force round a closed curve and the rate of variation of the 
magnetic field through the curve may be written 


The four equations 


curl F = — 


1 dR 
c dt * 


div H = 0, div F = p, 


are the fundamental electromagnetic equations of the electron theory. 
If p = 0, they reduce to the electromagnetic equations for space devoid 
of ponderable matter, or ether, as it is sometimes called. 

These equations theoretically enable H and F to be calculated when 
p and ¥ are given throughout space as functions of the time L 

The velocity ¥ of the electricity is supposed to be measured rela- 
tively to the material system on which the observer is. In all ordinary 
cases ¥ will be the velocity relative to the earth or to the laboratory in 
which the observer is working. The field strengths F and H also are 
the fields as measured by an observer relative to the material system 
on which he is working, which is usually the earth. It is found that the 
motion of the earth has no observable influence on electromagnetic 
phenomena so that it is customary in electrical experiments to regard 
the laboratory as at rest. 



I THE ELECTRON THEORY [Ciial*. 

3. Eemarks oe the Fuiadainental Eauations and on the Fields. 

Tlio fiiiidamentai electromagnetic equations indicate that eacli charge pro- 
duces a field as though the other charges were not present Idiiis if all the charges 
are at rest and there is no magnetic field anywhere, then the electric field is given 
by div F = p. This makes the field due to a charge e equal to e/ 47 r?^, and t!ic 
potential ej^iz r. The resultant field at any point is then the resultant of the fields 
due to every charge, each charge giving a field e/4-7T r^. The total potential at any 
point is simply the sum of the potentials due to all the charges present. This means 
that the presence of material bodies in no way modifies the fields due to charges 
Any charge excites the same field inside a material body as m empty space. This 
is not surprising when we remember that mateiial bodies are almost entirely empty 
space, since the electrons and nuclei occupy only a minute fraction of the space 
even in the densest substances It is possible that if a bodv could be obtained 
with such a high density that the electrons and nuclei m it filled an appreciable 
fraction of its volume, the fields produced m it ■would diller appreciabl}” from those 
produced by the same charges in empty space. 

Tlie fiaidamcntai equations of the electron theory lead to a fairly satisfactory 
explanation of the electrical properties of material bodies eontaming very largo 
mioibers oi electrons and nuclei They fail, however, to explain the properties of 
single atoms It is possible that they represent results winch are true on the 
average over large numbers of electrons and time intervals not too short, but 
wfiiich are not true for very small numbers of electrons and ver}' shoit time inter- 
vals. For example, the equation div F = p may really only be true wlien p 
IS the average density of charge over a volume containing a very large number 
of electrons and nuclei. However, m the electron theory w^e assume that this 
equation is true when p is the charge m an indefinitely small volume divided by 
that volume The volume considered may be small compared with the volume 
of a nucleus even. We assume that the results of large-scale experiments on bodies 
containing enormous numbers of electrons and nuclei are true for microscopic 
phenomena even inside electrons. 

The fundamentai equations give the electric and magnetic fields excited m 
the surrounding space by electric charges, it is important to remember that 
electric and magnetic fields are not directly observed in any experiments Only 
phenomena m material l>odies are observed. The existence of fields in the space 
surrounding charges is assumed because phenomena can be eonvenienily described 
or explained by means of this assumption. In the electron theory wc assume the 
existence of these fields but w^e do not attempt to explain how they are produced 
or what they consist of. We may if ive like regard them as merely auxiliary 
mathematical quantities introduced into the theory for convenience in attempt- 
ing to describe phenomena. Most physicists, however, believe that these fields 
really exist. It has been suggested that electric and magnetic fields are modifi- 
cations of the ether, a medium filling all space. This hypothesis is not of much 
use; it is sufficient to suppose that the charges excite the fields in the surrounding 
space. If ail space is filled with ether, then etluT and space are tiie same thing, 
and we may as well regard electric and magnetic fields as modifications of space 
or as merely existing ni space. The distinction betw^een ctlier and spacn will 
never amount to anything until some method of removing tlie ether from a 
portion of space is discovered, and wo have no reason to hope that aindhmg of 
the sort will ever be possible. 

The electric and magnetic field strengths F and H arc vectors, and theri^fore 
the electromagnetic equations necessarily represent relations winch are geometri- 
cally possible in vector fields. Thus if A denotes a vector tiie components of 
which are eontmuous throughout a vector field, and div A -- 0 everywhere, 
then we can always find a vector B such that curl B = A. Hence, for example, 
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it lb always possible to find an electric field F sucli that curl F = — -H, suice 

c 

div H = 0, and therefore div H = 0 The fact that a varj^mg magnetic field 
excites an electric field is nevertheless an experimental result vhich is not even 
suggested by the geometrical properties of vectors. 

4 CaiculatioE of the Magnetic Field Strength. The Vector PotentiaL 

111 order to see how to calculate the field strengths F and H at 
any point, when p and V are supposed given as functions of the time t 
throughout the surrounding space, we first eliminate F from the funda- 
mental equations. To do this we use the well-known vector equation ^ 

curl curl A = grad div A — AA, 

which IS true for any vector A. Hence, since div H = 0, we have 

curl curl H = — AH = - curl (F + p V), 

0 

But curl F == — -H, so that curl F = — -H, and therefore 
c c 

AH - 4h = — IcurlpV. 

G 

If F is any quantity and AF == co, then we have as the solution of this 
differential equation 

p. 1 f cods 

^ 4:TTJ t ’ 

where Fp is the value of F at a point P, r is the distance from an element 
of volume dS to P, and co the value of co in the element dS. The integral 
is supposed extended over all the space around P in which co differs 
from zero. If F and 00 are vectors then this equation is equivalent to 
three equations, one for each component, e.g. 

jr __ 1 [OO^dS 

4:7tJ r ’ 

where Ki and co^ denote the components of V and 
If instead of AF = co, we have 

AF- V = 

c 

then the solution is 

V - 1 

^ 47tJ T ’ 


where [ca] stands for the value of co, not at the time i at which the value 

-'Seep. 398 
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Oi Y at tiie point P is but at tlie earlier time i — rjc. Tlie effect 
of tlie term — F/c^ is to make tbe field excited by oj travel out from 
a> with, tlie velocity c. 

The solution of the equation obtained above for H is tlierefore 

47rcJ r 


Since tlie calculation of H by means of this equation is rather compli- 
cated it is usual to introduce an auxiliary mathematical quantity a, 
called the vector potential, which is given by the equation 


a™ 


1 

_ . j 

fmdt 

4:7TCJ 

1 

T 


so that H = curl a. Here again the square brackets mean that the value 
ol p¥ in the element of volume dS is to be taken at the time i — rjc m 
order to get the value of a at the time t. 


6. CakuiatioE of the Electric Field Strength. The Scalar Potential. 

If we eliminate H from the electromagnetic field equations in the 
same way as F was eliminated w^e get 


AF - = grad (pv). 


The solution of this is 


F== 


iir] r 


dS. 


Instead of calculating F by means of this vector equation we may 
introduce an auxiliary matbematical quantity 0, called the scalar 
potential, which is given by 

[p], 




and F is then given by the equation 

F — T — grad (f>, 

0 


since 



1 . 

a, 

c 


When p and ? are known as functions of the time at all points in the 
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space around a point P, and a can be calculated ab any point near 
P, and tbeii H and F are given by 

1 “ 

H = curl a, F = a — grad 

c 


6. Examples oi tlie Use o! the Eauations. 

As an example of the use of these equations we w ill w^ork out the fields due to 
a single element of volume m which p and Y are supposed constant For this 
element of volume let gdJS = e, so that o ~ e /47rr and a = e V 

Let the element of volume considered be at the origin of co-ordmates so that 
r2 ^2 _j_ 2/2 + and let the velocity V be along the x axis, so that PU = 

Yy = 0, Yz = 0. Then we have 


Hence 


(lx 


pV 

- — , u,y=0, ^2 = 0, and a == 0. 
47Tcr 


Hx, = (curl a)v = 0, 


The resultant magnetic field H is therefore equal to _ s/ -Y or, if we 

4:-Kcr^ 

put Vs2-|_2/2=:r sinO, it is equal to smO. Its direction is perpen- 

dicular to the plane containing r and V, so that the lines of magnetic force 
are circles with their centres on the x axis and their planes perpendicular to the 

X axis. The electric field F — — grad cp, since a == 0, which gives F = — - . 

47rr2 

If we suppose that the element of volume considered contains equal amounts 
of positive and negative electricity so that p = 0 in it, but that the positive 
electricity only has the velocity F, then we get 

9 = 0, anda^=-5Z-, 

47rcr 


s F sin 0 

so that the element produces the resultant magnetic field M = but no 

47TCr2 

electric field. The element of volume is then equivalent to an element of a con- 
ductor carrying a current, and the formula we have obtained for M gives Ampere’s 
formula for the magnetic field due to a current element, since eF is equivalent to 
where i is the current and ds the length of the element. 

As another example, suppose that an electron with charge e has been at rest at 
the origin from 1= ~ oo to a time ti. and that between ti and fg it moves a small 
distance away from the ongm and then back again and then remains at rest. Up 
to (i the field will be along r, but when the electron begins to move the field 

will change and the change will move out from the charge with velocity c. If we 
describe tioo spheres with centres at the ongm and radii c{t~ t^) and c{t~— t^), then 
outside the larger sphere the disturbance due to the motion will not have arrived, 
and inside the smaller sphere the disturbance will have passed by, so that the 

field will be ^ along r except in the space between the two spheres. Inside 
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this ’.pace there will be a magntiic ht‘kl chie to the motion as wtil as an ihttiK 
iiclcl Tims the motion of the electron piocluces a wave m the field winch mo\eb 
out fioin it with the velocity r. 

7 PoyatiEg’s Theorem. 

We sliail as usual suppose that the energy density in the electro- 
magnetic field IS I -f H^), so that if P denotes the flow of energy 
through unit area in unit time, then 

— div I H2)= (P-F) + (H-H). 

In a space where p ~ 0 we have 

F = c curl H, and ii = — c curl F, 

so that we get 

— div P ™ c (F • curl H) — c (H • curl P) 

= — c div [F • H]. 

Hence we conclude that P=c[F-H], a result first obtained by Poyntiiig 
and known as Poynting’s Theorem According to tins tlie flow of 
energy is perpendicular to both the electric and magnetic fields and 
equal per unit area per unit time to cFH sm^, wdiere 9 is the angle 
betw^een F and H. 


8. Electromagnetic Momentum. 


We know^ that there is a force on a current in a magnetic field due 
to the interaction of the magnetic field of the current and the external 

field. Ill space where p = 0 the current density is F, so that there must 

be a force on the electromagnetic field equal to ^ [F • H] per unit volume. 

Also there must be a similar force on a varying magnetic field m an 
electric field, for a varying magnetic field produces an electric field 
111 exactly the same way that a current produces a magnetic field. 

1 

This force will be [F * H] per unit volume. 

^ 1 . 1 . 

The total force on the fi.eld is therefore - [F • H] + - [P • H], -which . 

Id * ^ ^ 

IS equal to ^ [P* H] or P/c^ per unit volume. Since force is equal to 


rate of change of momentum we conclude that the field has momentum 
equal to P/c^ per unit volume. This momentum is called the electro- 
magnetic momentum of the field. Its existence wais first pointed out 
by J. J. Thomson. We do not regard this momentum as inomeiitum 
of the ether but as momentum of the electromagnetic field. Thus the 
field has energy and momentum and can move through space so that 



MOMENTUM AND ENERGY 


9 


L] 

it Eas the most essential properties of matter. We regard the field as 
excited in space by the charges and it is not necessary to introduce 
the idea of an ether into the discussion. 

Since it appears that the momentum is equal to we conclude 
that the momentum is due to the flux of energy P, so that we may 
say that electromagnetic energy when moving has momentum. The 
momentum of matter may therefore be supposed to be simply the 
momentum of the energy it contains. For energy can be converted 
from one kind into another, so that if electromagnetic energy has 
momentum it is difficult to see how other kinds of energy could not 
have the same amount of momentum. 

9. Momentum and Energy of Matter. 

Matter perhaps contains other kinds of energy besides electro- 
magnetic energy, but we shall suppose that all the energy in matter 
has the same momentum as electromagnetic energy. If we make this 
assumption we can easily find the momentum of any material system 
in terms of its energy. 

Let X denote the x co-ordinate of the centroid of the energy in any 
system, so that 

[ExdS 

jEdS 

where E is the energy density in the element of volume dS, and the 
integrals are supposed taken over the whole of the system. Putting 

£ = jSdS hi the total energy we get 

8x= jSxdS. 

Differentiating this with respect to the time t we get 

jExdS; 

but E = — div P, so that 

— Jx(div F)dS. 

Now a; div P = (xP^) + ~ [xPy) + ~ (xP,) — P*, 

is, by Green’s Theorem, equal to a surface integral over a surface en- 
closing the volume S. If all the energy is inside this closed surface then 
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P is zero ail over so that tie integrai must be equal to zero. Hence 


PJS. 


But Pa; = Ma where Mg, is the X momentum density, so that if 
= J]iIa,dS we get 



Thus the momentum of any system is equal to its energy multiplied 
by the velocity of the centroid of its energy and divided by the square 
of the velocity of light. 


10, Relations between the Energy, Momentum, Velocity, ani Mass of 
a Particle. 

For a small particle of any kind the velocity v of the particle may 
be put equal to the velocity of the centroid of its energy, so that for any 
particle 


The mass m of the particle may be defined as the momentum 
divided by the velocity v so that m = S/c^. 

If the energy S and mass m when the particle is at rest or when 
V t=0 arc denoted by and Mq, then m-Q = The kinetic 

energy T of the particle is then given by T = € — €q so that T = 
e^m — mo). 

If a force / acts on such a particle along the direction in which it 
is moving, and we suppose that there is no loss of energy by radiation 
or otherwise, then we have 

f8t = BM 

and fvSt = S<? = c^Sm, 

so that = c^Sm, or since = mv, = chnBm, 

Integrating this gives 31^ = cV + const., so that, since m ^ 
when == 0, 
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TMs gives m 
we get 


ni 


y vl -- bo that since cHf — mv and m 


and 


m-. 


' Vi - vyc^ 

c^\/l — v^/g^ 


The mass m is sometimes called the apparent mass of the particle. 
It appears that m increases with v and becomes infinite when v = c. 
It is therefore impossible for the velocity of a material system to be as 
great as the velocity of light c. The kinetic energy of the particle is 


(S' — 


1 l) 


When v[c is very small this gives 

f 








or, since we have 8 — 8q 




11. Relation of the Mass of an Electron to its Charge* 

If the particle considered is an electron, m will be the mass of the 
electromagnetic field which it excites and which moves along with it, 
together with any additional mass which it may have. If the election 
is merely an electric charge it may have no additional mass, but if it 
has some internal energy besides its electrical energy it will have some 
additional mass corresponding to this additional energy. In any case 
its mass should vary with its velocity in accordance with the expression 
found above for m, since this should hold for a particle of any kind. 
The experiments of Kaufmann, Bucherer, and others on the variation 
of the mass of electrons with their velocity have shown that the mass 
does vary approximately in accordance with the above formula. 
These experiments confirm the idea that momentum is due to flux 
of energy, but they give no information as to the constitution of 
electrons. 

If we assume that an electron consists merely of a charge e uniformly 
distributed over the surface of a sphere of radius a, then its electrical 

energy when at rest is 5 — , so that its mass should be ^ 5 . However, 

OTrd OITGC'^ 

such a sphere of electricity would tend to fly apart owing to the repulsion 
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between the different parts of its charge To counteract tins repulsion 
we may suppose that there is a tension inside it equal to the repulsion 


or to * This tension may indicate the presence of an anioiint 

of energy equal to the volume of the sphere multiplied by the tension 


e Y 


ox to ?> 


A 


e Y 


\7r(r 


" YiTTO^J 2477 ^ 

According to this the total energy will be 


247ra Srra Sna 


so that the mass 




G^rac^ 


From the known values of ejmQ and e we can calculate a, which comes 
out about 10“^^ cm. We have reasons for believing that electrons are 
very small, but there is of course no justification for the idea that an 
electron is a sphere of electricity. Electricity as we know it consists 
of electrons, and a part of an electron if it could be examined would 
very likely be found to have properties quite different from those of 
electricity. We might as well suppose that a part of an atom of, say, 
helium would have the properties of a helium atom as that part of an 
electron or atom of electricity would have the properties of an electron. 
The density of electricity p which appears in the electromagnetic 
equations is supposed in the electron theory to be the charge in an 
element of volume divided by the volume of the element, and it is 
assumed that the element of volume considered may bo inside an elec- 
tron and small compared with the electron. Such assumptions are not 
really justified; all experiments relate to volumes enormously large 
compared with electrons, and we are really only justified in supposing 
that p in the electromagnetic equations stands for such a quantity as 

where n is the number of elec- 
trons, eacli having a charge e, con- 
tained in a small volume F. 

12. Force on a Charge moving in 
a Magnetic Field. 

The. force on a charge when 
moving in a magnetic field can be 
obtained by considering the elec- 
tromagnetic momentum due to a 
charge and a magnetic pole. Consider a charge e at a distance 
d from a pole of strength m (fig. 1). 
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Consider a point P at a distance r from e and s from m. The electric 


field at P due to e is •- — r, and the mametic field is — r,. The electro- 

magnetic momentum at P per unit volume is theretore — 

where d is the angle Pern and ^ the angle Pnie, As element of volume 
let us take a ring element described by the element of area bounded 
by the lines 6, 6 dO, when the plane containing 9 and ^ 

rotates once round the line em as axis. The element of area is 

equal to so that the ring element of volume is equal to 

^ sin (&-+-<;&) ® ^ 


2-77 r S1110 — TTrr^- The angular momentum m the ring element 
sm(y + <p) ® 

about the line em as axis is therefore 

s sin^ em sin {6 -r<^) 2 Trr sin 9 rs dd d(l> __ em sm 9 sin^ dd d<p 
l(} 7 rh'h‘^c sm {9 + (f>) Sttc 

The total angular momentum will be got by integrating with respect 
to 9 from 9=0 to 9 = 7r — <f>, and then with respect to ^ from <5^ = 0 

e}?2> 

to ^= 77. This gives for the total angular momentum , a result 

first obtained by J. J. Thomson, to whom this interesting method of 
calculating the force on a charge moving in a magnetic field is due. 
Now suppose the charge is moving with velocity in a direction making 
an angle ijj with the magnetic field. In a time dt the line joining e and 

m will turn through an angle — so that the angular momentum 

is changed in direction, and this requires the addition of angular 
momentum about an axis in the plane contaming e, w, and v, equal to 

emv smiffdt 
4:7TCd 

If a force / acts on the charge in a direction perpendicular to the plane 
containing e, ?n, and v, and an equal and opposite force on the pole, 
then we may equate the couple to the rate of change of the angular 

momentum, so getting emv sin J, 


Hence 


If we put H - 


. emv smiJj 


this becomes 


Hev rnnip 



THE ELECTRON THEORY 


.4 the electron theory (Chap. 

so that for the force on a unit charge moving with velocity ¥ ve get 
- [¥ • H]. The total force on umt charge in the electromagnetic field 

G 

is therefore the resultant or vector sum of the force duo to the electric 
field and that due to the magnetic field, or 


F + 7[V*H]. 

v 


This equation is of equal importance with the other fundamental 
electromagnetic equations. 


13. Force on a Moving Electron. 

Wlien an electron having the charge e is moving with velocity ? 
in an electromagnetic field, the force on it due to the external fields 
F and H will be 

c(p+i[V-H]), 


provided we suppose that F and H do not vary appreciably in the small 
space occupied by the electron. In addition to this force on the electron 
there will be the force on it due to its own field. If the mass of the 
electron is zero then the total force on it must be zero, but if it contains 
some internal energy and so has some mass, then the total force will 
be equal to the rate of change of its momentum. We do not know 
how much internal energy there is m an electron, so ’we cannot tell 
whether its mass is zero or not. 

As we have seen, the momentum of an electron or any other kind 
of particle is given by the expression £'v/c^, where 8 is its energy. 
If we take the energy of the electron to be not only its internal energy 
but also the energy of its electromagnetic field which moves along 
with it, then we may consider it as a particle having momentum given 
by the above expression, and we may regard the forces wliich its ovm 
field exerts on it as internal forces which do not modify the motion 
of its centre of mass. The force on it may then be taken to be 



[V • H]\ where F and H are the external electric and magnetic 


fields. When the velocity of the electron changes it may emit radiation, 
that is, a field which does not move along with it. Any such radiation 
field must be regarded as belonging to the external field and not to the 
field of the electron which moves along with it, but provided the 
acceleration of the electron is small the effect of the radiation emitted 
will be negligible. The electron may therefore be regarded as a particle 

of mass m = where energy of 

Vl 
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LI 

tlie lieki of the electron which movcb along with it together with its 
internal energy, both reckoned as when tlie electron is at rest. 

It is important to note that the radius of an electron is not kiiOAm. 
It is quite possible that the radius may be, say, 10"'^® cm., in which 
case nearly all the mass would be mass of the internal energy, and the 
mass of the field of the electron ivould be negligible. In this case the 
complications which are sometimes introduced by supposing the internal 
energy to be zero would be quite unnecessary. All the experimental 
results on electrons agree with the view that the electron has a charge 

e and mass m — —y , and speculations as to the nature of 

V 1 — - v^/c^ 

this mass beyond saying that it must be the mass of energy equal to 
are not justified at present. 

14. Eadiation from an Accelerated Electron. 

The radiation from an electron when its velocity varies may he calculated 
by means of the solution of the electiomagnetic equations discussed above, but 
the calculation is complicated and the desired result may be obtained much more 
easily by a method due in prin- 
ciple to J J Thomson. 

Consider an electron moving 
along a straight line AO with 
constant velocity v. At and 
near to 0 suppose the velocity 
changes in a short time Si to a 
constant velocity v' along OB. -- 
We suppose v/c and v' jc to be 
very small (fig. 2). While the 
electron is moving along AO its 
field moves with it. At 0 where 
V changes it will begin to excite 
the field corresponding to the 
velocity v' along OB, and at 
a time interval t later this new 
field will fill a sphere of radius 
ct. Outside this sphere the field will still be that due to the electron moving 
with velocity v along AO. The two fields will be separated by a layer of thick- 
ness cU containing the field excited by the electron during the short interval 
Si in which its velocity changed from v to v\ This layer moves out with the 
velocity c and it contains the wave produced by the change from v to v'. 

The Imes of force in the field outside the sphere of radius ct will radiate from 
a point O' on AO produced such that 00' == vt, and the Imes of force inside 
the sphere radiate from a point P on OB such that OP = v't If we consider 
a line of force starting from P and makmg an angle 6 with O'P, it will be dis- 
placed relatively to the parallel Ime outside the sphere by a distance O'P sinO, 
and we may suppose these two Imes are joined into a single line by a part lymg 
in the layer of thickness cSi. This requires a field component in the layer, in 
the plane containing O'P and parallel to the surface of the sphere, equal to 

? where r = c^, because the radial component m the layer is equal 

4Tcr^ cU 

to e/inr^. When t is zero the line of force considered is all outside the sphere of 
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radiim r/, and a« / iiKT<‘asts 11u‘ displacaannni O'R sioO iikixmscs pro- 

port lonaiiy to /, so that li IS clear that a line inside the sphere eoi responds to 
a parallel lino outside. Let 0'P~~v"f, so that the tangential field in the 

layer is . 

The ciieray in the nave per unit volume is therefore 



since there must be a magnet ic field of equal strength to the eleetru^ field in the 
wave and the energy in unit volume is J {F^ + IP), Tlie energy in the whole 
wave is therefore 


/, 


2Tcr smOtf/0 



1 

f)7i: f'tY 


Tins is the energy radiated m the tune v hile the velocity changed iroiii v to v% 
so that the rate of radiation during U is 

1 ^ 

Gt: 

But v" is the vector difference between v' and v, so that is the acceleration 
of the electron during the time and the rate of radiation of energy is 

1 

()7U P 


where / is the acceleration of the electron. 

Electromagnetic radiation is obtained in practice from electrical oscillations 
produced by the discharge of a condenser through a wire. In such cases, in wdiicli 
enormous numbers of electrons are mvolved the radiation obtained agrees with 
that calculated by electromagnetic theory. Radiation from single electrons has 
not been observed, and according to the Quantum Theory the electrons in atoms 
do not radiate when they are moving round orbits and so have an acc(‘leratlon. 
The success of the quantum theory makes it possible that the expression just 
obtained for the radiation from an electron is erroneous, and m fact that the equa- 
tions of the electron theory are probably only true v hen the density of clectneity 
p IS taken to be the average density over a volume contamiog a large number 
of electrons and atomic nuclei. Another possibility is tliat the electricity m atoms 
IS not really concentrated into small particles at all, but that tlie volume of an 
electron is comparable with the volume of an atom, so that the electrons in atoms 
overlap each other. 


PROPERTIES OE MATTER IN BULK 

15. The electron theory gives a fairly satisfactory explanation of the 
principal electrical properties of matter in hoik, such os specific induc- 
tive capacity and conductivity. The specific inductive capacity {K) 
of a substance may be defined as the ratio of the capacity of a condenser 
in which the substance fills the space between the plates to the cajiaclty 
with a vacuum between the plates. For the same charges the electric 
field is inversely as K. The electric field F inside a material body^ as for 

(0 814 ) 
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example the iiiaulator beivvei'n the plates of a coialeiiHcrj may be 
I consiciered (‘itlier mieroscopically or Tuaoioscopieally. From tlie micro- 
^ scopic standpoint it is iield at a point inside tlie body due to all 
■ tlie electrons and nuclei ])restmt and it varies rapidly from point to 
point, being vciy large at points close to elect r’ons or nuclei. From the 
macroscopic standpoint these variations are ignored, and we consider 
the field as equal to its average value over a space containing an enor- 
mous number of electrons and nuclei. Thus if F denotes this average 
value then _ 1 , 

where is the x component of the macroscopic field and F^ the x 
component of the microscopic field, S being the small volume over 
which the average is taken. The difference of potential between two 
points IS given by 

V,- v,=Jfjs, 

where F^ is the microscopic field component along an element ds of 
the path between the two points. It is easy to see that V 2 — is also 
equal to ^F^ds, since Fi is independent of the path. In experi- 
mental work the field is taken to be F and is generally estimated by 
measuring a potential difference and dividing this by the appropriate 
length. The density of charge in matter may also be regarded macro- 
scopically and we may define the macroscopic density by 



When jO = 0, what is meant is that the small volume 8 contains as 
much positive as negative electricity, or if it contains n electrons each 
having a charge c, and rif nuclei each having a charge e\ then 
ne -f Tife' = 0. The electrons and nuclei in matter may be moving 
about so that, strictly speaking, p should be averaged not only over 
a small volume but also over a short time interval to get jo. The rapid 
fluctuations due to the motions of the electrons and nuclei are also 
ignored or averaged out from the macroscopic view-point. The 

1 • 

microscopic equations div H == 0, div F == p, curl H = - (F + p¥), and 
1 . . ^ 
curl F = ■— ~ H of the electron theory can be easily transformed into 

equations between the macroscopic or average values of F, H, p, and 
pV given by 

F=^jFi/S, E=^^jHdS, p=^jpdS, and = ^JpVdS. 

( 1 ) 814 ) 
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For a iioiiHii<ignctie insulating inatmal nuHliiini wliieli is at rest wc* get 

cliv H = 0, div p, curl H “ ^ (F + p?), and curl F = — 1 g 

^ e 

16, Polarizaiion, Electric Displacement, Itnations for lon-magnetic 
Insulator at Rest. 

The material medium is supposed to contain electrons and positive 
nuclei, and m the absence of an electromagnetic field the macroscopic 
field due to the negative charges is supposed to be equal and opposite 
to that due to the positive charges. When there is a field in the medium 
the positive charges are displaced relative to the negative charges, so 
that the medium acquires an electric moment or polarization P. The 
polarization P is defined to be tlie macroscopic or average electric 
moment per unit volume. P is a vector and wc can draw lines to repre- 
sent its direction. The number of lines per unit area drawn perpendicular 
to the linos of polarization is taken equal to P. If an electron having a 
charge e in the medium is displaced a distance ^ from its normal 
position an electric moment will be produced, since we suppose 
that when all the charges are in their normal jiositions the average 
moment is zero. The total moment of a small volume S will therefore 
be equal to where the sign S indicates that the products €% for all 
the positive and negative charges in S are to be summed. ^ of course 
is a vector, so that indicates the vector sum of all the e|'s m S. 

The polarization P is then equal to If we draw lines of polariza- 

tion through the boundary of any small area wc get a tube of polariza- 
tion. Consider a short length ds of such a tube and let its cross-section 
be a, so that its volume is ads and its electric moment "Fads. This moment 
is equal to that of a positive charge Pa and a negative charge Pa at 
a distance ds apart. Thus we see that if a tube of polarization starts 
in the medium it must start from a charge — Pa, and if a tube ends in 
the medium it must end on a charge *-}- Pa. The number of lines of 
polarization in the tube is Fa, so that one line of polarization starts 
from a unit of negative charge. We see therefore that div P= — pp, 
where pp denotes the average charge density due to variation of the 
polarization. Let pp, denote the average charge density due to electricity 
in the medium, not due to variations in the polarization. The charge 
pj^ would remain when the field was reduced to zero but the charge 
pp would disappear. The equation 

div F = p 

therefore gives, since p == pp + ppj^ 

diY(F+P)==p^. 



l.j NUN-M UiNETiC INSULATOR 

Now conbider llie term pV. "We lia%'e 

^^. = lfpT\dS. 

Here p ib the charge density m rIS and the x component of the 
velocity of the electricity. Since the electricity is supposed to consist 
of small particles of which a very large number are m the volume S, 

we may replace j rIS hv SeF^,, which denotes the sum of the products 

eV^ for all the charges in S. 
d 

But SeF^ = where is the x component of the displacement 

Uu ^ 

of a particle from its normal position. Hence, since 

P== AeV. 

The equation curl H = - (F -j- pV) 

c 

therefore becomes curl H = ~ (F + P) = -D, 

c c 

where D = F + P. B is called the electric induction or the total polariza- 
tion, F being the polarization of the electric field and P the additional 
polarization due to the matter present. D is also sometimes called the 
electric displacement. 

The equations for the non-magnetic insulator at rest may now be 
written, with the dashes omitted, m the form 

div H — 0, div D = p, 

curl H — -D, curl F = — ^ H. 
c c 

Here, H, F, B, and p now stand for the macroscopic average values, 
which can be determined experimentally. 

17. Specific Inductive Capacity. Eefractive Index. 

The specific inductive capacity K of the medium may be defined as the ratio 
of the total polarization B to the field strength F, so that K ==D/'B. Hence 

curl H= lap, ourlF=-lH. 

c c 

These equations give curl curl H = — AH == curl 


or 
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We see therefore that electromagnetic %\aves v,i\l travel in the inedimn vitii the 
velocity cj so that the retractive mdex of the medium relative to a vacuum 
IS equal to VSr. Since P = where the S now mdicates the vector sum of 
the pioducts for a unit volume, ve have 

E ^ == 1 + 

F F 

The relation between S’ ^nay be found it we suppose that the charges in 

the insulator are acted on by elastic restoring forces proportional to the dis 
placements ^ from the normal positions. The force on a charge e will be the 
restoring torcc — a?, where oc is a constant, the force Fe due to the macroscopic 
electric field, and the force due to any field arising from the other electrons and 
nuclei near The actual field at a particle is the microscopic field there, and so 
is not necessarily equal to F. The field at the particle may be esthnated by sup- 
posing that the small space around it, in which there are no other charges, may 
be regarded as a small spherical cavity in the medium vith the particle at its 
centre. For the purpose of calculating the field m such a cavity wo may regard 
the medium as consisting of a uniform distribution of positive electricity of density 
p, and a uniform distribution of negative electricity of equal density — p, so that 
the total density ib zero. When the medium is polarized we suppose the positive 
electricity displaced relative to the negative in the dnection of the polarization 
through a distance % given by P = p 5- The field due to a polarized sphere at 
a point mside it is then equal to the field due to a positive sphere together with 
that due to an equal negative sphere, the distance betwen the centres of the 
two spheres being equal to The field due to a sphere of density p at a distance 
T from its centre is equal to p ?^/47rH or p i /3, so that the resultant field due to 
the two spheres is equal to — p?/3 at any point inside the tvo spheres. The 
field due to the charges on the wails of a spherical cavity in tlio medium is equal 
and opposite to that due to the sphere removed to make the cavity, so that the 

pH P 

total field in the cavity is equal to P + ^ or P T It is sometimes stated 

o o 

that the field due to a sphere uniformly filled with polarized atoms all equally 
polarized in the same direction is equal to zero, but this statement is cleaily 
erroneous. The demagnetizing field, for example, in a uniformly magnetized sphere 

is well known to be equal to wdiere I is the mtensity of magnetization. 

If then we suppose that a charged particle in the medium can be regarded 
as being inside a small spherical cavity, then the force on it will be equal to 
e(P -f P/3), due to the macroscopic field F and the polarization P. 

In the case of a steady field F v e have therefore 

e(F-f P/3)-a| -0, 

This, with Z = 1 + and P = F (K - 1), gives 

K-l 


If the electric field is not steady, then it is necessary to take into account the 
inertia of the charged particles. We may suppose that the nuclei remain fixed 
so that only the electrons have to be considered For a particular electron of mass 
m and charge e we have then (dropping the vector notation) 
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M we assume fur th.it y. the saiiK ioi ail the electrons, \ie get (since 

F so that P -—'hie ^ -- /n ' ) 

~ — n( "j hC‘‘(F -j” P j^) 

or tnP — — aP -r ne^{P •+■ P 3), 


wiiero ?? IS Gie iiiiinber ot electron^ in iimt volume Taking F^FqZ^p^ and 
P — P^^z*P^, ve uet 

— ■=■ ~ + Po/^h 



Thus the specific inductive capacity and so the refractive index \^K vary with 
the frequency pj 2-. In this v ay a satisfactory explanation of the phenomena of 
dispersion can be deduced from the election theory By introducmg a frictional 

fcjice on the electrons proportional to the velocity 5^ absorption can also be ex- 
plained. These questions are more fully discussed m works on Light. 


18. Equations for a Ferromagnetic Substance at Best. 

So far we Lave supposed tlie medium to be a non-magnetic insulator 
at rest. In tlie case of a ferromagnetic substance, on the electron theory, 
it is supposed that the atoms contain electrons describing orbits in 
such a way that the atoms have a magnetic moment, or else that the 
atoms contain spinning electrons wdiich have a magnetic moment. 
Tlie magnetic moments of the atoms are assumed to be practically 
constant, and the magnetic properties are explamed by the way in 
which the magnetic atoms are arranged. This question is discussed in 
the chapter on Theories of Magnetism. Here vre shall consider the 
macroscopic electromagnetic equations for a ferromagnetic substance 
at rest. In the case of the non-magnetic insulator we supposed that 
the charges could be regarded as neutralizing each other in the absence 
of an electric field. The normal position of an electron can be regarded 
as its average position over a time long compared with its period of 
revolution in its orbit, and the displacement ^ as a displacement of 
this average position. This rather crude procedure will evidently not 
suffice in the case of a ferromagnetic substance, because the magnetic 
moments of the atoms are produced by the orbital motion. The macro- 
scopic value of pY given by 

^=^j'pVdS 


does not include the orbital motion of the electrons, because the volume 
S IS supposed to include a great many atoms, so that the orbital motions 
will cancel each other since they are as likely to be in one direction as 
in the opposite direction. The magnetic properties are due to micro- 



22 THE ELECTRON THEORY [Chap» 

Ncopie convection currents rdtliongli tlie inacrusr opic am \ ectioii cm rent 
IS zero. 

If an electron is describing an orbit of area a witli freqneiicy n 
the average current round tlie orbit is ne, so that the average magnetic 
moment of the orbit is nae/c. The intensity of magnetization due to 
such orbits is therefore given by 

I — UneaJCf 

where the S indicates the vector sum of the moments of all the orbits 
in unit volume. 

A uniformly magnetized bar may be compared with a closely 
packed bundle of solenoids each of small cross-section. The magnetic 
field in a uniform solenoid wound with qi turns of wire per unit length 
IS equal to nC/c, where C is the current in Heaviside electrostatic units. 
The magnetic moment of the solenoid is equal to Cnal/c, where a is 
the cross-section of the solenoid. The magnetic moment per unit volume 
of the solenoid is therefore equal to C}i/c, which is equal to the field 
strength in the solenoid. Thus the average field strength in a magnetized 
substance due to the magnetization is equal to the intensity of mag- 
netization. The total macroscopic field strength or the magnetic in- 
duction is therefore B = H + I, where H is the field due to external 
sources. Tlie induction B is simply the average magnetic field, so that 

B= E = ^jHdS. The current D/c, however, does not include the 

microscopic orbital currents, so that a term to represent them must be 
added. The macroscopic equations for a magnetic insulator at rest are 
therefore 

div B = 0, div D = p, 

curl B = - D + curl I, curl E ™ — - B. 
c c 

The third equation is equivalent to curl H = D/c, where H is the part 
of the magnetic field inside the substance not due to the local magnetiza- 
tion. It may be defined in the usual w^ay as the force on a unit pole 
put in a long narrow cavity in the medium, the sides of the cavity being 
parallel to the direction of magnetization. This division of the magnetic 
field into two components I and H is arbitrary, but it is convenient, 
because of the difficulty of dealing with the orbital convection 
currents otherwise than by saying that they produce the mag- 
netization I. 

We may remark here that, according to the recent new developments 
of the quantum theory, the charge of an electron describing an atomic 
orbit is regarded as distributed all round the orbit, so that the orbit 
is really much more nearly equivalent to a steady current of moment 
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Li 

neajc than it would be if tlie charge e were concentrated at a 
point. 

If we absiime the permeability /x — B/H to be a constant, and put 
D = KF, tlie equations become 

div H ™ 0, div JiF — p, 

curl H ™ KWjC, curl F = — /xH/e. 


These equations give 

AH = — curl curl H = — curl (IiF/c), 

so that AH — ^H=0, 

which shows that electromagnetic waves travel in the medium wuth 
velocity c/V /xJi, so that the refractive index is equal to \/ /xJi. 

So far we have considered the substance to be an insulator. If it 

is a conductor, then the conduction current must be added to D in the 
third equation. If the conductivity is a, the conduction current, which 
of course is a convection current or stream of electrons, is equal to 
aF. 

19. Equations for a Moving Medium. 

If the material medium is not at rest, as we have hitherto supposed it to be, 
then it is necessary to add new terms to the electromagnetic equations to take 
account of the convection currents due to the motion. If W denotes the velocity 
of the medium then there is a convection current Wp duo to the charge per unit 
volume. This charge p, as before, is the measurable charge and does not include 
the charge due to the polarization. The variation of the polarization P gives a 

current P/c as when the medium is at rest, but in addition the motion of the 
polarization vith the medium produces a magnetic field. The value of this field 
may be calculated by regardmg the polarized medium as consisting of a senes 
of electrical double layers, each layer havmg a positive charge 8 per unit area 
and a negative charge — 8 separated from the positive layer by a distance 5 . 
The moment of a layer per unit area is then 8"^, so that P = N8^, where N is 
the number of layers per unit length. When the medium is movmg with velocity 
W the double layers move with velocity WsmO parallel to themselves, ivhere 6 
is the angle beti^een P and W. There is then a convection current /S' IF sinO 
per umt length along the positive layers, and — /STF sm0 along the negative 

layers. These currents give a magnetomotive force in the layers equal to sin0 

c 

m a direction perpendicular to P and to W. The average strength of this force 

IS therefore - N^SW sm0, or -PIF sinO The force is therefore equal to the vector 
c c 

product of P and W into or [P * W]. 

The equation curl H = i D 
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for a non-magnetic insulator at rest becomes therefore 

curl (H - [P • W]) = bo + pw 4- Fo), 

c 

or oiirl H = 3 (D 1- pW + Fc + curl [P • W]) 

for a non- magnetic conductor moving vith velocity W. 1) is the displacement 
current, pW the convection current. Pa the conduction current, and curl [P * W] 
the convection current due to the motion oi the polarization. The equations 

div D — p, cliv H = 0, and curl p = ~ 1 H 

c 

remom imcbanged 

In the case ot a ferromagnetic body moving vith velocity W ve may regard 
the electron orbits as equivalent to magnetic doublets, and so the magnetization 
I may bo considered equivalent to a series of magnetic double layers The motion 

1 

of these double layers produces an electromotive force equal to ~ - [I * W], just 

1 ^ 

as the electrical double layers give a magnetomotive force - [P * W]. The equa- 
tions for a magnetic moving body are therefore ^ 

div B == 0, div D == p, 

curl B = 3 (1) + pW H- Fc + curl [P • W]) + curl I, 

c 

curl F = - 3 (B + curl [I • W]). 
c 

There is no magnetic convection current analogous to pW or magnetic conduction 
current analogous to Pa. Here B, usually called the magnetic mduction, is 
really the macroscopic magnetic field strength in the medium. 

Tor an uncharged non-magnetic insulator moving in a constant electric field 

we have I) = 0, pW = 0, and Per == 0, 

so that curl H = 1 curl [P • W], 

c 

or H = ^ [P • W]. 

c 

The motion of an insulator in an electric field should therefore produce a magnetic 
field. This effect was detected by Bontgen by spinning a circular disc made of 
an insulator bet^ een the plates of a charged conclenser. He obtamed a magnetic 
field equal to that calculated. 

When a material medium is moving m a magnetic field there is a force on the 

charges in the medium equal to 1 [W • H] per unit charge, due to the motion of 

the charges in the magnetic field. The polarization P when the ^^locit}^ and the 

field are constant is therefore given by P == ( iT— 1 ) (P + [W • H]), because the 

c 

polarization due to a field P which exerts a force F on a unit charge is 
equal to P(Z — 1). The electrical displacement D ~ P + P is therefore given 
by 
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n 


D = {A'- l)tF - ‘ [W-H])-rF 

r 

= KW-r^~ ^[W-H]. 


If F is zero, then D = [W • H] 

c 

In tlie absence of a magnetic field an equal displacement would be produced by 
a field F" given by 

AF'=£yi[W-H], 

so that r = 

K G 


Tins may be regarded as an electromotive force mdixced m the insulator by the 
magnetic field. The induced E ]\LE. in a conductor mo\ mg m a magnetic field 

IS equal to ^ [W • H], so that the induced E M F. m an insulator is to that m a 
c 

conductor as JT — 1 is to K. This mduced E.M.F. in an insulator moving m a 
magnetic field was measured by the writer in a hollow^ c^Imder of ebonite rotating 
in a magnetic field, and w as found equal to the value indicated by the electron 
theory. 

In the case of a magnetic msulator the displacement D wuth P zero is 


c c 


(A-1) 


This result is obtained by puttmg B for H in the expression for D in a non- 
magnetic insulator when F is zero, and adding on the displacement corresponding 
to the induced E F. due to the motion of the electron orbits or equivalent 
magnetic doublets The field F' to give an equal displacement is therefore given 

CT' = 1 [W-B] -r 

C 0 

Puttmg I = B, this gives 

pjC c 

This result was verified experimentally by M. Wilson and the writer by measuring 
the induced E M F. in a cyhnder consisting of small steel balls embedded in wmx, 
rotating m a magnetic field. This medium was used because no insulator is known 
for w’^hich the permeability difiers appreciably from unity. 


20. Metallie Condiictioii. 

According to electron theory, the conductivity of metals is due to 
the presence of free electrons which move about freely between the 
metallic atoms. In some metals like sodium and copper there appears 
to be about one free electron for each metallic atom. The electrons 
collide with the metallic atoms, and the distance travelled between 
one collision and the next one is called the length of a free path. In 

2 ^ ( D 814 ) 
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the absence of any electric field in the metal as inanj elecdi'oiis, on the 
average^ move in one direction as another^ so that the cuiav-nt is zero; 
but if there is an electric field F in the metal it causes a clrilt of the 
electrons in the opposite direction to that of the field. If there are 
n free electrons per unit volume drifting with average velocity the 
current density is wefij where e is the electronic charge. 

Consider a large number of free paths all of the same length I de“ 
scribed by electrons all moving with velocities of equal magnitude 
V but random direction. In fig. 3, let OA = I be the radius of a 

sphere and OP the direc- 

tion of the force Fe on 
the electrons. A free path 
/ /\ starting from 0 along OA 

/ will be deviated by the 

/ / \ 

/ \ sphere at B. The 

yy l_ projection of AB on OP 

0 IP is then equal to the dis- 

V \ placement of the electron 

/ in the direction OP due 

/ to the field. If CB is 

/ parallel to OP, then CB 

is the distance the elec- 
tron is displaced from its 
Vig. 3 original direction, and the 

projection of AB on OP 
is equal to CB sin^ 0, where 0 is the angle AOP. The mean value of 
CB sin^ 0 over the surface of the sphere is f CB and CB is equal to 

\ — , BO the mean value of the displacement is - — If A 

2 m \V/ ^ 3 m \F/ 

denotes the mean free path, then the mean value of P is 2A^, so the 

mean displacement for all free paths described with velocity Y is 

IFeX^jmV^. An electron with velocity F describes F/A free paths per 

unit time, so the velocity of drift due to the field is 

2 FeX^ V ^2 FeX 
3 mF2 A 3 mr 


The average velocity of drift of all the electrons is then equal to 
2 — 

7-1 where F^^ denotes the average value of 1/F. 

3 m Of 


Before about ten years ago it was supposed that the free electrons 
in a metal had the same average kinetic energy and velocity distri- 
bution as the molecules of a monatomic gas. The heat capacity per 
mol of a monatomic gas at constant volume is equal to f J?, where R 
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is tlie gas constant for 1 mol, wMcB. is nearly 2 calories, so tlie Eeat 
capacity is nearly 3 calories per mol. Tlie teat capacities of metals 
are ail nearly equal to 6 calories per mol at ordinary temperatures, 
and tMs value is satisfactorily explained by Debye’s theory, wMcb does 
not make any allowance for the beat capacity of the free electrons. 
If the beat capacity of tbe electrons is 3, tbe metals ought to have 
heat capacities equal to 9 instead of 6. It is clear, therefore, that the 
heat capacity of the electrons cannot be equal to 3, but must be very 
small. The electrons, therefore, must have Mnetic energies nearly 
independent of the temperature, and so cannot have energy equal 
to that of a monatomic gas which is proportional to the absolute 
temperature. TMs difficulty was removed by the new Fermi-Dirac 
statistics for an electron gas. 

According to the Fermi-Dirac statistics, the number of electrons 
in the metal with velocities between V and F + dF at low tempera- 
tures is given approximately by 

f(V)dr = p mW^dV 


for values of F between zero and F^, but is zero for values of F greater 
than Also F«^ == — ( ) . Here m is the electronic mass, n tJie 

m \o7t/ 

number of free electrons per cm,®, and h Planck’s constant. 

If F”^ denotes the average value of F~^, then 
Swm® r^^Y^dV 


I 


= nV-\ 


SO that F ^ — 3/2F^. ^ ^ 2 

The average velocity of drift F“^ is therefore equal to 

TYh 

WeXImV^. The current per cm.^ is therefore Fne^XjmY^, so that tbe 
conductivity is equal to ne^XjmY^n, 

THs theory therefore explains Ohm’s law and also, since the velocity 
distribution at low temperatures is independent of the temperature, 
it makes the heat capacity of the electrons zero in agreement with the 
facts. 

It is found that the conductivity of metals is roughly inversely as 
the absolute temperature. To explain tMs we may suppose that the 
mean free path A is inversely as the absolute temperature. This may 
be due to the amplitude of oscillation of the atoms increasing as the 
temperature rises. 

The theory does not offer any satisfactory explanation of small 
second order effects such as the Hall Effect and the effect of a mag- 
netic field on the conductivity. 

* See p. 88, 
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2L Supereoniuctivity. 

It is found that certain mefcals, alloys and compounds become 
practically perfect conductors of electricity at very low temperatures. 
The following table gives the temperatures on the absolute scale 
below which several substances are perfect conductors. 


Substance 

Temperature 

Lead 

7 2° K 

Niobium 

9-2 

Aluminium 

1*14 

Zinc 

0-78 

Load sulphide 

4*1 

Niobium carbide 

10-1 

Lead'tin-bismuth alloy 

8-5 


Copper, silver, gold, iron, platinum and several other metals are not 
superconducting at 0*75° K. Solutions of metallic sodium in liquid 
ammonia appear to become superconducting at the temperature of 
liquid air. 

In a magnetic field the transition temperature, at which the 
electrical resistance becomes zero, is lowered. For example, with 
lead, in a field of 200 oersteds, the temperature is 3- 5"^ K instead 
of 7-2° K. 

If a ring made of lead is put in a magnetic field perpendicular to 
the plane of the ring, cooled below 7*2° K, and then the magnetic field 
removed, it is found that the ring has a magnetic moment as though a 
current were flowing round it. This magnetic moment remains con- 
stant so long as the ring is kept below 7*2° K. 

If a metal sphere is put in a uniform magnetic field and then cooled 
so that it becomes superconducting, the magnetic field changes so that 
the field inside the sphere is zero and the field outside the sphere agrees 
with that calculated for a sphere of zero permeability. If the sphere 
merely became a perfect conductor, the field would not have changed 
at all. It appears, therefore, that superconductors have zero perme- 
ability as well as zero electrical resistance. 

In a superconductor an electron appears to move freely, so that an 
electric field E will give the electron an acceleration a given by ma = eE, 
where m is the mass of the electron and e its charge. The current 
density i will be equal to neY where n is the number of superconducting 
electrons per c.c. and ¥ their average velocity. We have therefore 

di ne^ ^ 

= _E. 
at m 
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The electromagnetic equations curl H = — and curl E = — — 

• M * ^ ^ 

then give H/c = 2 curlz. Integrating this gives 

wliere and Hq are the values of i and H when the metal was still 
above its transition point. Eliminating between curl H = iTtijo and 
the last equation gives A(^ — i^) = and similarly 

where = ^cirne^jmc^, 

Consider a one-dimensional case of a superconductor bounded by 
a large plane area. Let x be the distance from the boundary, so that 

A(H - Ho) = iS2(H - Ho) becomes ~ (H Ho) = -- Ho). The 

solution of this is H — • Hq = so that H = Hq when x is large. 
This does not agree with the experimental results, so London assumes 
AH = ^^H and Ae = This makes H == 0 when x is large. Also 
j8 is very large so that H = 0, except when x is extremely small. 
London’s theory therefore may have some truth in it. 
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CHAPTER II 


Theories of Magnetism 

L Magnetic Moment due to Electrons. 

As regards their magnetic properties substances are usually classi- 
fied as diamagnetic, paramagnetic, or ferromagnetic. Diamagnetic and 
paramagnetic bodies have constant permeabilities difl’ering little from 
unity. For diamagnetic bodies the permeability is slightly less than 
unity, and for paramagnetic bodies slightly greater than unity. 
Ferromagnetic bodies have large permeabilities which vary with the 
magnetic field strength. 

According to the electron theory an electron, with electric charge 
e and mass has angular momentum and a magnetic moment 
equal to elijiTxm, where h is Planck's constant. The magnetic moment 
of an electron is therefore equal to 0*93 X 10~^® electromagnetic units. 
The sum of the magnetic moments of a gram-atom of electrons is 
therefore 5600. 

An electron describing an orbit also has magnetic momeni} due to 
its motion, because a charge moving round a closed curve is equivalent 
to a current circuit. The nuclei of atoms also have very small magnetic 
moments. 

The magnetic properties of substances are due to the magnetic 
moments of the electrons, electron orbits and nuclei in them. The 
magnetic properties of strongly magnetic substances like iron are 
almost entirely due to the magnetic moments of the electrons in the 
atoms of the substance. 

Note that the angular momentum (often called the spin) and the 
magnetic moment of electrons are fundamental properties like e and 
m possessed equally by all electrons. 

The magnetic moment of a small plane circuit carrying a current 
G is equal to the product of the area of the circuit and t!ie current. 
An electron with charge e, describing a plane orbit of area a with fre- 
quency V, may be regarded as equivalent to a circuit of area a and 
current ve^ so its magnetic moment is equal to The direction of 

the magnetic moment is perpendicular to the plane of the orbit. 

Suppose that a substance contains n electrons per unit volume, all 
describing plane orbits, and that a is the area of an orbit and v the 

Cf. Chap. I, section 18. In the present chapter ordinary nmts ate used, not Heavi- 
side units (Chap. I, section 2), and e is m electromagnetic, not electrostatic, nnits. 

30 
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frequency of revolution of the electron in it, then the components of 
the magnetic moment of the substance per unit volume or its compo- 
nent intensities of magnetization parallel to rectangular axes x, y, z are 

Ti(/,evl, Haevm, 'Zaevn 

respectively, v/here I, m, n are the direction cosines of the normal to 
the plane of an orbit. It is understood that the sign 2 indicates the sum 
of the quantities like 0 , 6 vl for all the n electrons. The magnetic moments 
of the electrons may be supposed included in this summation by 
making a equal to the mean area described by the electricity in the 
spinning electron. 

2. Theory of Diamagnetism. 

The theory of diamagnetism is closely related to that of the Zeeman 
Effect. The older explanation of the Zeeman Effect was in fact based 
on the theorem (cp. p. 415) that the equations of motion of an electron 
relative to fixed axes, in the absence of a magnetic field, retain very 
approximately the same form in the presence of a magnetic field H, 
provided the axes are supposed to rotate with angular velocity 
oj = He 12m about the direction of the field. Here e is the charge and 
m the mass of an electron. 

We see from this that when a magnetic field is produced in a sub- 
stance in which the electrons are describing orbits in fields of force, 
the orbits in the field will be the same relative to axes rotating 
about the direction of the field with velocity oy = J/e/2m as they were 
relative to fixed axes before the field was applied, provided that the 
application of the magnetic field does not move the fields of force. 

In diamagnetic substances it is supposed that the atoms have zero 
magnetic moments in the absence of a magnetic field, so that the field 
does not tend to move them. A field along the x axis, therefore 
produces an intensity of magnetization along the x axis equal to 
—Saeca?^/27r, since the frequencies are changed by ± cjoll27r. The nega- 
tive sign is correct, because an increasing magnetic field tends to induce 
currents which produce a field opposite to the inducing field. Hence 
the electrons in orbits which give a field opposite to the field H will be 
accelerated, and the electrons in orbits giving a field in the same direc- 
tion will be retarded. 

The permeability of the substance is therefore (since jaH = B 
= H + iirl) given by 
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If we suppose that tlie normals to the orbits are distributed so that 
as many point one way as any other way, then the mean value of P 
will be l/S, and we have 


For example, a solid body having 10^^ atoms per cubic centimetre each 
containing one electron orbit of area sq. cm. would have a per- 
meability given by 

= 1 - 1024 X 10-4® = 1 - 10-5 about. 


1 

The susceptibility (k) is defined to be — — ^ so that 

4:77 

1277 / 1 ^- 

The value of k/p, where p is the density of the substance, is inde- 
pendent of the temperature for most diamagnetic bodies, and it is 
independent of the field strength also. The motion of the electrons in 
their orbits is independent of the temperature according to Bohr’s 
quantum theory. 


3, Paramagnetism. The Magneton. 

Paramagnetism is explained by supposing that the atoms have 
permanent magnetic moments. The magnetic moment of an atom is 
the vector sum of the moments of its electron orbits and spinning 
electrons. When this is zero in the absence of an external field the 
substance is diamagnetic, and when not zero it is paramagnetic. The 
effect of the magnetic field on the electron orbits which produces 
diamagnetism must also occur in paramagnetic substances, but it is 
usually too small to be appreciable compared with the paramagnetic 
effect of the permanent moments of the atoms. 

It has been supposed that the atoms, electron orbits, spinning 
electrons, or other magnetic units supposed to be present in magnetic 
bodies always have moments which are exact multiples of an atomic 
unit of magnetic moment which is called a magneton. Several mag- 
netons have been suggested, and many experimental results have been 
published which seem to support the view that magnetons exist. 
However, very accurate results are necessary to prove that a quantity 
is always a multiple of a definite atomic unit. This is especially the 
case when rather large multiples of the unit may occur. The idea of the 
magneton seems to be of doubtful value as far as can be judged at 
present. 
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4. Laagevin’s Theory of a Paramagnetic Gas. 

A theory of a paramagnetic gas was worked out by Langevin in 
1905, and this theory has been the basis of most of the subsequent 
theoretical work on magnetism Langevin supposed each molecule 
of the gas to have a fixed magnetic moment If, and the density of the 
gas to be so small that the mutual action of the molecules could be 
neglected. The molecules were supposed to contain rapidly revolving 
charged particles 

If 6 is the angle which the magnetic axis of a molecule makes with 
the direction of the external magnetic field H, then l/S cosi9 will be 
the resultant magnetic moment per unit volume or intensity of mag- 
netization /, where the sign E indicates the summation of the values 
of cosff for all the molecules in unit volume. 

The problem is to find the value of E cos0 as a function of H and 
the absolute temperature T. In Chapter V on the quantum theory 
the equilibrium distribution of energy among a large number of similar 
systems, such as atoms, each of which is supposed to be only capable 
of having energies £^ 3 , . . is considered. It is shown that the 

number having energies equal to E^ is proportional to where 

h is the gas constant for one molecule and T the absolute temperature. 
Hence if the energy is supposed to be capable of continuous variation 
the number having energies between E and E + dE must be pro- 
portional to 

In a magnetic field H the potential energy of a molecule is 
MH{1 — COS0), where M is the magnetic moment and 6 the angle 
between H and the magnetic axis. Thus we may take for dN, the 
number of molecules in a unit volume for which 6 is between 6 and 
6 + de, dN = sinddd, 

where G is a constant, since dN is proportional to e^^^^^dE, and 
E = MH(1 — - COS0) so that dE == MH sixid dO. 

To determine G we have 

N = c[ 

J 0 


Let cos0= X, so that sm6dd= — dx, 
and A = C 


Hence 


C-- 


NHM 


hT{; 


MMflT . 




■jlcT^ 


The magnetic moment per unit volume or intensity of magnetization 
is therefore given by 


Si¥ cosd = I - 


J ( 


COS0 sm0 dO 
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® ~ [^intllT _ ^-UMflT Hm]‘ 

Hence ^ ™ {“‘K™)- flS' 

According to tliis, wlien HMjhT is large, as at very low temperatures, 

and 'U'-Een HMjhT is small, as is usually the case, 

^ ZhT ’ 

so that the susceptibility is 

ZkT' 

It was found by Curie that the susceptibility of most para- 
magnetic substances is approximately inversely as the absolute 
temperature, m agreement with Langevin’s theory when HMjkT 
is small 


5. Extension of Langevin’s Theory to Solids and Liquids* 

Langevin’s theory may be supposed to apply approximately to solids and 
liquids as well as gases, provided they have very small susceptibilities, so that 
the field due to the atoms is small compared with the external field H, 

The intensity of magnetization I is equal to the magnetic moment of the N 
molocnlos in unit volume so that, if c denotes the magnetic moment of I gm.- 
moieculo of any substance, then 

Of mm 

where ^is the number of molecules in a gram-molecule of the substance. The 
saturation value of <s is or^ = so that putting B = as usual, we get 

__ 

aST* 

This equation enables to be calculated when a/if has been found at any tem- 
perature T, a /H is called the molecular susceptibility and may be denoted by y, 
so that X = aJISBT, 

The product yJT is nearly independent of T and H for paramagnetic substances 
at ordinary and higher temperatures. Tor example, for palladium Curio found it 
to be constant between 22"^ C. and 1370® C. However, it is found not to be con- 
stant at very low temperatures. 

The following are the values of x found for anhydrous manganese sulphate 
at different tomporaturcs. 
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Absolute 

Temperatuie. 

X X 10®. 


14*4 

636 

9,160 

17*8 

627 

11,170 

20*1 

603 

12,100 

64*9 

315 

20,500 

77*4 

275 

21,300 

169*6 

144 

24,400 

293*9 

88 

25,900 


Thus the product xT becomes much smaller at very low temperatures. 


The following are the values of x for ferrous sulphate, FeS 04 + 


Absolute 

Temperature. 

X X 10«- 

X^xio®. 

14*7 

756 

11,100 

20*3 

571 

11,600 

64*6 

191 

12,300 

77*3 

160 

12,400 

292*3 

42*4 

12,400 


In this case x^ much more nearly constant. 

More elaborate theories of paramagnetism than Lange vin’s have been worked 
out by Gans and others. In these theories the mutual influence of the molecules 
is allowed for. The molecules are regarded as producing a field called the mole- 
cular field, which may be large compared with the external field E, The theory 
of this molecular field will be considered under ferromagnetism. 


6. Modifications based on Quantum Theory. 

Modifications of Langevin^s theory based on the quantum theory 
have also been proposed by Keesom, Gans, Weyssenhoff, Reiche, and 
others. The general idea underlying these theories is similar to that 
on which the quantum theory of specific heat is based. The average 
energy of a gram-atom of a solid element on the classical theory is 
3i2T, which makes the atomic heat equal to or about six calories. 
At low temperatures the atomic heats are less than six and become very 
small near the absolute zero of temperature, showing that the energy 
per gram-atom is less than 3J2T. 

According to Debye’s quantum theory of specific heats the energy 
per gram-atom of a solid element is given by 


E=^m 


r x^dx 
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where i/i is a constant depending on the nature of the substance. 'When 
T IS very large this formula gives E = ZRT m agreement with the 
classical theory. 

Langevin’s formula, 


1 = 


NM(co\k ™ 



witli = NM, and R = gives 



== coth 



We see that is a function of Ha.jilRT, so that to obtain a quantum 
theory of paramagnetism we may replace RT in Langevin's formula 
by jE/ 3 as given by Debye’s formula. The constant ?/f appropriate for 
calculating specific heats will be different from that to be used in the 
theory of paramagnetism, because paramagnetism depends only on the 
rotational oscillations of the molecules. 


This 


IS gives — = coth 1 — ) 

(T,„, \ / 

.^iT 


where 


E=9E 


y4 , 


E 




E 


^ f x^dx 
0 

At very low temperatures E is small, so that coth ( — = 1 and 

\ E / 


5ils^ * 

Hence a = (7^ 

If iHa^JE is small, we get 


■ ' 


0*1 


— so that x== ^ * 


By means of such quantum theories it is possible to explain the 
variation of u with the temperature at low temperatures. The theo* 
retical formuhe contain constants the values of which are selected so 
as to make the calculated results agree as well as possible with the 
experimental results. Under these circumstances, of course, the cal- 
culated results agree fairly well with those observed. 


7. Fauli’s Theory of Paramagnetism. Ferromagnetism — Weiss’s 

Theory. 

An electron is supposed to have a magnetic moment If equal to 
eJi/iTTmc,'^ where e is the electronic charge, m the electronic mass, 

* Seo p. 46 
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h Planck’s constant, and o tke velocity of ligkt. In a magnetic field 
H tke moment M is either along the direction of the field or in the 
opposite direction, so each electron has magnetic energy either 
—eJiH jirrmc or -{-eJiH jirmbc. If is the number of free electrons 
per cm.^ in a metal, with magnetic moments in the direction of the 
magnetic field H, and the nmnber with moments m the opposite 
direction, then the resultant moment per cm.^ or intensity of mag- 
netization of the metal is {n^ — nJ}ehl4:Trmc. In the absence of a 
magnetic field % = so there is no magnetization. 

According to the Fermi-Dirac theory,"^' when Pf = 0, at low tem- 
peratures, we have % = = 4'7rp^j^/3A^, where is the maximum 

value of the momentum of an electron. The maximum energy of the 
electrons = p^^/2m, with H — 0, so that with a magnetic field H 


and 


so that 


Vm.+ 

2m 


2 ^ , ehH 

Era + 


2m 


4:7T7nC 

ehH 

4c7rmc 


(if 


2/3 

2m 


ehH 

2Trmc 


2/3 ( 3 

2m (4 J ^ 


h^ f 3 \2/s 




477/ 


Putting hn ■■ 


8n = 


ehH 2m 
27rmc 


. 3 / 2 


2eH 

he Vs J * 


The intensity of magnetization I is therefore given by 

j __ 2eH eh _ 

he KSttJ ^Trmc 4:7r^l^mc^ ’ 


where n = 2w_ is the total number of electrons per cm.^, so that the 
susceptibility I/H is equal to {8n)^ This theory, which is 

due to Pauli, gives values for the susceptibility of the alkali metals 
roughly equal to those observed, when n is taken equal to the number 
of atoms per cm.^. 

In Langevin’s theory of paramagnetism the magnetic molecules are 
supposed to oscillate in the external field H without any mutual action. 
Langevin’s theory has been modified by Weiss, so as to be applicable to 
ferromagnetic bodies, by supposing that in such bodies there is a 

See p. 88 
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iiioleciilar field ” due to tEe mutual action of the magnetic molecules. 
This molecular field is assumed to be proportional to the intensity of 
magnetization I and directed parallel to it. Hence 


where II denotes the molecular field strength and ^ is a constant 
depending on the nature of the substance. Weiss supposes that the 
magnetic molecules are arranged in sets or groups which may be small 
crystals of which magnetic metals like iron are composed, and that 
these groups are usually magnetized as strongly as possible even in an 
apparently unmagnetized piece of the metal. 

Ill an unmagnetized bar the magnetic axes of the groups are sup- 
posed directed at random, so that the total magnetic moment of any 
part of the bar containing a large number of groups ivS zero. An external 
field tends to make the magnetic axes of all the groups point along the 
direction of the external field, and when this has been accomplished the 
metal is magnetized to saturation. 

Weiss supposes that Lange vin's equation for a paramagnetic gas 
will apply to the groups of molecules in ferromagnetic bodies if H is 
replaced by the vector sum of H and so that 


I = 2VM|coth 


IT \ 


The intensity of magnetization J' of a group when H is small com- 
pared with is therefore given by 


r 



coth 


^MF hT \ 

hT ^MFi^ 


This equation gives F as a function of the absolute temperature T, 


To solve it, let 


IcT 


X and plot curves showing y = coth x • 


1 



and y 


r 

'' nm’' 


hT 


,x as 


functions of x. Let be 
the value of x at which these 
curves intersect (fig. 1), so 
that 


F 


h^ 

>11 


gives the intensity of mag- 
netization of a group when 
the external field is negligible. 
If cr' denotes the magnetic 
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moment per gram-molecule for this case, then c' = /' where 

is the number of molecules in a gram-molecule, so that since = R, 

, _ ^MNa' 

~ RT ' 

Now if cr^ denotes tte saturation value o* a, i.e. the value of the 
magnetic moment per gram-molecule when H is very great, then 


where m is the molecular weight of the magnetic molecules and D the 
density of the substance, so that 


RTm 


Hence 


mRTx\ 


As the temperature is raised the slope of the line y — 


hT 

^NM‘ 


X in- 


creases, so that the value of x' diminishes until a temperature is 
reached at which x' and therefore a become zero. This is the critical 
temperature at which the ferromagnetic properties disappear. When 

1 hT 

d = 0, the curves y = coth x and y = x touch each other 

at the origin, so that dy/dx has the same value for both curves. 

When X is very small the equation 

y = coth X — ” 

reduces to y so that ^ and so at the critical temperature Tc 
we have ^ 


or 








h 


ZRm 


With 
this gives 
Now let 


, _ mRTx' 
pDor^ri 
T _ 3a\ 

Tc X'uni 



and 
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so that 

We have also 
The equations 
give 




O' 

O'm 


X 

= coth x' — 


and <[) = coth x' — ~ 

X ^ X 


(j) = coth 


6 

6 


This equation contains nothing depending on the nature of the 
particular substance considered, so that if the temperature is expressed 
as a fraction of the critical temperature, and the intensity of mag- 
netization of the molecular groups, in zero field, as a fraction of its 
saturation value, then the relation between these cpiantities so expressed 
should be the same for all substances. 

Now it is found that the constant ^ is very large, so that the mole- 
cular field is usually very large compared with the external field If. 
The intensity of magnetization of the molecular groups is therefore 
practically uninfiiienced by the external field. It is therefore equal to 
cr' whatever may be the value of the external fi.eld, except near the 
critical temperature, when a' becomes very small. The external field 
therefore merely acts by lining up the molecules in the groups so that 
they all point along the direction of the external field. According to 
this the saturation intensity of magnetization observed in strong 
external fields is not cr^ but a. Thus measurements of a in strong 

3ci 6 

fields give a , so that it is possible to test the equation ^ = coth ~T ^ 
experimentally. ^ 

The curve in fig 2 shows the relation between 6 and ^ given by this 

equation, and the points marked re- 
present the experimental results found 
by Weiss for magnetite in a field of 
8300 gauss. The agreement is good, 
but in the cases of iron, nickel, and 
cobalt the differences between the 
theory and the experimental results are 
greater than with magnetite. Thus 
the theory gives a fairly satisfactory 
explanation of the variation of the 
saturation intensity of magnetization 
of ferromagnetic substances with the 

temperature. 

The value of the constant j8 has been found by making measurements 
of the intensity of magnetization near the critical temperature, where 
is not too large compared with H for the effects due to H to be 
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appreciable. Near tiie critical temperature 


M{H + )8/) 
kT 


that we have 
With 


/= 

j8iVilf2 

k ’ 


SkT 

... . T, 

ihis gives 


is smailj so 


It was found by Curie that near the critical temperature the sus- 
ceptibility K = IJH for ferromagnetic substances is inversely pro- 
portional to T — Tc m agreement with this equation, so that j3 can 
be calculated from such measurements of k. In this way it is found that 
has the following values; 



A 

pr. 

Iron 

3,850 

6,560,000 

Nickel . . 

12,700 1 

6,350,000 

Magnetite 

33,200 ' 

14,300,000 

Cobalt . . 

6,180 

8,870,000 


The values given under are the values of the molecular field 
in the groups of molecules at the ordinary temperature. These values 
are much larger than the external fields vrhich have been used, which 
are seldom greater than 30,000 gauss, so that it is clear that the external 
fields can make no appreciable difierence to F at ordinary temperatures. 

The nature of the molecular field was not known when Weiss 
developed his theory, but in 1928 Heisenberg showed that it could be 
explained by the quantum mechanical forces of exchange acting 
between the electrons in neighbouring atoms. 

The existence of Weiss’s molecular groups or domains has been 
confirmed experimentally. Very small colloidal particles of magnetic 
FegOg are deposited on the surface of an unmagnetized piece of ferro- 
magnetic material. The particles arrange themselves on the surface 
in a pattern of narrow lines about 0-01 mm. apart. At a boundary 
between two domains magnetized in different directions, there is a 
magnetic pole which attracts the magnetic particles. If the material 
is magnetized, the pattern changes and becomes more distinct. With 
a single crystal of cobalt the pattern on a surface parallel to the crystal 
axis consists of lines parallel to the axis, but on a surface perpen- 
dicular to the axis, a lace-like hexagonal pattern is obtained. The 
domains in the cobalt crystal are long thin rods parallel to the crystal 
axis. The domains in iron have volumes about 10"® mm.^ or less. The 
magnetic moment of a domain can he changed in direction by a strong 
magnetic field. In weak fields the domains with moments nearly in 
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tlie direction of tlie field grow at the expense of adjacent domains with 
moiiieiits in directions not nearly in the direction of the field. 

When the moment of a domain changes suddenly, the change can 
be detected by the induced current in a coil of wire round the magnet. 
If the magnet is put in a magnetic field and the field slowly increased, 
a telephone connected to the coil gives a click when the moment of a 
domain changes, so that a rapid series of clicks is produced. This is 
called the Barkhaiisen effect after its discoverer. 

8, Weiss’s Explanation of Hysteresis. 

To explain the observed relations between the intensity of magnetization 
and the external field, and in particular the phenomena of hysteresis, Weiss 
suggested that the molecular groups winch are supposed to be magnetized in 
random diiections v ith intensity F have their directions of magnetization reversed 
by a comparatively weak field in a direction opposite to the direction of magneti- 
zation. Let II Q be the field strength required to reverse F in a group, and let 0 
be the angle between the magnetic axis of a group and the external field H. 
Then we suppose all directions of the magnetic axes of the groups equally pro- 
bable, so that half the groups will not be affected by the external field however 
strong it becomes. The other half will not bo affected until E cos0 is greater than 
Hf., and then the directions of their axes will reversed. 

Ail groups for which 0 is between tu ~ 6 and tc will be reversed, whore 
II cos 0 = J/q, and the resultant intensity of magnetization will be twice that 
duo to these groups. Hence 

i = — _ BinO COS0 = ^ sm^0, 

(§)■}. 

If H IB increased from 0 up to a certam value and then diminished, 1 will remain 
constant at the value given by this equation as H is diminished, until H = — He, 
when it will begin to dimmish with JET. If the maximum value of H is much 
greater than Ho the maximum value of 1 will be F/2, and when E is diminished 
and reversed then J, when —Em greater than Ec, will be given by 



In this case 1 %vili be zero when = — V 2Ec» In this way an hysteresis 
curve is obtained rather like the curves actually obtained with iron. Weiss 
also supposed that the molecular groups were magnetized slightly by the field 
II ill directions perpendicular to their axes, and so obtained theoretical curves 
rather more like those found experimentally. However, it is clear that this 
theory of hysteresis is inadequate. 

9. Other Theories of Ferromagnetism, 

A theory of ferromagnetism similar to that of Weiss, but more elaborate, 
has been worked out by Gans. Ho assumes that in addition to the external field 
H and the molecular field pi there is a third field Gans supposes that the 
molecular field assumes different directions and that all directions are equally 
probable. This means that the molecular groups are continually changing the 



CRYSTALS 


IL] 


43 


directions of tiieir axes. The results of Gans’s tiieor}" are \ery similar to those of 
the theory of Weiss. 

A theory of the relation between H and I has been developed by Honda and 
Okubo. This theory is an elaboration of the classical theory of Ewing. They con- 
sider first a Ewing model consisting of nine magnets. These magnets are supposed 
placed on a square, one at each corner, one in the middle of each side, and one in 
the middle of the square. The magnets are supposed free to turn in any direction 
except in so far as they are influenced by the external field and their own fields. 

Honda and Okubo worked out the relation between the moment of such a 
group and the external field, and they then went on to consider the case of a large 
number of such groups orientated at random, which may be supposed to represent 
a ferromagnetic substance. They show that the relation between 1 and H for 
such a set of groups is very similar to that observed in soft iron. This agrees 
with the experimental results obtained long ago by Ewing, vho showed that the 
magnetic properties of iron could be imitated by means of a large number of 
freely suspended small magnets equally spaced over a plane area. 

Ewing has recently developed a modification of his original theory. A group 
of small magnets equally spaced on a lattice has too much stability to represent 
the behaviour of soft iron in weak fields. When the magnets are lined up so 
that each north pole is opposite the south pole of the next magnet it requires 
a very strong field to reverse the direction of the group. Ewing therefore suggests 
a model of a ferromagnetic atom, which consists of a small magnet free to rotate 
in any direction surrounded by eight fixed magnets with their centres on the 
corners of a cube and their axes all directed towards the small magnet at the centre 
of the cube. He shows that this arrangement gives the movable magnet the 
desired small stability, since if its south pole is near one of the fixed north poles 
then its north pole must be near another fixed north pole. It is then very easily 
deflected from one such position to another. In a group of such atoms the mutual 
action of the movable magnets will be added to the action of the fixed magnets 
on the movable ones. Ewing considers that such a model may resemble an iron 
atom, and that it gives a better account of the relations between field and magnet- 
ization than his original model of equally spaced freely rotatable magnets. 

10. Magnetic Properties of Crystals. 

The magnetic properties of several ferromagnetic crystals have heen 
carefully investigated by Weiss and others. The case of normal 
pyrrhotite, FeS, from Brazil, will be considered here. This crystal 
is much more easily magnetized in one direction than in any other. 

Taking this direction as the x axis, then in the yz plane there is a 
direction, which wiU be taken as the y axis, in which the crystal is 
much more easily magnetized than in the perpendicular direction. 
A field of about 15 gauss along the x axis is sufficient to reverse the 
direction of magnetization, and a field about double this produces 
saturation. The hysteresis loop for fields along the x axis resembles 
that obtained with very pure iron. Along the y axis a field of about 
730 gauss is required to reverse the magnetization and about 12,000 
gauss to produce approximate saturation. The crystal cannot be mag- 
netized to any extent along the z axis. 

The intensity of magnetization due to a field of 12,000 gauss or 
more in the xy plane, or the magnetic plane as it is called, is the same 
in all directions and is in the direction of the field. It is equal to 47. 
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Witli weaker fieldb tlie ijiteiibity ib i7 when ilie field is along tlie 
axis but is less along y, and for intermediate directions lias intermediate 
values with tlie direction of tlie magnetization nearer to Ox tlian tlie 
direction of tlie field. 

If II yy IL are the components of the external field and 
Li, I. those of the intensity of magnetization, then Weiss supposes that 
the total field, or resultant of the external field and the molecular 
field, has components II ^ II y + ^Jy, ^ J., where 

are constants which are unequal. Weiss assumes that the 
resultant intensity of magnetization is in the same direction as the 
resultant field, so that 

H, + ___ H, + ^ _ 

1 I ~~ 7 

Xa, ±y 

The quantity a is nearly constant for weak fields. "We have therefore 

T J I^lJ J H Z 

If H lies in the xy plane and makes an angle 6 with the x axis, then 

H COS 0 ~ 1 - cos<^ __ H sin 0 + ^yl sm<^ 

I oos(f> I sm^ 

where ^ is the angle between I and the x axis. Hence 
~~ — ^y) sm<^ cos^ 

The assumption that the intensity I is along the direction of the resultant 
field is equivalent to supposing that the axes of the molecular magnets 
are symmetrically arranged about this dnection. 

A similar expression to the above may easily be obtained for fields 
in the xz plane. It is found that the experimental results agree approxn 
mately with these formulae. The value of Pss ~~ ^y is found to be 153 
and that of — is 3200. The saturation value of 1 is 47. The 
assumption of the existence of a molecular field enormously greater 
than the intensity of magnetization is difficult to justify, but it appears 
to give results in agreement with the facts. This field of course may 
represent forces on the molecules of other than magnetic origin. 

The magnetic properties of magnetite, Ee.j 04 , hematite, ^ 6203 , 
and of iron crystals have also been studied. They are somewhat more 
complicated than those of pyrrhotite. 

11. Magnetization and Eotation. 

Since the magnetic moment of magnetic atoms or molecules is 
supposed to be due to electrons describing orbits in them, or possibly 
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to spinning electrons, it is clear that a magnetic molecule must have a 
moment of momentum about its magnetic axis. It was shown in section 
3 that the angular momentum due to free electrons is equal per unit 

volume to 2/-~, where 1 is the intensity of magnetization, m the mass, 

and e the charge of an electron. It can easily be shown that this result 
is true for magnetization due to electrons describing orbits of any 
kind. According to this, when a bar is magnetized it acquires internal 

angular momentum 21 — per unit volume. Since the total angular 

momentum of the bar must remain constant provided there is no couple 
acting on it, we should expect the bar to be set rotating about its 
magnetic axis with angular momentum equal and opposite to* the 
internal angular momentum. This was pointed out by 0. W. Eichardson 
in 1914. The eSect has since been detected experimentally by Einstein 
and Haas, and has been carefully measured by several observers. It 

is found that the observed effect is equal to I— instead of 21— as pre-* 

0 0 

dieted by Eichardson. The converse of Eichardson’s effect was dis- 
covered by Barnett in 1915. He showed that when a bar of iron is set 
rotating about its axis it becomes slightly magnetized. 

12. Measurement of Magnetic Moment of Atoms and Atomic Nuclei. 

Stern and Gerlach have introduced a new method of measuring the 
magnetic properties of atoms, and this method has already given 
very interesting results. Vapour of the substance to be investigated 
is allowed to pass through a narrow slit into a vacuum. The molecules 
move along straight lines in the vacuum, so forming a diverging beam. 
By means of a second slit parallel to the first a narrow nearly parallel 
beam is obtained. This beam is passed between the poles of a magnet 
which gives a strong field perpendicular to the plane containing the 
slits. The field strength is made to vary as rapidly as possible along 
the direction of the field. After passing through this field the molecules 
fall on a screen on which they are condensed and make a visible mark. 
In this way the deflection of the molecules by the magnetic field can 
be measured. 

Take the x axis along the original direction of the stream of mole- 
cules from the second slit and the y axis along the direction of the 
magnetic field. If M denotes the magnetic moment of a molecule then 

dS 

the force on it due to the field is where My denotes the y com- 

ponent of M. The deflection due to the field is therefore given by 

, My dH 

^ ^ A dy 
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where A is the mass of the molecule, v its velocity, and I the distance 
from the second slit to the screen. 

The average value of can be calculated from the temperature of 
the vapour, so that ill,, can be deduced from the deflection. 

Ill tins way it was found that the atoms of copper, silver, and gold 
have ina giieiic iiiomeiits of about 9 X Some of the atoms were 

deflected in the direction of the magnetic field as though they had 
moments + 9 X and others were deflected equally m the 

opposite direction as though they had moments — ■ 9 X 

According to Bohr’s quantum theory, the plane of the orbit of the 
outer electron must be perpendicular to the magnetic field and the 
electron may revolve round the orbit in either direction. The angular 
monientuni of this electron according to the quantum theory is A/ 27 t, 
where k is Planck’s constant. Hence for a circular orbit of radius a 
we have mva = zb k/27r, where v is the orbital velocity. The mag- 
netic moment is the frequency vj^ira multiplied by the electronic 

charge e and the area of the orbit, so that M = 7 ; — eira^ = - 7 ;-. 

he ^ 

But w = + so that M = + according to the quantum 

theory. We have 6-55 X 10“"^^ and e/m= 1»77 X so that 
ilf == 9*21 X 10“~”b which agrees well with the values found experi- 
mentally. The magnetic moment heli^nm is sometimes called the 
moment of a Bohr magneton. 

Atoms such as Zn, Od, Hg, Sn, Pb, have zero magnetic moments. 
These atoms have two outer electrons with equal but opposite moments. 
Many atoms have magnetic moments which are not integral multiples 
of the Bohr magneton. 

The magnetic moments of atomic nuclei can be accurately measured 
by a beautiful method invented by Rabi in 1939. 

The element to be investigated is heated in a small vacuum oven 
so that the oven is filled with vapour of the element at a very low 
pressure. A narrow slit allow^s a stream of atoms to escape into a 
vacuum. A second slit about 50 cm. from the first one allows a narrow 
horizontal beam of atoms to pass. The beam goes into a third slit 
a])oui 50 cm. from the second slit. The third slit lets the atoms into a 
small bulb, and the pressure in this is measured. The increase of the 
pressure in tlie bulb is proportional to the number of atoms going 
into it. 

Between the first and second slits a magnet giving a vertical field 
(the strength of which varies rapidly along the vertical direction) 
deflects the atoms if they have a magnetic moment. Between the 
second and third slits a similar field deflects the beam in the opposite 
direction. If the magnetic moments of the atoms do not change as the 
atoms go through the three slits, the two fields compensate each other, 
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‘and tEe number of atoms getting into tk^ thud sib is not ilianged 
by tbe two fields. 

Near to the second slit a third uniform vertical magnetic field is 
applied to the beam for a short distance. This uniform field does not 
deflect the beam; but if the atomic nuclei have angular momentum J 
and magnetic moment /x, the nuclei process like a spinning top acted 
on by a couple. 

The magnetic moment and angular momeiituiii or spin are along 
the same direction. If this direction makes an angle 0 with the mag- 
netic field H, the couple on the nucleus is H/x sind, so that the axis of 
the spin revolves round the direction of H with angular velocity m 
given by 

J sind . = Hju sind or /x = Jco/H. 

A weak alternating magnetic field is superposed on the uniform field 
H. This field is perpendicular to H and to the direction of the atomic 
beam. The frequency u of the alternating field is kept constant and H 
is slowly varied. When 27 ^?^ = the alternating field disturbs the 
precession and causes the directions of the magnetic moments of the 
atoms to change. The atoms then do not get to the third slit because 
the two magnetic deflections are no longer equal and opposite. In 
this way oj can be accurately measured and so fi found when J is known. 

The nuclear spin J can be found by spectroscopic methods so that 
the magnetic moment /x can be determined. 

The following table gives the values of /x and I for several nuclei. 

is in nuclear magnetons. A nuclear magneton is equal to a Bohr 
magneton divided by I84O5 or the ratio of the mass of the proton to 
that of the electron. 


Element 

J 

11 

Hydrogen 

1/2 

2-785 

Neutron 

1/2 

-1*935 

Deuterium 

1 

0 855 

Lithium LF 

3/2 

3*25 

Aluminium 

5/2 

1 3*628 

Silver Ag;io7 

1/2 

-0*10 

j Agi<^9 

1/2 

-0*19 


The spin J is given in units equal to h/ 2 n, 

Rei’ereucsis 

1. “Magnetism.” R. M. Bozortli, Reviews of Moder7i Physics^ VoL 19, No. 1, 
Jan., 1947. 

2. Magnetism and Atomic Structure. E. 0. Stoner. 

3« Modem Magnetism. L. F. Bates. 



CHAPTER III 
Thermionics 


L Experimental Phenomena, 

When a body charged with electricity is heated to a sufficiently 
high temperature the electricity leaks away and the body becomes 
discharged. The branch of physics dealing with 
such phenomena was called thermionics by 0. W. 

Richardson, to whom our knowledge of it is largely 
due. 

A simple form of apparatus for studying ther- 
mionics is shown m fig. 1. A loop of wire AB of 
tungsten, platinum, or any other metal having a 
high melling-pomt is supported by two platinum 
wires EF sealed into a glass bulb as shown. The 
loop is surrounded by a metal cylinder CD sup- 
ported by wires sealed through the glass at the 
lower end of the bulb. A tube T connects the 
bulb to apparatus for producing a good vacuum 
in it. 

The loop can be heated by passing a current 
through it, and its temperature can be found from fic? i 
its resistance or by means of an optical pyrometer. 

The cylinder is connected through a galvanometer to one terminal 
oi a battery by means of which any desired potential difference can be 
maintained betwT-^en the loop and the cylinder. The other terminal of 
tlie battery is connected to one of the wires E and F. If a good vacuum 
is maintained in the bulb, that is if the gas pressure in it is kept below’’ 
say 10'“^ of a millimetre of mercury, then on raising the temperature 
of the loop it is found that a current is indicated by the galvanometer 
when the loop is negatively charged, but that there is no current wdien 
it is positively charged. 

Negative electricity escapes from the wire to the cylinder when the 
wire is hot enough, but not positive electricity. The galvanometer 
indicates a negative current flowing into the cylinder w^en the cylinder 
is at a higher potential than the wdre. 

The current obtained depends on the temperature and on the 
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potential difierenee. If the temperature kept constant j and the 
potential difference 2 ^radualiy increased from ^ero, then the current 
at first increases rapidly \\ itli the potential difference but booii attains 
a constant maximum value. This maximum current is called the 
saturation emient. The potential required to produce the saturation 
current is greater when the saturation current is large than when it is 
small. When the tempeiature is raised the saturation current increases 
rapidly wuth it. 

2. 0. W, Richardson’s Theory o! the Thermionic Current, 

The negative electricity wdiich escapes from hot metals in a good 
vacuum consists of negative electrons. That tins is the case Atas first 
shown by J. J. Thomson, who measured the ratio of the charge e to 
the mass m of the escaping electricity, and found it equal to about 10" 
electromagnetic units per gram, which is about the value of ejm ior 
negative electrons. 

The electrical conductivity of metals is supposed to be due to the 
presence in them of negatme electrons w^hich are free to move about 
mside the metal. It is natural to suppose that the electrons which 
escape from the metal at high temperatures are some of these free 
electrons. 

The free electrons w'ere at one time supposed to have the same 
average kinetic energy as the molecules of a gas at the same tempera- 
ture, and a theory of the negative thermionic current based on this 
supposition was worked out by 0. W. Richardson, 

This classical theory is not iiow^ regarded as correct, but a brief 
account wdll be given of it here because of its historical interest. The 
more recent theories based on thermodynamics and the quantum theory 
wull then be discussed. 

We suppose that a metal contains u free electrons per unit volume and that 
these electrons move about mside the metal like the molecules of a gas, collidmg 
with each other and with the metallic atoms. The average kinetic energy of 
the free electrons ive suppose is equal to a T, where T is the absolute tempera- 
ture of the metal and a is a constant. 

Take axes x, z in the metal and let u, v, w be the components of the 
velocity F of an electron parallel to these axes. Then we suppose that the dis- 
tribution of the velocity components among the electrons is given by Maxwell’s 
law for gas molecules, that is, if dn denotes the number m unit volume having 
velocity components u between n and w -f- tZw, then 

dn = du^ 

w here A and q are constants at any given temperature. 

r r-fco 

We have jdii— / nAe'-Q^^du ~ n, 

J J — 05 

and 3 j \m%Hn = j = mT» 

J J ~~ 
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so that 


wMcli give 


1, and 


3mA V TV 


and q ■■ 


For gas at pressure containing n molecules per unit volume we have 
p = where m is the mass of one molecule and the average value of 

the sqiiaie of the velocities of the molecules. 

3. The Thermionic Work Function. 

Richardson assumed that before an electron can escape from the 
metal it has to do a definite amount of work at the surface layer. 
Let us denote this work by (j>e, where e is the charge on one electron, 
so that <j> is the potential difference corresponding to the work in 
question. According to this, if \mV is the kinetic energy of an 
electron in the metal before escaping, and \ mV ^ that after escaping, 

The number of electrons which enter the surface layer per unit 
area in unit time is . 

Judn= j nA€~^^^^ud%i, 

where u is the velocity component towards the surface, which we 
take to be perpendicular to the x axis. Of these only those for which 
I mu^ is greater than <}>e can escape. The number escaping per unit 
area in unit time is therefore 

^ I m 


si ace A 


The thermionic current density i is therefore given by 

2>s/ Trq 

Substituting ZmjiaT for q, this becomes 


If we put 
we get 


I - — - and b - 

OTTm 
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It is found that the saturation current density varies with the temperature 
approximately in accordance with this equation The factor increases very 

rapidly with T, so that the effect of the factor - is scarcely appreciable How- 
ever, recent very exact measurements of i seem to show that the power of T should 
be about 2 instead of T 

The following table gives some values of the thermionic w^ork function 9 
expressed m volts. 


Tungsten 

4 52 

Platinum 

44 

Iron . . 

37 

Alumimum 

30 

Sodium 

18 


The work function o is closely related to contact potential difference. Con- 
sider a condenser consisting of tw'o parallel plates made of different metals, and 
let the tw'o plates be connected together by a wire of the same metal as one of 
the plates is made of. 

Suppose an electron is taken from a point inside one of the plates through 
the W'lre mto the other plate and then across the space between the plates back 
to its origmal position. The total w^ork required to take the electron around this 
path wuth negligible velocity’' must be zero. If w^e neglect the small potential 
difference at the junction of the tw^o metals, the w'ork required is 

^(9i ~ 92) + ^(1^2 El) “ 


where F 2 is the potential just outside one metal and that just outside the 
other. But F 2 — F^ is the contact potential difference, so that the difference 
between the thermionic w'ork functions for tw^o metals is neaily equal to the 
contact potential difference between them Cf. Chap. IV, section 2. 

4. Objections to Classical Theory, 

When light falls on the surface of a metal it may cause electrons to 
escape. This is the photoelectric effect (see Chap. IV). The maximum 
kinetic energy of the electrons which escape is given by Einstein's 
equation, 

Jiv — w, 

where v is the frequency of the light, h is Planck’s constant, and w a 
constant depending on the nature of the metal, hv is supposed to be 
the energy of one quantum of the light of frequency v, so that if an 
electron in the metal absorbs a quantum then it gets energy hv. 

It is found that w is equal to the work which an electron must 
do in escaping through the surface layer. This seems to require that 
the electrons set free by the light should have no appreciable kinetic 
energy in the metal when they absorb the quantum of energy hv. 
This does not agree with Richardson’s assumption that the electrons 
have the same average kinetic energy as gas molecules. 

The specific heat of electricity in metals is also much smaller than 
it should be if the electrons carrying the current have the same energy 
as gas molecules. Also it is found that the specific heats of metals can 
be explained without attributing any thermal kinetic energy to the 
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electrons in tliem. For these reasons the idea that the average kinetic 
energy of the free electrons m metals is equal to that of gas molecules 
has been abandoned. It seems probable that the electrons in metals 
are in stationary states of the quantum theory, so that so long as they 
do not change from one such state to another their energy is inde- 
pendent oi the temperature of the metal. 

5. Thermodynamical Theory of Thermionic Emission. 

If we assume that the escaping electrons form a monatomic gas or 
vapour Avhich can be in equilibrium with the metal when at a definite 
pressure, then we can apply the thermodynamical theory of evaporation 
fco the problem and so obtain a theory of thermionic emission without 
making assumptions as to the state of the electrons inside the metal 
A theory of this kind was first proposed by the writer and has since 
been developed by 0. "W. Eichardson and others. 

Let us first consider tlie latent heat of evaporation of one mol of 
elections. Let tlie potential difierence between a point just outside 
the metal and a point inside it be Then if the number of mole- 
cules in one mol of any gas and e the charge on one electron, the work 
required when one mol of electrons escapes from the metal is 

As we have seen, the electrons in the metal have little or no kinetic 
energy, whereas in the gaseous state outside they have the same 
average kinetic energy as tlie molecules of a gas. For any gas (p. 50) 
we have p = pnnV^ oi p= pmT, since we have taken (p. 49) aTto be 
the average kinetic energy of the free electrons. Thus if we write 
Jc = px we have p = nl'T, where h is the gas constant for one molecule. 
The kinetic energy of tlie molecules in one mol of a monatomic gas is 
therefore equal to j ^ BT, where R = 3^ is the gas constant 

for one mol of any gas. 

Also when the electrons escape as a gas at a pressure p, work pV 
has to bo done against the external pressure y. But = RT, so that 
the total heat energy required to keep the temperature constant when 
one mol of electrons escape is 

:Kecf>-P IRT. 

If then L denotes the heat of evaporation at the temperature 
and absolute zero of temperature, 

i = Lq -f* — (}>()) + ]RT, 

Avhere is the walue of ^ at T = 0. 

Contact difference of potential is found to be practically inde- 
pendent of the temperature, so that it is probable that <^ — ^0 is very 
small, and \Ye have approximately 

L==:L^ + iRT, 
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It ib oiih' allowable to ro^artl tlu‘ elecfruti ua^ as a poriect uas when 
its pressure and its \^olume are very small so that the electrical forces 
fine to the charges on the electrons can be neglected. 

This introduces no dif!icnlt}% because we need not suppose that 
more than an infinitesimal number of electrons aie outside the metal 
at any time. In the chapter on the quantum theory (Chap. 
section 8) it is shown that the vapour pressure of a liquid or solnl 
which gives off a monatomic vapour is given approximately by the 
equation: 

Iogj)= _ ^ ; log? -f- : + log j( p ) P 


where h is Planck’s constant, L the heat of evapoiation per mol at the 
temperature T, and m the mass of one molecule of the vapour. Since 
the electrons form a monatomic gas outside the metal \ve mav take the 
pressure p at which they are m equilibrium witli the metal to be given 
by this equation. Hence, putting T ~ IRT, we get 

log JJ = - + 1 log r -f log [ ( p j ^ J + _ log m. 


The pressure p is the very small pressure of the electron gas which 
is in equilibrium with the metal. The relation betw'een p and the 
saturation current density i may be determined if ’we assume that the 
electrons in the gas which collide writh the metal surface are all absorbed 
and do not rebound. This is believed to be approximately true. 
Assuming this, ive have the result that vrhen the gas is in equilibrium 
with the metal the number of electrons which escape from the metal 
is equal to the number which collide wuth it. 

We suppose that the electron gas can be regarded as a perfect gas, 
and that the average kinetic energy of the electrons in it is the same 
as for any other gas at the same temperature. 

The number of electrons colliding with unit area of the metal surface 
in unit time is therefore given by the same expression as the number 
entering the surface layer from the metal on Richardson’s classical 
theory, provided that n is now taken to be the number of electrons 
per unit volume in the electron gas instead of inside the metal. The 
number striking unit area in unit time is therefore (section 2) 




n 


fiA ■— 

0 TTq 


3m 


But q = (p. 30), p = nJcT, and a = (p. 52), so that 

n __ p\/2LT p 

2s/ TTq 2kT\/7Tm s/27rmkT 
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Tiie tliermionic saturation current density i is therefore given hy 

\/27Tm'kT 


where e is the charge on one electron. 

Eliminating p from the equation for log p and this expression fox 
i we get 


i 


27reml? 


p2 


This theoretical expression for i is based on the thermodynamical 
theory of evaporation and on the quantum theory. It was first 
obtained by Dushman. 

The values of fn. I', h, and R are all known with considerable accuracy, 
and the only quantity m the expression for i which depends on the 
properties of the particular metal emitting the electrons is Lq == 

If we put = A and Lq/R = b, the equation for i becomes 

% = which gives b = T logf j. The following tables give 

the values of i for tungsten and platinum at different temperatures 
measured by Davisson, Germer, and Schlichter, and the values of b 
calculated from them by means of this equation. 


Tenipeiatme. 

Cm rent. 

h 

1 

Tungsten 

= 10 amp per sq cm. 

1935 5 

0-0934 

61,890 

1986-5 

0 1973 

51,880 

2036-0 

0 3967 

51,860 

2077 5 

0-6784 

51,880 

2086-5 

0-7656 

51,900 

2102-0 

0 9363 

51,840 

2131-5 

1 362 

51,840 

2134-5 

1 419 

51,870 

2158-0 

1902 

51,820 

2182 0 

2-538 

51,810 

2204 0 

3-269 

51,820 

2231-0 

4 405 

51,820 

2235 0 

4-606 

51,870 

2271-5 

6-875 

51,880 

2280 0 

7-394 

51,920 

2306-0 

9-792 

61,900 
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Tempcfratme. 

Cuneiit ! 

i 

1 

1211 0 

Platixum 

1=10“^ amp, per cm 

0 42 

49,300 j 

1243 0 

1 35 

49,200 

1275 0 

4-17 

49,100 j 

1307 0 

99 

49,300 

' 1339 0 

27 5 

40,200 

1 1371-0 

76 0 1 

49,000 

1 1403 0 

168 0 i 

49,100 

i 1435 0 

400 0 

49,100 

1467 0 

785-0 

49.300 

1 1499 0 

1430 0 

49,500 


It Will be seen that the values of b are all very nearly equal, so that 
the equation i= represents the experimental results very 

w’ell indeed. 


6. Fermi-Dirac Theory. 

According to the Fermi-Dirac theory of an electron gas,"^ the 
number of electrons per cm.^ with momenta between p and is 

equal to 

Qrrp^dp 1 

p ^{E-W)ik6 ][!» 


where E == p^j'^im and ^ \^/ ’ Provided the temperature d 

is not too large. N is the number of electrons per cm.^. For most 
metals N is about 10^^, which makes Tf equivalent to about 10 elec- 
iron volts. 

For values of E much greater than W the number of electrons per 
cm.® with p^ between p^ and p^ + dp^ is therefore equal to 


2dp^ 

F 


•'n 


where r® = p/ + 


Putting 


this becomes 




* See p. 88. 
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Tlie number of electrons falling per second on 1 cm.^ perpendicular 
to the X direction with greater than is therefore 




If we suppose that these all escape from the metah the thermionic 
current density i is given by 


or 


irrernhW^ 

' ¥ ^ 


where £’o = |>o^/ 2 m. This result agrees with that obtained above in 
section (5) by means of thermodynamical theory, provided the ther- 
mionic work function (f) is given by < 5^6 = — W, It appears, there- 

fore, that the minimuin energy Eq which the electrons must have in 
order to escape is not 4>e but (l>e+ W. (j> is often about 4 volts, so that 
Eq must be about 1 4 electron volts since W is equivalent to about 10 
electron volts. 

Davisson and Germer found that the diffraction of electron waves 
by metal crystals shows that the kinetic energy of the electrons is 
increased by about 14 electron volts when they enter the crystal, which 
is what we should expect if the electrons cannot escape unless their 
energy inside is greater than 14 electron volts. 

Richardson’s classical theory of the thermionic current therefore 
holds good provided that the Maxwell velocity distribution is replaced 
by the Fermi-Dirac distribution, and the theory then agrees perfectly 
with the thermodynamical theory. On the Fermi-Dirac theory the 
energy of the electrons is practically independent of the temperature, 
so that the difficulty about the specific heats is satisfactorily explained. 


7. Space Charge Effect. 

When the potential difference used is not sufficient to produce the 
saturation value of the current, the current varies with the potential 
difference. If, for example, the current obtained is only one-half of 
the saturation current, then half the electrons emitted by the wire get 
across to the surrounding electrode and half return to the wire. The 
negative charge on the electrons in the space around the hot wire 
modifies the electric field and actually reverses it near the wire, so that 
the electrons coming out of the wire have to move a certain distance in 
a field which tends to stop them. Only those which have sufficient 
kinetic energy are able to get through this region in which the field is 
reversed, and the rest are driven back into the wire. This is called the 
space charge effect. To simplify the theory we will consider the case of 

* See p. 95. 
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a plane area emitimg electrons to a large plane electrofle at a 

distance d from the emitting plane. Let x denote the drstance of a 
point from the emitting plane, and F tlie potential difference between 
the point and the emitting plane. Then we have 

di = _ iTTJie, 

CX^ 

where ne is the density of the space charge, n being the number of 
electrons per unit volume and e the charge on one electron. Let the 
region m which the field is reversed be of thickness t Tnien x is greater 
than t all the electrons present are moving away from the emitting 
plane, so that if their average velocity is v we have ? =- n^i\ 

The velocity of an electron will be given by the equation 
Ve = I M {Vq^ — wdiere is the initial velocity of emission from the 
hot plane. The velocity components parallel to the emitting plane 
make no difference, so we disregard them and take v and to be 
perpendicular to the electrodes. In the region of reversed field V is 
negative so that v is less than Let the mmmium potential Sbt x = t 

1/ U 11 -Jo + . l elCCtrOn WUll HOt 


be Fi- Then if is not greater than 


get across and will return to the emitting plane. 

The average velocity of the electrons at x = t will be the same 
as the average velocity of emission Vq at x = 0, and we shall suppose 
that this is small compared with v. The average velocity will then be 
given approximately by — Ye = Im y^. Eliminating n and v from the 
three equations g 2]7 


we get 


dW . / — 2?n 


Integrating this equation we get 


• Sm -[- constant. 


To determine the constant, we have 


0 at cy = t, since F is a 


mmimum at this point. We shall suppose that t is small, so that ap- 
proximately — = 0 when x = 0 and F = 0, and the constant is zero. 


Hence 


== — STvi ' 


m 


( D 814 ) 
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we get 
This gives 


2*33 X 10~^ 


.2 

p/2 


where i is the current density in amperes per square centimetre, and 

V the potential in volts at a distance of x cm. from the hot plate. It 
appears that when the current is limited by the space charge it should 
vary as and inversely as x^. This agrees approximately with the 
experimental results. The current is found to increase nearly as F^^^ 
until it is nearly equal to the saturation current. It then remains 
nearly constant when F is increased further. 

If instead of two parallel planes, one emitting electrons, we consider 
two concentric cylinders, the inside one emitting electrons, similar 
theoretical results are obtained. 

Let b be the radius of the outer cylinder and a that of the inner one. 
Let F be the potential difierence between the inner cylinder and a 
point at a distance r from its axis. The differential equation which 

V must satisfy is then 


dw 

dr^ 


1 dv 

‘ r 3f 


== — 4c7rne, 


Let now i denote the current per unit length of the axis of the 
cylinders, so that ^Trmev, 

where v is the velocity of the electrons, n the number per unit volume, 
and e the charge on one electron. For simplicity we shall suppose that 
— p = which means that we neglect the initial velocity of the 
electrons. These equations give 

0^.2 T dr r ^ Ve 

We require a solution of this making dVjdr zero at the radius where 
F is a minimum, as in the previous problem, and F == 0 at r — a. 
When a is small compared to 6, which is usually the case in practice, 
then it will be approximately correct to use a solution making F == 0 
at r = 0, provided this solution also makes dVjdr small near the inner 
cylinder. If we assume F = and substitute this in the differential 
equation for F, we find 


2 
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This satisfies the equation, and makes small near the inner cylinder 

as well as F = 0 at r == 0, and so is an approximate solution of the 
problem when a /b is small. 

With F in volts, / in centimetres, and i in amperes vre get 

b ' 


14-65 X 10- 


where V is now the potential difference between the outer and inner 
cylinders so that r = b. This equation is found to agree approximately 
with the observed currents when % is less than the saturation current 
and bja is greater than about 10. 

It will be observed that when the current is limited by the space 
charge it is independent of the temperature of the hot electrode. 

Thermionic currents limited by space charge are employed in the 
three-electrode vacuum tubes now used so extensively as detectors 
and amplifiers, and for maintaining electrical oscillations. 

8. Distribution of Electron Velocities. 

The distribution of velocities among the electrons emitted by hot metals in 
a vacuum was investigated by 0. W. Richardson and was found to be in agree- 
ment with Maxv ell’s law for the molecules of a gas. 

Consider a fine straight wire emitting electrons m a vacuum and surrounded 
by a concentric cyhndrical electrode. Let the number of electrons emitted be 
small so that space charge effects are negligible. If the potential difference betw^een 
the wire and the cyhnder is F, then when F is positive the electrons have to do 
'9t^ork — Fe in order to get across to the cyhnder. Let the velocity v with which 
an electron is emitted be resolved mto two components, Va along the axis of the 
wire, and Vr along the radius of the cylinder. We suppose the radius of the hot 
wire very small, so that the electrons can be regarded as starting practically at 
the axis The component Va does not help the electron to get across and so 
may be disregarded. For the electron to get across we must have 

> — Ye 

Let the number of electrons for which is between E and E dE he 

given by 

dn ~ nf{E)dE, 

where % is the number emitted m unit time, so that the saturation current ne. 

The current obtained will then be 


‘ — Ye 


Differentiating this with respect to F, we get 

di 

dV~' 


»o6/(- Ve). 


Thus if we observe the current i obtained with different values of F we can 
determme dijdV and so get values of the function /(i?). 
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It w as found experimentally that = e— “ whore a is a constant. The values 

found for a were nearly equal to —ejlT, where Jc is the gas constant for one 
molecule and T the temperature of the wire. Hence 


so that 


^ = a efi Yg) 

u dV hT ’’ 




This shows that the electrons have the Maxwell velocity distribution for the 
velocity component v , , for according to Maxu^elFs law the number of the mole- 
cules in unit volume havmg velocity components u bet-ween ii and du is 


The 
time IS 

and the 


number of these going through a unit area perpendicular 
therefore nAE-'i'‘‘udu, 

total number going through is 


'' 0 


7iAl z—^'^^^udu = 


nA 

2g‘ 


to u m unit 


Hence the fraction of those going through which have velocities between w and 
n \- da is iidu 

But (section 5), and E= I mu-, so that the fraction is equal to 

in agreement with the experimental result. 


Richardson also showed that the velocity components parallel to the emitting 
surface are distributed in accordance with MaxwelFs law 

Under some circumstances hot bodies emit positively charged molecules or 
ions as well as electrons. This emission of positive ions will be discussed m the 
chapter on positive rays. It is found that some metallic oxides emit electrons 
at high temperatures; for example, calcium and barium oxides do this very freely. 
The emission of eJcctrons by such oxides appears to vary with the temperature 
in much the same way as in the case of metals 


Reference 

The Emission of Eleciricity fro^n Hot Bodies, 0. W. Richardson. 



CHAPTER IV 


Photo-electricity 

1. Ultra-violet Light and Emission o! Electrons, 

Hertz in 1887 discovered that when ultra-violet light falls on a 
spark gap the sparks pass more easily. This effect was iii\'estigated 
by HallwachSj Elster and Geitel, and others, and it was found that 
ultra-violet light causes a negatively charged conductor to lose its 
charge but has no effect on a positively charged conductor. Lenard 
made the important discovery that the kinetic energy of the negatively 
charged particles emitted when ultra-violet light falls on a negatively 
charged conductor is independent of the intensity of the light, but 
increases with the frequency of the light waves. 

J. J. Thomson and Lenard in 1899 measured the ratio of the charge 
e to the mass m of the charged particles emitted, and found it equal to 
about 10^ electromagnetic units per gram. This was about the same 
value of ejm as had been found for cathode rays or electrons, so that 
it was clear that ultra-violet light causes solid bodies to emit electrons. 

The kinetic energy of the electrons emitted can be determined by 
finding the potential difference necessary to stop them. 

An insulated electrode surrounded by a hollow metal conductor, 
both contained in a glass bulb which can be exhausted, is illuminated 
by the ultra-violet light. The electrode emits electrons and so becomes 
positively charged. The number of electrons w^hich get across from the 
electrode to the surrounding conductor diminishes as the potential 
difference increases, and the potential difference soon attains a constant 
maximum value just sufficient to prevent any more electrons getting 
across. This maximum potential difference is a measure of the maximum 
kinetic energy of the electrons emitted. If F denotes this potential 
difference and e the charge on one electron, then Fc is equal to the 
maximum kinetic energy. The potential difference can be measured 
by connecting the electrode and conductor to an electroscope or 
quadrant electrometer. Experiments of this kind have been made by 
Ladenburg, A, LL Hughes, Eichardson and Compton, and Millikan. 
Hughes, and Richardson and Compton found that Fe is of the same 
order of magnitude m Jip, h being Planck’s constant of the quantum 
theory and v the frequency of the incident light. Millikan eliminated 
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various sources of error and obtained mucli more accurate results than 
previous workers, so that only his experiments need be considered in 
detail 

2. Millikan’s Experimenls. Critical Frequency. 

In Millikan’s experiments a small block of an alkali metal was 
illuminated by light in a very perfect vacuum. The surface of the 
block was scraped in the vacuum by a cutter worked by an electro- 
magnet outside. In this way a clean metallic surface was obtained 
free from any film of oxide. The scraped surface was arranged in front 
of an insulated cylinder of oxidized copper gauze connected to a 
quadrant electrometer, and the charge received by this cylinder was 
observed when the surface was illuminated by monochromatic light 
of known frequency. The potential difference between the gauze 
cylinder and illuminated block was increased until it v'as enough to 
prevent any electrons from the block reaching the cylinder. The alkali 
metals emit electrons when exposed to liglit of much lower frequencies 
than are necessary to cause copper oxide to emit electrons. Slillikan 
was therefore able to use only light ivhich had no effect on the copper 
cylinder and so to avoid errors due to the cylinder emitting electrons. 
The contact potential difference between the alkali metal and copper 
oxide was determined by moving the metal block in the vacuum to 
a position opposite a plane copper electrode coated with oxide. This 
electrode could be moved in and out so as to vary the distance 
between it and the alkali metal block. The potential difference 
between this movable electrode and the block was adjusted until 
moving the electrode in and out made no difference to its potential 
when it was insulated. The potential difference is then equal to the 
contact potential difference and tliere is then no electric field in the 
space between the block and electrode. The potential difference 
requked to stop the electrons from getting from the block to the 
gauze cylinder was taken to be the difference between the potential 
difference observed and the contact potential difference. In this 
w’-ay errors due to the contact potential difference were got rid of. 

Millikan found that his results could be represented by the equation 
— Vo), where V is the corrected potential difference required to 
stop the electrons, h Planck’s constant, v the frequency of the light used, 
and Vq the smallest frequency which causes any electrons to be emitted. 
The frequency vq is called the threshold or critical frequency and it is 
different for different substances. From his experiments Millikan ob- 
tained the value h = 6-56 X 10“"^*^, using the value of e = 4*77 1 X 
which he had previously determined. This value of h agrees well with 
that deduced from measurements of heat radiation and the frequencies 
of spectral lines, and is believed to be very near the true value. 

It is found that the critical frequency for any substance depends 
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on tlie state of the surface used. Traces of gases and films of oxide or 
other impurities greatly affect it. The critical frequency is closely 
related to the contact potential difference and to the thermionic woik 
function. Consider two parallel plates of different metals, and let them 
be connected together by a wire. If w'e disregard the small potential 
differences of thermoelectricity we may consider the two plates to be 
at the same potential. There will, nevertheless, be an electric field in 
the space between the plates equal to the contact potential difference 
divided by the distance between them. Let and Fg be the potentials 
at the surface of the plates just outside the metals, and e(^i and e^2 
the amounts of work required to remove an electron from inside the 
metals to a point just outside, then w^e have (see Chap. Ill, end of 
section 3 ). 

^1 <5^2 + ~ = C). 

3 . Einstein’s Theory. 

According to the theory originally put forward by Einstein, when 
light falls on a metal electrons in the metal receive quanta hv of energy 
from the light so that if they escape from the metal their kinetic energy 
is hp — e(f}, since ecf) is the work required to remove an electron from 
the metal, <f) being the thermionic work function. 

Hence Jivq^ and e(F2 ^1) — ^(^02 ^01) ”” ^(^2 

These relations appear to be confirmed by measurements of the contact 
potential differences, critical frequencies, and thermionic work functions, 
but cannot be regarded as definitely proved to be correct. 

It appears that the electrons emitted with the maximum energy 
must be the free electrons in the metal, since if electrons 
were emitted from the interior of atoms we should expect them to 
come out vdth energy less than Some of the electrons emitted 

may come from inside atoms, since most of them come out with less 
than the maximum energy. The light penetrates a short distance into 
the metal, so that some of the electrons may come out from points 
inside the metal and may lose energy by collisions before they get out. 

Einstein’s equation Fe = h{v~- vq) holds good also for the emission 
of electrons due to X-rays. 

The critical frequency pq for most substances is in the ultra-violet 
region, but for the alkali metals it is in the visible spectrum or even 
in the infra-red. 

The number of electrons emitted is found to be proportional to the 
intensity of the light. 

4 . Fermi-Dirac Theory. 

Einstein’s theory is not satisfactory because we should expect 
an electron in the metal with kinetic energy e to escape with energy 
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€ hp — so tEat tEe maximum energy of tEe escaping electrons 
sEould not Eave a definite value if tEe electrons Eave tEe Maxwell 
velocity distribution. TEis difficulty is removed by tEe Feriiii-Dirac 
theory of tEe electron gas in the metal. 

According to this theory, at low temperatures, there are practi- 
cally no free electrons with kinetic energies greater than a definite 
value 

im \8trl • 

where N is the number of electrons per cm.^. But there are a great 
many with all energies less than W. The maximum energy with which 
the photo-electrons are emitted should therefore have a definite value 
W + hv — E, where E is the least kinetic energy which the electrons 
must Eave in order to get out of tEe metal. If we put 

W hv — E = lip — we get E ~ W 

TEus tEe least energy for escaping is not (f)e but + W. TEis result 
agrees with that found for thermionic emission, so we sEould expect 
^ for the photo-electric effect to Eave the same value as for the ther- 
mioiiio emission in agreement with the facts. 

According to the Fermi-Dnac theory, there are a few electrons with 
energies greater than IF, so that in the photo-electric effect there sEould 
be a corresponding small number emitted with energies greater than 
j^JiP — E. It is found that this is the case, and the results agree 
with the Fermi-Dirac distribution. 

5. Photo-electricity and the Classical Wave Theory. 

It is apparently impossible to explain the phenomena of photo- 
electricity in a satisfactory manner by means of the classical wave 
theory of liglit. The difficulty is to explain how a very small fraction of 
the electrons get energy hv and the rest get none. For example, when 
X-rays are passed through air a few atoms here and there emit electrons 
with energy liv and the rest are apparently in no way affected. 

According to the classical wave theory an electron wliich has a 
natural frequency of vibration equal to v can absorb the energy of a 
train of waves, of frequency v, from an area of the order of that of a 
square with sides one wave-length long. An ordinary X-ray tube gives 
out about 10^ ergs of X-ray energy per second, and the ionization due 
to it can easily be detected at 3000 cm. The energy falling on one 
square wave length or about 10“*^^ sq, cm. at this distance from the 
tube is therefore about 10“^^ ergs per second. The energy with which fhe 
electrons are emitted is about lO'”"'' ergs, so that it would take an electron 
10® sec. or 1000 days to absorb it. But when the X-ray tube is started 

* See p. 88 
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tlie ionization begins immediately. We might suppose that the energy 
of the emitted electrons is not derived from the rays but that the rays^ 
so to speak, merely pull a trigger which releases the electron from the 
atom. However, if this were so we should expect the energy of the 
electrons emitted to be determined by the nature of the emitting atom, 
and not by the frequency of the rays as is the case. Moreover, it is 
difficult to believe that electrons having all possible natural frequencies 
are present in any substance. It seems certain that the energy of the 
electrons is derived from the rays, and the classical theory cannot 
explain how so much of it is concentrated into particular electrons in 
the time available. According to the quantum theory of radiation the 
radiation is supposed to consist of quanta, each of energy hv^ which 
travel out from the source with the velocity of light. If an electron 
absorbs one of these quanta it gets energy hv. This quantum theory, 
therefore, explains the chief facts of photo-electricity, but of course 
it is hard to see how it can explain the facts of interference and diffrac- 
tion which agree so well with the wave theory. This question is also 
discussed in the chapters on the quantum theory and on X-rays. Here 
we may say that there is no reason to suppose that a satisfactory 
explanation of both sets of facts will not eventually be discovered. 
It is quite unnecessary to adopt a mystical attitude and say that the 
human mind cannot understand such phenomena. Such an attitude 
is no satisfactory apology for an unintelligible theory. 


5. Relation o! Emission to Frequency. 0. W. Richardson’s Theory. 

The number of electrons emitted by a metal per unit energy of the 
incident light depends upon the frequency of the light. It is zero for 
frequencies less than the critical frequency fq, and for frequencies greater 
than Vq it increases at &st as v increases, reaches a maximum value, 
and then decreases. The frequency which gives the maximum emission 
is about f 1^0 in most cases. With some metals more than one maximum 
has been observed. An interesting theory of the variation of the 
emission with the frequency v of the light has been given by 0. W. 
Eichardson. Consider a cylinder and piston maintained at a constant 
temperature T. The cylinder will be filled with black body radiation 
and this will cause the walls to emit electrons. Let the number of 
electrons per cubic centimetre in the cylinder be n and let the pressure 
they exert on the piston be p. We suppose n so small that the electric 
field due to the negative charges on the electrons may be neglected. 
If we suppose that the thermodynamical theory of evaporation can be 
applied to the escape of the electrons as in the theory of thermionics 
we have 




27Tmh^ 
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wEere N is tEe number of elections escaping from unit area in unit 
time, wEicE is equal to the nnmbex absorbed from tEe electron gas by 
unit area in unit time. This equation is merely the equation for 
tEermionic emission and the proof of it is given in the chapter on 
thermioiiics (Chap III, section 5). 

Now let the energy density of the radiation between the frequencies 
V and y -i- dvhe denoted by E{v)dv. The radiation falling on unit area 

in unit time is then - E{v)dy, For the proportion of E which belongs to 

rays whose directions lie within a small solid angle dco is doj/irr. The 
radiation falling per unit time on a plane area A in directions inclined 
to the normal to A at angles between 0 and 0 + is therefore 

Ec- A COS0 • 2rr sin0<i0/47r. Integrating from 0 == 0 to 0 = we get 

IcEA, the result stated. Let F(y) be the number of electrons liberated 
from the surface by unit incident light energy of frequencies between 
y and v + dy, so that the number of electrons liberated per unit area 
per unit time is 

F{v)E{v)dv==N. 

For E{v) we may use Wien’s approximate formula (Chap. V, section 11 ) 
since only high frequencies are effective, so that 

E{v) = 

G 

and we get F{v) dv = — 

or dv = 

Jo ^ 

This equation is satisfied by 



for y>wj} 2 , and F{y) = 0 for yKwJh. DiSerentiating F{y) with 

respect to y and putting == ^3 'that F{v) has a maximum 

value when hy= llw^. This agrees with the experimental results that 
the maximum emission is obtained with a frequency equal to } of the 
critical frequency, and that there is no emission when y is less than the 
critical value wjh. 
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*1. Thermionic Emission and Photo-electric Action* 

In this theory the thermionic emission is not considered separately from, the 
photo-electric emission, so that the theory really mvolves the assumption that 
the thermionic emission is caused by photo-electric action of radiation. Measure- 
ments of the photo-electric emission due to the radiation from hot tungsten by 
S. C. Roy (Proc. Roy, Soc., Oct., 1926) show that it is quite possible that ther- 
mionic emission may be due entirely to photo-electric action. 

The energy of the escapmg electrons may be obtained if we assume that the 
electrons m the cylinder have the same energies as the molecules of a gas at the 
temperature T, The thermodynamical theory of evaporation would not be 
applicable to the electrons if this were not the case. 

Let Ty denote the kinetic energy of the electrons liberated by the light of 
frequency v, so that 

^ [°°T,FME{v)dv 

4j 0 

is the total energy of the electrons escaping from unit area in unit time. This 
may be put equal to the energy of the N electrons falling on unit area in unit 
time, which is 2NhT according to the kinetic theory of gases. Using the value 
found for P(v) we find that 

Pj, = Av — Wq 

m agreement with Einstein’s equation. This result is not in agreement with 
the experimental fact that most of the electrons emitted have energy less than 
hj •— WQf but the discrepancy may be only apparent. We suppose that the 
electrons receive energy hv from the light initially, so that if they have energy 
less than hv — they must have lost some energy by colhsions or otherwise. 

Richardson’s theory does not involve the assumption that the light consists 
of quanta having energy ^v, but it is consistent with that view 

When light of sufficiently high frequency is passed through gases electrons 
are liberated from the gas molecules. The critical frequencies for gases are greater 
than those for solid bodies. In the case of air the critical wave-length accordmg 
to A. LI. Hughes is about 1350 A. The ionization of gases by X-rays is due 
to the emission of electrons by the atoms. 
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The Quantum Theory 

1 Inadectuaey o! Kewtonian Dynamics. 

During tlie nineteenth century it was generally believed that 
material phenomena would prove capable of explanation on the old 
Newtonian system of dynamics. Matter was supposed to consist of 
minute particles which moved in accordance with Newdon’s laws of 
motion. However, certain phenomena, notably those of heat radiation, 
have emerged which seem to be inconsistent with the laws of classical 
dynamics, and the quantum theory was put forw^ard by Max Planck 
as an explanation of such phenomena. This theory has now been 
applied successfully in several important branches of physics, for 
example, the theories of spectra, photo-electricity, and chemical 
equilibrium, and its fundamental character and value are universally 
recognized. The general validity of Newton’s dynamics, therefore, can 
no longer be admitted. It appears that the laivs of motion of bodies 
consisting of enormous numbers of atoms do not apply to atomic 
systems. 

2. Microscopic and Macroscopic States. Statistical Mechanics. 

It is necessary to distinguish between macroscopic and microscopic 
states of a substance. A macroscopic state is one determmed by quan- 
tities such as pressure and temperature which can be measured by 
ordinary apparatus. For example, the macroscopic state of a gas is 
fixed by its pressure and volume. A microscopic state is one deter- 
mined by the position and motion of all the parts of the substance, 
however small. Thus, a microscopic state of a gas requires for its 
specification the positions and velocities of all the molecules of which 
the gas is believed to be composed. 

Quantities such as pressure, internal energy per unit mass, and 
temperature, which are used to specify the condition of a substance, 
are average values over very large numbers of atoms. If, for example, 
we know the temperature and the entropy of a given quantity of any 
homogeneous substance, then we know that it is in a certain macro- 
scopic state capable of being reproduced and indistinguishable from 
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other states of the same substance having equal temperatures and 
specific entropies. But for any such macroscopic state there is an 
eiiorinous number of different microscopic states. Thus, a gas at a 
given temperature and pressure is in a definite macroscopic state, but 
its molecules are moving about so that its microscopic state is com 
timially changing, and in a short time it passes through an enormous 
number of different microscopic states. The heat radiation inside an 
empty enclosure the walls of which are maintained at a constant 
temperature is in a definite macroscopic state. The energy density 
for any given range of frequencies has a definite value depending only 
on the temperature of the walls. But to specify the microscopic state 
of the radiation in the enclosure at any instant it would be necessary 
to give the strength and direction of the electric and magnetic fields 
at every point in the enclosure. The radiation in the enclosure is con- 
tinually moving with the velocity of light, so that its microscopic state 
is continually changing and it passes through an enormous number of 
microscopic states in a short time. 

It is clear that to any macroscopic state of a substance there corre- 
sponds an enormous, perhaps an infinite, number of microscopic states. 
During the rapid change from one microscopic state to another which 
continually goes on in material substances which are in a state of 
equilibrium in a fixed macroscopic state, the macroscopic quantities 
determining the macroscopic state do not vary perceptibly. The value 
of such a macroscopic quantity, which can be measured, is an average 
over a large number of molecules for a short but finite time, or over a 
large volume, and it remains constant within the limits of error of 
observation in ordinary cases. 

If a solid sphere is immersed in a gas, the uniform pressure of the 
gas over the surface of the sphere gives no resultant force on the sphere 
when we consider the action of the gas on the sphere from the macro- 
scopic or large-scale point of view. Microscopically, however, the 
sphere is not subjected to a uniform pressure but to a series of mole- 
cular impacts, and, indeed, if the sphere is very small it does not remain 
at rest hut moves about in an irregular manner, owing to the irregular 
distribution of the molecular impacts over its surface. This motion, 
the well-known Brownian movements of small particles immersed in 
a liquid or gas, is a microscopic motion. Macroscopically, the sphere 
is to be regarded as at rest in its mean position. 

The question arises how it is that the macroscopic state of a 
substance can remain sensibly constant while its microscopic state 
IS continually changing. The reason must be that of all the possible 
microscopic states the vast majority correspond to values of the 
macroscopic quantities differing inappreciably from the constant values. 
If any microscopic state have an appreciably different value of the 
macroscopic quantities, the chance of its lasting long enough for the 
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cliange in a macroscopic quantity to be observable is ftierefore 
negligible. 

When a substance is not in a state of macroscopic equilibrium its 
state changes until equilibrium is reached. The relation of such changes 
to the microscopic states will now be considered. Since the number of 
microscopic states corresponding to any state differing appreciably from 
the state of macroscopic equilibrium must be very small compared 
with the whole number of possible microscopic states, the chance of 
the substance remaining an appreciable time in such a state must also be 
very small, and the substance changes to the equilibrium macroscopic 
state because this state corresponds to nearly all possible microscopic 
states. The change from a state which is not one of equilibrium to an 
equilibrium state thus involves an increase in the number of possible 
microscopic states. It is clear, therefore, that an equilibrium state is 
one for which the number of microscopic states is a maximum. Such 
considerations, of course, only apply to substances or systems the 
microscopic parts of which are continually changing from one micro- 
scopic state to another, so that in the course of time the system may be 
supposed to pass through all possible microscopic states. 

It appears then that when a substance consists of a very great 
number of individuals, the behaviour of the substance as a whole 
must be investigated by methods of statistics. 

3. Entropy and Probability. 

Let W denote the number of possible microscopic states through 
which tlie substance may pass in the course of time while in a given 
macroscopic state. Then the condition of equilibrium is IT == maximum 
or SIT = 0. If the microscopic parts of the system, are at rest so that 
its microscopic state does not change with time then IF = 1. Ac- 
cording to the second law of thermodynamics the entropy <1> of any 
isolated system is increased by any spontaneous change which takes 
place in the system, and in a state of equilibrium the entropy is a 
maximum. Thus it appears that both IF and # tend to increase to 
maximum values. W may be called the thermodynamical probability 
of the state of the system, and we may then say that the system changes 
to a more probable state unless it is m a state of maximum probability. 
The second law of thermodynamics evidently expresses the same thing 
in terms of €> instead of IF, so that we should expect $ to depend on 
IF. This idea was first put forward by Boltzmann. Let us then suppose 
that the entropy # is some function of IF, or let 

0-/(fT). 

Now consider two entirely separate systems having entropies and 
$2 Q^^id thermodynamic probabilities IF^ and IF 2 ‘ Then 
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The total entropy of the two systems is -f <I> 2 , and since for each 
microscopic state of the first system there are states of the second, 
the thermodynamic probability of the two systems considered together 
as one must be the product Thus we have 

so that f{W^) +f{W,) =fiW^W^), 

Differentiating this equation with respect to Wi, and also with respect 
to W 2 , we obtain 

WJ'(W,) = WJW 2 ) - W.WJWiW,). 

We may suppose Wi to change while W 2 remains constant, since 
the two systems were supposed entirely separate, so that we 
must have 

WJ'iWj) = = constant. 

Hence /(IF) = i log + (7 where ^ is a universal constant, the same 
for all systems, and G is another constant, not necessarily the same for 
all systems. Hence ^ log IF + (7 for any system. In classical 
thermodynamics the entropy is taken to be the difference between 
the entropy in the actual state and that in an arbitrarily chosen standard 
state. If IFq is the thermodynamical probability in the standard state 
then ^==klogW-k log Wo^k log (F/Fo). 

The number of possible microscopic states F of a system corre- 
sponding to a given macroscopic state might be expected to be infinite. 
Thus if the velocity of an atom can vary continuously it has an infinite 
number of possible values, so that a gas at a given pressure and tem- 
perature should have an infinite number of possible microscopic states. 
But if F is infinite then <5 = ib log F + (7 must also be infinite. We 
might suppose that though F and Wq were both infinite their ratio 
F /Wq could have a definite finite value, but this method of avoiding 
the difficulty has not proved satisfactory. Planck supposes that F is 
not infinite but has a definite value for any system, and also that the 
constant C is equal to zero so that O == i log F. This leads to an 
absolute value of the entropy and to the quantum theory. It follows 
that a system in a given macroscopic state can only exist in a finite 
number of microscopic states. Thus, for example, the • velocities of 
the molecules of a gas cannot vary continuously, but must be restricted 
in some way to a finite number of possible values, or at least changes 
in the velocities less than certain finite amounts must be supposed not 
to constitute a change in the microscopic state. 
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4, State Space of a System* 

Consider a system of any kind, for example, an atom of any element. 
Let tlie microscopic state of the system be determined by co-ordinates 
Ji, ^25 • « * corresponding momenta . p,^, that is, let p,„ 

be the momentum associated with the co-ordinate The 2n quan- 
tities ‘ Pii regarded as the co-ordinates 

of a point in a space of 2n dimensions. This representative point will 
move along a path which in the case of a periodic motion of the system 
will be a closed curve. So long as the energy of the system remains 
unchanged the point will continue to move round and round this 
closed curve, and if we regard the state of the system as determmed 
by its energy then the motion of the representative point round the 
curve does not involve a change in the state of the system. The space 
of 2n dimensions is called the state space of the system. 

Suppose now that we have a large number such systems all 
alike so that the state of each one can be represented in the space of 
2n dimensions by a representative point. The 5\(^ points will all 
describe curves In the space. The microscopic state of the collection 
may be regarded as determmed by the distribution of energy among 
the ^X^^ystems. In the state space we can imagine surfaces or regions 
drawn in which the energy is constant. Then all the systems having 
the same energy will have representative points moving on the same 
surface of constant energy. According to classical dynamics we should 
expect that the energy of the system could vary continuously, so that 
there would be an infinite number of regions or surfaces of constant 
energy on which the representative points could move. The number 
of possible microscopic states of the collection of systems would 
therefore be infinite. In the quantum theory it is supposed that the 
number of possible microscopic states is finite, so that only certain 
definite values of the energy of a system are possible. The surfaces of 
constant energy corresponding to these possible values will divide the 
state space up into finite regions, and all the representative points will 
be on these surfaces. 

When the energy of one of the systems changes from one possible 
value to another, its representative point is supposed to jump from 
one of the surfaces to another without occupying the intermediate 
positions effectively. Such jumps are supposed to be due to actions 
between the systems or between the systems and the radiation in the 
collection of J^systems. It is important to remember that any coh 
lection of atoms always contains a certain amount of energy in the 
form of radiation. This radiant energy is generally small compared 
with the energy of the atoms and so can be neglected in many cases, 
but it provides a reservoir of energy into which or from which the 
atoms can give out or absorb energy. 
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5* PlaEck’s Theory o! Entropy and Free Energy, 

Let €i, €2, €3. . . denote the possible values of the energy of a systenij 
so that the total energy of the ^y^similar systems or parts of the col- 
lection is given by 

where N^, A2 . . . denote the numbers of the parts having energies 
€2 . . . respectively. 

If two systems having energies €3^ and act on each other so that 
their energies change to €3^' and egL then if -)- ^2 equal to + Cg' 
the difference may be supposed supplied from the radiation present. 
Also if the energy of a system changes spontaneously from to 
the difference -- €3^' may be supposed emitted in the form of radia- 
tion. The total radiant energy is small compared with E, and its 
average value remains constant so long as E is not changed, but it 
must fluctuate about its average value owing to the emission and ab- 
sorption as the systems change from one possible value of e to 
another. The number W of possible microscopic states corresponding 
to a given distribution of the energy is given by 

w= ^ ■ 

Ny,\N^\N,K.. 

For if all the ^!N(^parts got different amounts of energy the number of 
possible arrangements would be equal to the number of permutations 
of different objects, each permutation containing all the objects, 
or 3 ^. When of the objects are identical, let the number of different 
permutations be x. By changing the identical objects to different 
objects, N^l different permutations could be made out of each of the 
X permutations, so that = ,7s(J 

In the same way it is easy to see that when the objects are divided 
into groups containing N^, &c., identical objects the number of 

permutations is equal to the expression given above for W. 

An approximate value of sufflciently exact for the purpose of 

calculating log IT when 5 ^^, &c., are large, may be easily ob- 

tained. We have 

logW! = logl -f log 2 + log 3 -}- log 4 -f . . . -j- logW, 
and log = log W -f- logN -f • • * + log W, 

log(iV!/iV-') = log^ + log| H- . . . + log 


so that 
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^ log (iV'7iV'-^) = log(icc‘d!a? + log2fo'c^a;-{- . . . + logNdx^dx 
= I logX‘dx= — 1 . 

Hence logN^ = N logN - N :=^lQg{N/ey, so that 

Using tliis value for we get ^ 

. . . 

since N^-\- N^-i- . , . = 3^. 

Hence logF == SiV logf\^. 

Now let Wi=Ni/3{^, '^^ 2 ~ &c -5 so that E^=l, and 

logif = 3XJ-og3Xjr~ log^V^, 

or log If = — 3^TtW logt^. 

The entropy €> of the system is then given by 

^ ^ logif = — Jc^^TiW log'll;. 

To find the distribution of the energy in the system in the state of 
equilibrium, we make <1> a maximum subject to the conditions Sw= 1 
and E = O^Xwe = constant. 

Thus S<I> == 0 = 2 log^e? + E Sii? == E S-w; logto, 

8E=^0 = ll€Sw, and ES' 2 ^= 0 . 

Hence E (logt^ -{- ^€~\- y)8w == 0, 

where ^ and y are undetermined multipliers. If and y are 
properly chosen, this equation will be true for any values of the 8^^;’s, 
so that we have 

logt^,, = — pen — y, 

or = (1) 

Here a and P are constants having the same values for all parts of the 
system. The entropy in the equilibrium state is therefore given by 

'k3{^'Lw{pe~~~ log a), 

or €> = Jc^^pilwe — h3^oga, 

so that 


since 


€> = ifc pE + h3^ogJle'~^\ . . . 
Hwn == aEe^^^n = 1, and E = 3^{JlWn€n^ 


( 2 ) 
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The thermodynamical definition of 4> gives 

8<I>==-- +iP .!Z, 

e 

where f, F, and d denote the pressure, volume, and absolute tem- 
perature of the system. But, regarding O as a function of E and F, 
we have - . „ . 


80 = 


\dE) 


8£: + 


,9F 


SF, 


so that 


/30\ 1 , /90\ u 

\We)~ e \w)~ e' 


Differentiating tlie equation # = k^E + 13^ witli respect to 

A we get 

But = E, 

SO that 
Hence 


9i9 


dE 3)8 dE 




This enables us to introduce the temperatures into the expression (2) 
for the entropy, and obtain 


E 




ejke 


(3) 


The free energy F of the system is defined to be -E — 00, so that 
F===:--k3iJlogi:e-'^nl^t 


This gives 
or 


d^=- h^e logSe-^«/*»- 


h3ij^ 

ke^ ’ 


E==F-d 


dF 

dd' 


(4) 


This is the well-known Gibbs-Helmholtz equation, from which the 
thermodynamical theory of the system may be deduced. Thus we 
see that the quantum theory is consistent with classical thermo- 
dynamics. 


Since E== F 9^, equation (4) gives O = 


dF 

dd' 
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6. Planck's ConstanL 

In order to use (3) to calculate the entropy of a system it is of course 
necessary to determine the possible values of the energies of the 
^^(Jlldependellt parts This may require some knowledge of the physical 
properties of the parts and involves further assumptions characteristic 
of the quantum theory. The surfaces of constant energy for the possible 
values of the energy divide the state space into certain finite regions. 
In the case of periodic systems determmed by only one co-ordinate q 
and the corresponding momentum p, the state space is a plane and the 
closed curves of possible constant energies are supposed by Planck to 
divide the plane into equal areas h. The area of the closed curve of 
energy is then equal to nh, so that 

j djydq ■= j pdq == nil, 

where n== 0, 1, 2, 3 

The quantity li is called PlancFs constanL It appears to have the 
same value in all such cases, and its value lias been determined by 
comparing results deduced from the quantum theory with experimental 
values. The most probable value of Ji is G-55 X 10”^' erg-seconds. 
The dimensions of h are (energy) X (time), or action, for 

{mx)dx= (mx^)dt. 

7. Monatomic Gas. 

As an example, consider the case of <CX^atoms of a monatomic gas, each of 
mass m, and each contained m a separate cubical box of volume F. Let the co- 
oidinatcs of an atom measured along the edges of its box bo x, y, z, and the 
corresponding momenta mi, my, and mz The state space will be of six dimen- 
sions, and the representative points of all the atoms having kinetic energies equal 
to s will lie on the surface of a sphere of radius r given by 

s = + y^ -j- z^), 

so that r = \‘2sm, 

and they all also lie mside the volume F. The six-dimensional volume enclosed 
by the surface of constant kinetic energy 6‘ is therefore equal to 

Wo shall suppose that the surfaces of constant energy corresponding to possible 
values of s divide the state space into equal regions F, since m this case each system 
has tiiree co-ordinates. Jlence 

lTc{2S)imY^-Y = nhY, 

whore % = 0, 1, 2, 3, . . . , 

The total energy of an atom Zn may be taken equal to Sn + c^, -where Cq denotes 
its internal energy. The free energy of the collection of <^y\^atoms in the equili- 
brium state of maximum entropy can now be calculated by means of the equation 
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The values of Sa are very small unless n is very large, so that unless the total energy 
E of the 5^atoms is very small we may replace by 

an mtcgral 




We have 
v/here oc is a constant. Then 

2 — 2 e— aa-/- =1 e" 

- 0 

Put a;= 2 so that dx~ In-^'^dn, and 

.00 ^00 I 

I —3 — I . ^ ' 

J Q Jo \ cc-^ 


Hence 




The free energy of the 5*(^atoms in separate boxes is therefore given by 
F = ■— kO^ log [{2 TzmkO)'^ I W Jh^ I + 


and the entropy ^ = ^ dFjdd by 

cI)===^*^log((27rw/fc0)3 2F/FJ-f ... (5) 

The energy E of the ^\^atoms is then given by 

^? = -F'-o|?=^(]«:0+Eo), 

SO that it appears that .]/c0 is the average kinetic energy of one atom. If we now 
suppose the i^atoms all contained in one box of volume F, then if the ,^A(^atoms 
are all different the number of ways m which the energy elements can be arranged 
among the atoms will be the same as before, so that the entropy will still be given 
by equation (5). 

If the atoms are all different, the number of ways in which they can be 
arranged among quantities of energy is so that when they are all alike 
and it makes no difference which particular atom has a given amount of energy 
the number of possible arrangements is diminished times, and h log^A^, or 

kD^ log must be subtracted from the entropy given by (5). Hence wo get 

for the entropy of a monotomic gas 

® - 

Differentiating this with respect to F, keepmg E and therefore 0 constant, we get 

\dV)B 0 V 

so that pV ^ kf9(Jl, 

This equation expresses the well-known relation between the pressure, volume, 
and temperature of a gas, and shows that k is equal to the gas constant for one 
molecule The energy of the gas is the same as that of the ^'((^atoms in separate 
boxes, so that 
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and the free energy is given by 

F = E—m= — log 




The distribution of tlie energy among the atoms of gas is given by the equation 

w,i = 


which when S/i+i — S/j is very small expresses Maxwell’s law. Thus w^e have 
obtained the principal results of the kmetic theory of gases by means of the 
quantum theory. 

8. ¥apoiir Pressure, 

The latent heat of evaporation, L, of any solid or liquid at a constant tem- 
perature 0 is given by the equation 



where denotes the entropy of the vapour and ^>3 that of the solid or liquid. 
At low temperatures cPg is small and the vapour may be regarded as a perfect 
gas, so that for substances giving monatomic vapours we have 

log , 

where L is the heat of evaporation of 0^ atoms. Putting F == and solving 

for logp wc get 

T L ('/2Tcm\3/2^, . 5/‘2\ 

This equation has been found to agree very well with the observed vapour pres- 
sures of mercury, argon, helium, and other monatomic substances at low tem- 
peratures when the values of h and h derived from experiments on heat radiation 
are substituted in it. It may be written 

logp = - + ;> loge + 2 + i, (6) 

where i = log | ^ i;5/2 1 t logm 

is Nernst’s “ chemical constant ” for a monatomic substance. The pressure of 
electron gas in equilibrium with a hot metal may also be calculated by (6) if the 
heat energy absorbed when <CA(^clectrons escape from the metal is substituted for 
A, and for m the mass of one electron. This important application of the quan- 
tum theory is discussed in the chapter on thermionics (Chap. Ill, section 5). 

9. Simple Oscillators, 

We will now consider the case of a system of a large number 
oscillators, each consisting of a particle of mass m, which can only move 
along a straight line under the action of a force proportional to its 
distance from a fixed point in the line and directed toward the fixed 
point. If X denotes the distance of the particle from the fixed point, then 
fnx = — pLX, where /x is a constant. A solution of this equation is 
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X — A sm27TFf>j where A is the amplitude of the oscillations of the 
particle and v the frequency or number of vibrations in unit time* 
Substituting this value of x in the equation mx= — fix we find 



The energy £ of the vibrating particle is given by 


where stands for any energy it may have when at rest in its equi- 
librium position. Putting mx=^ y, we get 


/ I 

2 III (e Sq) 2 (e Cq, 


This relation between x and y is represented by an ellipse in the xy 
plane. The representative point of the oscillator moves round the 
ellipse, making v revolutions in unit time. The area of the ellipse is 

27r{€ — eo) 

[I 

which is equal to (c — jv. 

According to the quantum theory the possible paths of the particle 
in the xy plane will divide the plane into parts of equal area h. The 
possible paths will be a series of ellipses having areas 0, h, 2A, 3A, 
&c., so that the possible values of the energy are given by £ — = nhv, 

where = 0, 1, 2, 3, &c. The free energy of the system of J^jcscillators 
when the energy is distributed so that the entropy has the maximum 
value is given (section 5) by jF = — ■ k0^9 log 

We have jl -[_ ^—hvjie _|_ ^—^kviie q, ^ ^ 

g 

~ I Q-hvjkd^ 


SO that 'F^h3iJ\og{l- 


Hence the total energy E of the ^N(j>scillators in the state of maximum 
entropy is equal to 


E=F~- 


dF 


+ ^Kso' 


The average energy of vibration, e — £q, of one oscillator is therefore 
__ fraction of the .SN(^oscil]ators which have 

energy 6,^ — == nhv is equal to or 

The fraction which has no energy is 1 — At high temperatures 

when hvjhd is small the average vibrational energy per oscillator is 
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k6, since 1 \~hvjlB when hvjkB is small, and the fraction 

having zero vibrational energy is hvlkO. which ls small. At low tem- 
peratures when hvjhO is large the average energy is much less than liv, 
and nearly all the oscillators have zero vibrational energy. The heat 
capacity of the system of oscillators is given by 


dE _ 3^(hv)- 


This makes the heat capacity very small at low temperatures and eqnai 
to at high temperatures. 

It appears that the average energy per oscillator m the equilibrium 
state of maximum entropy depends only on the temperature and the 
frequency of the oscillators. It is easy to see that this result will apply 
to any collection of oscillators, even if they are not all similar, provided 
the energy of each is determined by one co-ordinate and the corre- 
sponding momentum. Thus if we consider a solid body and suppose 
that it possesses modes of vibration of frequency iq, fre- 
quency the energy of its vibrations will be equal to 

_,v 

ef'yjhe _ i _ 1 “T • ■ ■ _ ] 


10. Quantum Theory of Specific Heat. 

In this way Einstein and Debye have worked out a quantum theory 
of the specific heats of solid bodies. We may regard the heat energy 
of the solid as the energy of elastic 
waves travelling through it like 
sound waves through air. The 
possible frequencies of vibration 
are the frequencies of stationary 
waves possible in the solid. 

Consider a cube of the solid 
with sides of length a, and let AB 
(fig. 1) be a plane wave travelling 
ill the direction CN. Draw a 
plane A^B' at a distance from AB 
of one-half wave-length. Take the 
origin 0 at one corner of the cube 
and axes a*, y, z along its edges. 

Let the cosines of the angles be- 
tween the direction of propagation 

of the plane wave and the axes be I, m, n. Let EF be a line parallel 
to the y axis cutting the planes AB and A'B' at C and O'. Then 
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If the wave AB m to be one of the systems of standing waves of length 
A we must have = a, where is a positive integer. Hence 


In the same way, considering lines like EF parallel to the x and ^ axes 

we get = a, and = n. 

2n 

Hence P -|~ -f = I = j + ^ 2 ^ + ^ 3 ^)* 

If 0 is the velocity of propagation of the waves and v the frequency, 
then vX = V, so that 


Now let '^25 ^3 rectangular co-ordmates of points, so that 

there will be one point in each unit volume. The number of possible 
frequencies between 0 and v is thus equal to one-eighth of the volume of 


a sphere of radius 


, and the number of possible 


frequencies between 0 and v per unit volume is equal to i 


In a solid there will be longitudinal waves and also transverse waves, 
and the latter can be regarded as forming two sets polarized in per- 
pendicular planes. The total number of frequencies between p and 
V + dv in an elastic solid is therefore 



dp, 


where t\ is the velocity of transverse, and that of longitudinal waves. 

The energy of the vibrations in unit volume between the frequencies 
0 and p is therefore 



If the solid contains 5\^atoms in unit volume their positions could be 
determined by 3i\_^co-ordmates, so that we should not expect more 
than 35V^possible modes of vibration per unit volume in the solid, 
Debye therefore supposes that the maximum possible frequency p^ 
is given by 



Cf. J. K. Roberts, ffeat and Thermodynamics, Cbap. XX, section 2. 
4 (d814) 
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Tlie total energy E of the vibrations in unit volume is then given by 


hvin/k, th 


vMv 


e^nlhB ___ I 

If we put hvlkd= .T, and hv,nP^', this equation for E becomes 

01 1^!^ xMz 


] 


The heat capacity of <^N(jitoms is given by 


1 


l}. • . (7) 


■0 e ^-1 

dE 

When 8 is very large this reduces to ^ =• 

Dulong and Petit’s law. At low temperatures ifj/O becomes large, so 


which agrees with 


that 


dE 

dd'' 




( 8 ) 


Thus at low temperatures the atomic heat is proportional to the cube 
of the absolute temperature. Equation (7) shows that the atomic 
heat capacity is the same function of 8/ip for all solid substances. 

j/f is called the characteristic tem'peraturc of the substance, and may 
be calculated from the velocities of waves in the wsubstance by means 
of the equations above, which give ^ in terms of and iu terms 
of % and ^ 2 . The velocities and can be calculated from the bulk 
and rigidity moduli of elasticity. It is found that the specific heats of 
solids calculated in this way agree very well with those observed. 
In particular, at very low temperatures the specific heat is found to be 
proportional to the cube of the absolute temperature, and so becomes 
negligible at temperatures near zero. 

The free energy of the solid can easily be calculated. We have seen 
that the free energy of a set of eT^similar oscillators of frequency v is 
given by 

The free energy of the solid is the sum of the free energies corre- 
sponding to all the sets of vibrations in it, so that 

+ + i) /’\>log(l 


where E^ is the energy in the solid when there is no vibration. As 
before, put x= hv/Jcd and hvta^ so that 

F = Eo + log(l - e-^)dx. 

^ Jo 

^For the metliod of evaluating the integral see section 11 * 
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'WTieE 6 is very small, the integral becomes j log(l- 
= — 7 r-^/ 15 , so that ^ 




5 l/r 3 


■ e'^^)dx 

. ( 9 ) 


<D: 


(10) 


Tlie entropy of the solid at low temperatures is then given by 

cl 5^3 • 

According to this, when 0 = 0 , then # = 0, for any solid. But at 
0 = 0 all substances are solids, so that <& = 0 at 0 = 0 fox all sub- 
stances. This result is Nernsfs Heat Theorem, sometimes called the 
Third Law of TheHnodynamics.^ 
dW f) F 

Since # = — ^ , we have ;:r7? = 0 at 0 = 0. The Gibbs-Helmholtz 


F at 0 = 0 , and also that 


00’g^^^^'^90 

equation E — F — 6 shows that E = 

a a ^ a u .u 

5— = 0 at 0 = 0, so that at 0 = 0, and are both zero. 

00 00 00 
11. Theory 0 ! Heat Radiation, 

Instead of a solid cubical block we consider a hollow cube filled 
with radiation. The energy density of this radiation is independent 
of the nature of the walls and depends only on their temperature. If 
the walls are perfect reflectors, the radiation will form stationary trains 
of waves, and the number of possible frequencies between v and 

V-}- dv will be ~I— 3 — , "where c is the velocity of light in a vacuum, 
c 

This follows, by differentiation with respect to from the expression 
tTt{vlvY found in section 10 for the number of frequencies between 
0 and V per unit volume. The additional factor 2 arises because the 
light waves are transverse, so that the radiation travelling in any 
direction may be regarded as made up of two parts polarized in two 
perpendicular directions, just as in the case of the transverse waves 
in the solid block previously considered. The energy in any one of the 
stationary vibrations in the box will be determined by the amplitude 
of the vibration just as in the case of the oscillators, so that according 
to the quantum theory the possible energies of the vibration will be 
given by € = nhv where 1, 2, 3 , &c. The average energy of 

the vibrations having frequencies between v and v-{-dv will therefore 

be and the energy density Efiv in these vibrations will 


1 ’ 

be given by 


E^ 


%7n^h 


‘ Of. J. K. Roberts, Heat and Thermodynamics, Cbap. XVIII. 
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Here E,, may be defined as tlie energy density per unit range of fre- 
quency. Tins expression for E, was first obtained by Planck by means 
of the quantum tlieory. It is found to agree well witb experiments on 
the distribution of tte energy in the spectrum of black body radiation. 
Wlieii hvjlO IS large, the expression takes the form 






-Jll/jkO 


knomi as Wien's formula. When Jivjl'Ois very small, 1 -f Jiv/l 6, 

and Planck's expression becomes 

^ Srrv^Ld 


SO that each vibration has energy I 0, as in the ease of the oscillators and 
solid body According to Newtonian dynamics we should expect all 
values of the energy of a vibration or oscillator to be possible, since 
energy is supposed to be capable of continuous variation. The possible 
values of the energy of a vibration on the quantum theory are given by 
£= 0, 1, 2, 3, &c , so that if h were indefinitely small all 

values of the energy would be possible since n can be as large as we 
please. The part of the quantum theory so far considered differs from 
the classical theory only in the vsupposition that k has a finite value 
instead of an indefinitely small value. If we put 0 in Planck’s 
formula for E^ it becomes 

■p Stt d 


This result is therefore that to which Newtonian dynamics leads, and 
it agrees with Planck’s formula when Jiv/kO is very small, that is for 
low frequencies and high temperatures. The total energy density E 
in the radiation is given by 

jB “ I EJI^v. 

0 

If we put E^== %7rv^k6jc^ we get an infinite value of E, which is of 
course impossible. The observed distribution of energy in the spectrum 
agrees with Planck’s formula and differs entirely from that given by 
the classical theory even for frequencies of quite ordinary values. 
Newtonian dynamics therefore fails to explain heat radiation and so 
cannot be universally true as was formerly supposed. Of the other 
formula obtained in this chapter by means of the quantum theory, 
all those which do not contain h agree with Newtonian dynamics, while 
those containing h entirely disagree. The formulcB of the quantum 
theory all agree with experience, while those of the classical theory 
only do so when they agree with the quantum theory also. 
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If we put 


E, 


we get 


E-- 


SttIi 

r.3 


Stt vV( 

v^dv 


(.In LB __ I' 


e' — i 

Srrl^d^ f 1^(1 X 

J — 1 


where x - 


Hence 


: lv\U Then 
x^dx 


00 

I. 


-2x- , 


■ + . . .)x^dx 


6(l + ^ + |l- 


E-. 


TT* 

^15‘ 


77 

• ^ 3/^3 


Thus according to Planck’s formula the total energy density of black 

body radiation in an en- 
closure is proportional to 
the fourth power of the 
absolute temperature, in 
agreement with Stefan’s 
law. The relation between 

y = and X is shown 

in fig. 2. We see that as x 



increases ij = — ^ m- 

creases to a maximum value 
and then diminishes. 
the energy density per unit 
range of frequency is equal 
to S7rJcWyjc%^, and so for 
any given temperature E, is proportional to y, and for any given 
value of y E„ is proportional to the cube of the absolute tem- 
perature. 

The energy density E^ of the radiation per unit range of wave- 
length A can be got by putting v^cJX in E^dv = ^ and 

writing E^dv = — E^^dX, This gives ^ ^ ^ 

■p SttIio 
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Tlie wave-length A,,* for which is a maximum is got by putting 
= 0. This gives 


■ — — 5 

5 — hcjWX,^^ 


tlie solution of which is == 4-9661 .... The two equations 

E — ~ ^*9651 enable the constants k and h to be 

calculated from the experimental values of E and In this way 
it is found that A== 6-53 X erg-sec., and k== 1-37 X 10“^® erg/ 
degree. The most probable values of these constants are believed 
to be ^ = 6-62 X and h = 1*379 X 10"”^^. The energy hv 

is usually called a quantum of energy of frequency v. If denotes 
the frequency of the light for which E^ is a maximum so that c = 
then we have = 4*9651 kd. The average kinetic energy of one 
molecule of a gas, as we have seen, is so that the quantum hvj^ 
is equal to 3*31 times the average kinetic energy of a gas molecule at 
the same temperature. The fraction of the possible vibrations of fre- 
quency V which have energy nhv is equal to — (cf. section 

5; and ~ 1/(1 — or 0-—hvllc9'j 

The fraction which have no energy is therefore = 1 — so 
that the fraction which have any energy is For example, at 

0° C. the fraction of the vibrations of the frequency of yellow light 
(i^=:5x 10^^) which have any energy is only about or 10”^^. 
The fraction of the vibrations of frequency which have any energy 
is or about one in 140. According to classical dynamics the 

average energy of the vibrations of any frequency should be k9. 


12. Einstein’s Theory of Heat Radiation. 

So far we have supposed that the energy is distributed among the parts of 
the system considered in such a way as to make the entropy or the number of 
possibie microscopic states a maximum, but we have not considered the nature 
of the actions between the parts by which this equilibrium state is produced. 
An interesting way (due to Einstein) of getting Planck’s formula throws light 
on this question, and will now be considered. Let a large number of molecules 
or atoms be contained in a perfectly reflecting enclosure so that there must be 
equihbrium between the black body radiation in the enclosure and the atoms. 
Also, let each atom be only capable of existing in one or other of a series of states, 
having energies sg, Cg . . . , and let the numbers of atoms in these states he 
Ni, Ag . . . . Then the energy density of the radiation Ep per unit range of 
frequency v may be taken to be given by Wien’s law, 

^. = v3/(e/v), 

which can be deduced from purely thermodynamical considerations; and the 
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niiiiibers of the atoms in the different states may be taken to be giTen by 

= N^ — ... . 

The radiation of frequency v is supposed to be absorbed by atoms m the state 
having energy Zn, and as the result of this absorption these atoms are changed 
to another state having energj’^ Sm. The number of atoms changed from state 
n to state m m this way wdl be proportional to Nn and to and so may be put 
equal to aNnE^, where a is a constant. The reverse change is supposed also to 
occur and in the same way the number changmg from m to n may be put equal 
to ^NmEp. The change from m to n is also supposed to occur spontaneously with- 
out any action of the radiation, and the number changing in this way may be 
put equal to yiV'jji* In a state of equihbnum then we have 

ccN nEv = 

or E, (ccNn — = yNm- 

Puttmg N,i = and Nm = 

w^eget E^,{(xpne(^n-^n)lke _ 


At high temperatures E^ becomes very large, and ^pm may be supposed mdepen- 
dent of the temperature, so that we must have oipn ~ ^jpm = 0, 

and therefore EvOLpnie^^^^-^n^P^^ — 1 ) = ypm. 

Now Ev only contains 0 m the function /(0/v) of 0/v, so that {zm— £h)//^ 6 must 
also be a function of 0/v, which suggests that sm— Sn should be proportional to v. 
Let Zm — Sn = Av, w^here is a constant, so that 

E 

^ ehvikB „ 1 


At high temperatures this gives 

T? _ {ypmlccpn)h% 

JTjy • 

But at high temperatures the quantum theory and classical dynamics agree in 
giving 

80 that we must have 

hf 

and therefore at any temperature 

jj STTV^j^ ^ 

which is Planck’s formula. 

The radiation of frequency v absorbed by the atoms in the above calculation 
must be equal to that emitted, so that when an atom goes from state m to state 
n we must suppose that it emits radiation of frequency v having energy zm — sn* 
According to this, when an atom emits an amount of energy, say e, in the form 
of radiation, the frequency of the radiation emitted is given by the equation 
s = ^v. This result is the basis of Bohr’s theory of spectral lines and was first 
put forw^ard by him. 
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13. Fermi-Dirac Theory of Electron Gas, 

The theory of a monatomic gas given above (Section 7) is not 
applicable to electron gas^ at bigh pressures, because according to 
Pauli’s exclusion principle not more tban one electron in a system 
can be in tbo same state. Consider electron gas witb N electrons in 
a volume F, Let tlie momentum components of an electron be 
Py^ Ps, and consider tlie electrons witb momenta between p and p-]~ dp 
for wbicli the points with co-ordinates p^, py, and p^ lie in a spherical 
shell of volume irrp^dp in the momentum space. 

Let there be possible states for the electrons in this shell, so 
that it may be regarded as divided into compartments each of 
which according to the exclusion principle can only contain either 
one electron or none. Let there be of the compartments con- 
taining no electrons and Z^g containing one, so that Qg — Z^g + Zgig. 
The number of different ways Tf g in which the electrons can be arranged 
in the different compartments is 




Zogt; 


For if all the different compartments contained different numbers of 
electrons, the groups of electrons could be arranged in different 
ways among the different compartments. But when and ^os 
groups arc all alike, so that it makes no difference how they are ar- 
ranged, then IFg has the above value. Using the approximate value 
log A! = N log A ■— A, we get 

logFg = Q, logQg — Zog logZog -- ZjLg logZ^g. 

All the electrons in the shell have energies = p^l2m^ so the total 
energy in the shell is Z^gE^g. 

The whole volume of the momentum space may be supposed 
divided into concentric thin shells Qi, - , Qs * ^ so that if W 

denotes the total number of different arrangements, then 

log F = S log Fg = nQs logQs - logZig - Zog logZ^g). 

§ * 

Also Qs = Zq, + 

and E = 

s « 

are constants. The equilibrium distribution of the electrons is obtained 
by making logF a maximum with Qg, N and E constant. This gives 

2(SZjls logZ^g 4“ logZos 4" S^os) 

4- aS(8ZQg 4" SZjLg) 4“ ^SEs 4” yS SZ^s = 0, 
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where y are constants. Equating to zero the coefficients of the 
variations, we get 

1 + 4“ + y = 0® 

1 + logZgs -f a = 0, 

so that log(ZQs/Zj 3 ) = y 4" 

or 


The number of electrons in the shell s is therefore given by 


Ns — ^is — Qs 


so that 


^QS + 


Ns-=Qs 


4- 1* 


The volume of a cell in the state space Jdxdydzdp^dpydp^ is equal 
to ¥, so that the volume of a compartment in the momentum space is 
¥/V since all the electrons are in the volume F, which is J dxdydz. 
Qs is therefore equal to iTrVp^dplh^, and, putting y == — jSIF, we get 

„ _ iirYpUp 1 

This is the number of electrons with momenta between p and p + dp. 

The constant ^ may be shown to be equal to Ijhd as in Planck’s 
theory of entropy."^* 

The number of electrons per cm.^ with momentum co-ordinates 
between p^^ and py and py 4- ^Py, and p^ and 4" ^Pz is 

therefore given by 

•TS/vt 2/y» ^Px^Py^Pz 

JoPxOPyOPz— J^^^Q{E-W)jkQ ly 


When 0 = 0, or very small, this makes / equal to zero when E* > IF, 
and equal to 1 when E <W. According to this, at very low tem- 
peratures, each compartment of volume for which the energy E, 
or p^/'2m, is less than IF contains one electron, while the compartments 
for which the energy is greater than IF are all empty. 

So far we have not taken into account the spin of the electrons. 
According to the spinning electron theory,']* an electron has two 
possible states for any possible momentum value, so that there are 


4* 


See u. 74. 


t See p. 193. 


(dSU) 
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two practically independent sots of electrons, 
value of/, so that 



J i3^^E-miko ly 


[Chap. 
This just doubles the 


At very low temperatures, then, all the cells contain two electrons with 
opposite spins for energy values up to W. If W = pj'ftm, then 
is the greatest value of p when 0 = 0, so that 

hrpj= \NW, 


where N is the number of electrons in one cm.®, or 

PF = Y 

2m 2m VStt/ 


The value of W is therefore proportional to 
then (}> is the potential difference required to give 


equal to IT and (f = 


2me xStt/ 


This expression 


If we put IT=^e, 
an electron energy 

gives the following 


values of (jS in volts. 


N 

(Electrons per cm.O (Volts) 

1021 0 38 

1022 1-76 

1023 8-20 

102 ^ 38 

1035 170 


It appears that IF = <^e is small unless the number of electrons per 
cm.^ is very large. In an electron gas at, say, 1 mm. of mercury pres- 
sure N would be about 3*5 X 10^^, so that IF would be quite negli- 

9 . 


gible and we should have/= 


This leads to the Max- 


h^{e^Ike^iy 

well distribution of velocities approximately when EJld is large. 
The number of free electrons in metals is of the order of magnitude 
10^® per cm.^, so that W is quite large, and at temperatures even up to 
1000° C. the velocity distribution differs little from that at the absolute 
zero. The energy of the electrons, therefore, is practically independent 
of the temperature. Thus it appears that the Maxwell distribution 
of velocities holds approximately for an electron gas at low pressures, 
but for the free electrons in metals it does not hold and must be re- 
placed by the Fermi-Dirac distribution, which makes the energy of the 
electrons practically independent of the temperature. 


14. Bohr's Theory of the Hydrogen Atom, 

Bohr supposed that an atom can exist only in a series of states 
having energies Ep Sg, . . * , and that when it changes from a state 
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Jiaviiig energy to another Eaving less energy fclie frequency v 
of the radiation emitted is given by — E^ = hv. 

A hydrogen atom consists of a nucleus with charge e and an elec- 
tron moving round the nucleus. The mass of the nucleus is about 
1840 times that of the electron, so that the nucleus may be supposed 
to be at rest. If the electron is moving with velocity -y in a circular 
orbit of radius f, then we have mv^/r == so that the Mnetic energy 

\mv^ is equal to 6^/2f and the total 
P energy E is equal to —e^/2r since 

the potential energy is — c^/r. 

Bohr determined the possible 
values of in the same way that 
p Planck had previously determined 

A — B the possible energies of a simple 

oscillator. If r and 9 are the polar 
co-ordinates of the electron, with 
the nucleus at the origin, the 
angular momentum of the electron 
is constant and equal to 

If we take p and 9 for 

C the co-ordinates of a 

0 2Tf B point P in fig. 3, then 

Fig. 3 as 0 increases from 

0 to 2^7 the point P 

moves from A to B. Bohr supposed that the area of the rectangle 

ABCO must be equal to a multiple of h or that / pd9 = nk In the 

*'0 

case of the simple oscillator with equation of motion mx = — jaa;, if 
we put y=mx and take x and y for the co-ordinates of a point, then 
the point moves round an ellipse, and Planck supposed that the area 
of the ellipse must be a multiple of h as we have seen. 

n2Tr 

Since p is constant the equation / pdd=nh gives p = nhl27t. In 

the case of a circular orbit p = mvr, so that mv == nkj^TTf. The kinetic 
energy so that r == n^WjiTi^me^^ 

and the total energy E = — e^/2f is given by E^ == — 

If the atom changes from a state with energy E^ to another with 
energy E^^^ then BoLu supposed that the energy difference E^ — E^' 
is emitted as radiation of frequency v given by hv = — E^^y so that 

, 27r^e^ f 1 1] 


where n must be greater than n\ If we take w' =: 1, we get a series oJ 
frequencies with w = 2, 3, 4, . . . , and with n'=^2 another series with 
w = 3, 4, 6, . . . , and so on. 
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Tlie observed spectrum of atomic Eydrogen contains just sucli 
scries of lines. The Bolmer series Eas frequencies given very exactly 

by 1 / = S-290 X 10^® with n = 3, 4, 5, . . . . The Lnnan 

\4 / 1 \ 

series is given by f= 3-290 X lO^® ^ and the Paschen series 

by 3-290 X 101® Q-1). 

According to Bokr’s theory, the constant 3'290 X 10^® should be 
equal to and on substituting the known values^*' of m, 

e and Ji we hiid ^Tr^me^jW = 3-294 X 10^^, which agrees with the value 
got from the observed frequencies within the limits of error. 

If the electron is nio\dng in an elliptical orbit, then it has radial 
as well as angular momentum, Bohr supposed that the possible values 

of the radial momentum mf are given by J mrdr = n\ where n is an 
integer and the integral is taken once round the orbit. If Jpd9= nji 
and j mrdr n^h, then it is found that En== 

and that the ratio of the minor to the major axis of the ellipse is 
equal to %/(% + ^ 2 )* 

Bohr’s theory was also applied to atoms containing more than one 
electron, but the possible energies of such atoms cannot be accurately 
calculated because the motion of two or more electrons about a nucleus 
cannot be solved exactly. Nevertheless it enabled many facts about 
the spectra of such atoms to be explained. The equations — E^' = hv 

and Jpdq=^ nh were assumed in the quantum theory, and the assump- 


tion was jiistificd by the success of the theory in explaining the facts 
of heat radiation, specific heats and spectra. This theory was unsatis- 
factory because of the arbitrary nature of the assumptions made, and 
also because it failed to account for many of the finer details of spectra 
and other phenomena such as absorption and dispersion. 


15. Quantum Mechanics. 

To meet these difficulties new ideas were introduced and new 
methods developed by de Broglie in 1924 and by Heisenberg, Sehro- 
dinger and Dirac in 1925 and 1926. The new methods developed by 
these authors and many others have replaced the old quantum theory 
of Planck and Bohr. The new quantum theory is known as quantum 
mechanics. 

The photo-electric effect shows, as we hav^e seen, that the effects 
produced by light or X-rays of frequency v are such as might be ex- 
pected from particles of energy hv. The distribution of these effects, 
however, is such as would be expected for a distribution of wave 

* See p. 434 
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intensities. Tiie plienoinena of interference and diffraction of light 
and X-rays agree perfectly with the wave theory, but the effects 
produced require us to assume that the effects are produced by par- 
ticles called photons with energy hv. The number of particles failing 
on a umt area, or rather the number of effects observed which are such 
as might be expected from particles, is proportional to the wave in- 
tensity. 

To make this clear consider the simple optical experiment shown 
in fig. 4. At S is a straight electric-light filament perpendicular to the 
plane of the figure. ABC is a glass prism with the angle ABC nearly 
equal to 180°, and DE is a white screen. The prism deviates the light 
falling on it between A and B downwards and that between B and C 
upwards, so that the two beams are superposed on the screen between 



F and G. We then get bright and dark interference bands on the 
screen between F and G as is well known. This result is explained 
perfectly by the wave theory, and the wave-length of the light can be 
calculated from the distance between the bright bands. The bands 
can be photographed if the screen is replaced by a photographic plate. 
If the plate is only exposed for a very short time, then it is found that 
only a few of the grains of silver bromide in it are affected, the rest 
are unchanged. The affected grains which show up when the plate is 
developed are distributed in bands like the light on the screen. On 
the wave theory we should expect all the grains in a bright band to 
be affected. The light acts lilve particles in this experiment, so that 
only the grains hit by a particle are affected, but the particles are 
distributed like waves. If instead of a photographic plate we use a 
^photo-electric cell, then we find that electrons are shot out of the atoms 
in the bright bands. The electrons shot out receive energy hv from 
the light, but only a very small fraction of the electrons are affected. 
On the wave theory we should expect all the electrons to get a small 
amount of energy, whereas actually a few get the relatively large 
amount liv. The light acts like particles with energy hv^ but the par- 
ticles are distributed like a wave intensity. 
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It appears tkat iii any optical problem we can calculate tke effects 
to be expected by assuming a wave theory and calculating the wa^e 
intensity. The effects to be expected are then such as would be pro- 
duced by particles of energy liv, and the number of the effects is pro- 
portional to the calculated wave intensity, or we may say that the 
chance of an effect occurring on any small area in a given time is 
proport ionah to the area and to the wave intensity at the area. With 
very weak light the number of effects will be small, so that the chance 
of getting an effect on a particular small area may be very small unless 
the time interval is very long. 

It has been shown experimentally that a diffraction pattern photo- 
graphed with strong light and a very short exposure is identical with 
one produced in the same way with very weak light and a very long 
exposure. This is what we should expect if the distribution of the 
effects is determined by the relative wave intensities, so that the 
fraction of the effects occurring at any place is independent of the 
intensity of the source. If we suppose that the source of light emits 
only one photon, the chance of an effect due to this photon occurring 
at any place will be proportional to the wave intensity, at the place, 
when the source is supposed to be emitting a continuous tram of 
waves. The waves therefore carry no eneigy, and the wave theory 
may be regarded as merely auxiliary mathematics w^hich enables the 
diskibution of the photons to be calculated. Just why such a method 
of calculation is necessary and why it gives results in agreement with 
the facts is not known. 

In 1924 de Broglie suggested that the distribution of particles like 
electrons should also be calculated by a wave theory. The energy of 
a photon is equal to hv^ so that its mass m is given by liv = where 
c is the velocity of light. The velocity of a photon is always equal 
to c, so its momentum is equal to me, which is equal to hv/c. The wave- 
length A of the waves associated with the photon is equal to c/f, so 
that its momentum is equal to A/ A. De Broglie supposed that similar 
relations hold for electrons and the waves associated wdth tbem. If 
m denotes the mass of an electron moving with velocity v, then its 
momentum is mv\ so that mv — h/X or A== h/nw. Also its energy 
mc^ == hv. The velocity of the electron waves u is equal to vX and 
so is equal to Qijmv) X so that uv = Since v is less than c, 

the wave velocity u is greater than c. If ^ = c/10, then u = 10c. The 
wave-length of the waves associated with an electron which has been 
set in motion by a potential difference F may be calculated as follows. 
The mass m is equal to -f Veje^, where is the mass of an elec- 
tron at rest. The velocity v of the electron is given by 

Ye = moC^((l — — 1). 

Substituting in A = h/mv, we get A = hGlVVei2mQC^ 
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equation, when Vej2mQC^ is small, gives 10®A = VlEoJV with F in 
volts. It gives the following values of A: 


V 

X 

(Volts) 

(Cm xl0-‘ 

1 

12 25 

10 

3 87 

100 

1*225 

1000 

0 387 


Thus the de Broglie waves of an electron are of the same order of 
length as X-rays. 

De Broglie’s suggestion that waves are associated with particles 
like electrons has been confirmed experimentally by Davisson and 
Germer and later by G. P. Thomson and others. 

Davisson and Germer allowed a narrow beam of electrons, all 
moving with nearly the same velocity, to fail on a face of a crystal 
of nickel in a high vacuum. They found that the electrons were re- 
flected from the crystal face just as X-rays are reflected. When X-rays 
of wave-length A fall on a crystal face at a glancing angle 6, then they 
are strongly reflected iinX — 2d sin 0, where d is the distance between 
the layers of atoms parallel to the crystal face. If nX is not equal to 
2d sm9, then there is no appreciable reflection. Davisson and Germer 
found that the same thing is true for the electron beam with A equal 
to the wave-length of the de Broglie waves of the electrons in the 
crystal. 

Davisson and Germer used electrons having velocities due to 
potential diSerences from about 50 to 500 volts. G. P. Thomson has 
confirmed their results with electrons having velocities due to much 
higher potentials around 15,000 volts. In his experiments the elec- 
trons were passed through extremely thin films of gold and other 
metals and received on a photographic plate. The gold consists of 
many minute crystals orientated at random. The minute crystals 
diffract the electron waves just as X-rays are difiracted when passed 
through a finely powdered crystalline substance. Concentric rings 
are formed on the plate, and the angles of diffraction can be found 
from the diameters of the rings. G. P. Thomson found that the wave- 
lengths deduced from the diffraction angles agreed with de Broglie’s 
formula A = h/mv. 

It appears that electrons behave like trains of waves and also like 
particles just as light does. In each case the frequency of the waves 
is given by E = hv, where E is the energy of the particle and the 
wave-length is equal to Planck’s constant h divided by the momentum 
of the particle. 
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16. Ray Paths and Particle PatliSo 

In geometrical optics rays of light are considered, and these rays 
travel in straight paths, in a uniform medium, and are reflected and 
refracted according to well-known laws. The path of a ray from a 
point A to another point B, when the refractive index of the medium 
between A and B varies from point to point in any way, may be found 
by means of Fermat’s law, according to which the time for the light 
to go from A to B along its actual path is equal to the time along any 
other path from A to B which lies very near to the actual path. If ds 
is an element of a path from A to B and u the velocity of the light 

fJB 

along ds, then Fermat’s law is equivalent to 8 ds/u == 0 for the actual 

dslii is the time from A to B, and 8j dsfu is supposed to ind i- 

cate the change of the integral due to a change from the actual pa1h 
to another path very close to it. Fermat’s law gives the ray path for 
waves of any kind, and so should give the path of an electron or other 
particle provided u is taken to be the wave velocity of the electron 
waves. If the velocity of the electron is v, then u = c^Jv, so that Fer- 
mat’s law gives § / == 0, or S / mvds=0, where m is the mass of 

/ M A ^ rB 

mvds is called the action, and Si mvds^ 0 expresses 

the principle of least action, which, as is well known, gives the path 
of a particle mo\dng in a field of force. In this way we see that the 
p*ath of a particle as determined by classical dynamics agrees with 
the ray path of the waves associated with the particle according to 
de Broglie’s theory. 

Geometrical optics or the theory of ray paths is valid only when 
the dimensions of the cross-section of the ray are large compared with 
the wave-length of the waves. Ordinary light has wave-lengths about 
cm., so that if we pass light from a small source through a hole 
one millimetre in diameter we get a ray which will go a long wny with- 
out deviating seriously from the laws of geometrical optics, but if we 
pass the light through a hole cm. in diameter we do not get a ray 
because the light diverges in all directions from the hole. The laws 
of geometrical optics are approximately true for large-scale phenomena 
with dimensions very large compared with the wave-length. For 
small-scale phenomena the wave theory must be used, and the light 
intensity at any point must be calculated by the methods used in the 
theory of interference and diffraction. 

The path of a particle calculated by classical dynamics agrees 
mth the ray path of the de Broglie waves and so presumably is an 
approximation valid only for phenomena on a scale large compared 
with the wave-lengths. The de Broglie waves of an electron have 
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lengths around 10"® cm. which is of the same order as the dimensions 
of an atom. We should therefore not expect classical dynamics to be 
useful for atomic phenomena. For such small-scale phenomena the 
wave intensities must be calculated as in the theory of interference 
and diffraction of light. Planck and Bohr obtained the possible ener- 
gies of an electron describing an orbit by supposing that J pdq = nJi, 

where g is a co-ordinate of the electron and p the associated momen- 
tum. The integral is taken once round the orbit. If we take q to be 
the distance along the orbit and p the momentum along the direction 
of motion, we have for the wave-length of the de Broglie waves going 

round the orbit X== hjp, so thsit J hdqlX = nh or /•ij/A == n, jdqjX 

is the number of wave-lengths in the length of the orbit, so that ilie 
possible orbits are those divisible into parts each equal to a whole 
wave-length. If the train of waves extends many times round the 
orbit, the waves would interfere and destroy each other if the orl>it 
could not be divided exactly into whole waves. Thus de Broglie's 

waves offer an explanation of the condition that Jpdq= nh We see 

that this equation depends on the idea of a ray path coinciding with 
the orbit. It is therefore not necessarily exact and must be replaced 
by calculations based on wave theory. 

According to de Broglie's ideas, then, the chance of finding a par- 
ticle anywhere is proportional to the intensity or the square of the 
amplitude of the waves associated with the particle, just as in optics 
the chance of getting an effect due to a photon is proportional to tbe 
intensity of the light waves. If w denotes the wave amplitude, then 
w^dv or wwdv when w is complex is proportional to the chance of find- 
ing the particle in an element of volume dv. If the values of w are 

so chosen that Jwwdv = I, the integration being taken over all regions 

in which w is not zero, then idwdv is equal to the chance of finding the 
particle in dv. w is then said to be normalized. 


Wave Groups. 

In classical dynamics the position of a free particle moving along 
the rr-axis vuth a velocity v is given by the equation rr == + c. In 

quantum mechanics the chance of finding the particle between x 
and 2 ? + da; is wwdx^ so the mo^dng particle requires that ww be zero 
except inside a small range Kx of x between + c — JAa? and 
c + The region in which w is not zero then moves along 

with the velocity v. If A^ is very small, then the particle must be 
moving with a velocity nearly equal to v. This means that to repre- 
sent the moving particle we require a group of de Broglie waves moving 
along with the velocity of the particle. The wave velocity u is not 
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equal to the particle velocity v, but the velocity of a group of waves 
is not equal to the wave velocity when the wave velocity varies with 
the frc'qiiency. Suppose two trains of waves with slightly diferent 
frequencies v and v and wave-lengths A and A' superposed. Let 
n= 1/A and n' == 1/A' so that n is the wave number. Then 

w== A sm27T(d ~ nx) + A sin 27r{vt — n'x) 
when the amplitude A is the same for both trains. This gives 


w- 


2A sin27r t — 0 ^ cos27r t ■ 


n — n 


-)■ 


Since v and v and n and n' are nearly equal, this gives, putting 
p v =z Sv and n — n' = bn, 

2 A sin27T(v^ — nx) cos27t 


W - 


We have therefore a train of waves of frequency v and wave number 

( b Vt blfhX\ 

“n trains therefore give 

a series of wave groups. The group length I is given by 277 — = 77 , 

A 


SO that I8n= L The amplitude is constant provided 


Sd bnx 


IS 


constant, so that bvt— bnx= c. 


nncL • • C . bvt 

Ihisgive, 


2 

which 


shows that the points at which the amplitude is constant move along 
with the velocity bvjbn, so that this is the group velocity. For the 
de Broglie waves of a particle we have Iniv^ = E — V, so that 
mv = '\/2m[E — F). Also X—ljn~ hjmv^ so that mv = An, which 
with E = gives An == V2m(hv — F) or v = hn^j2m -f F/A. This 

gives for the group velocity — = An/m, which is equal to the particle 

velocity v. Thus it appears that a group of w waves does travel with 
the velocity of the particle associated with it. This was shown to be 
the case by de Broglie when he first suggested that waves are asso- 
ciated with a particle. 

To form a group of waves it is necessary to superpose trains of 
waves mth different frequencies, and the range of frequencies neces- 
sary depends on the length of the group. Suppose we have a group 
ill which w = time i = 0, between x = — Z/2 and 

X == -f 1/2, but is equal to zero for values of x outside this range. The 
chance of finding the particle between x and x + dx is wwdx, which is 
equal to A^dx inside the group between 1/2 and a; = +l/2 
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bul is zero outside. If the particle is supposed to be equally likely to 
be anjrwhere in the group, the chance should be dx/l, so that -4^== 1/1, 
The amplitude C{n) of the infinite wave trains required to produce 

this group is given by Fourier’s integral theorem.*^ We have 

/ 4-00 ^ ^ + 00 

dn, where C{n)= / This gives 

»C0 *' — 00 

1 /' + //2 

C{n)=—p,\ 

's/I X^ij2 

SO that 

} 

which gives 

(7(n) = \/l sin7^(9^o — w)^/7r(9^o — n)l. 

Let a==7T{nQ—n)l so that C[n) ^ ^/Imiaja. C(7i) is zero when 
a= +^j +277, +377, .,,, and has maxima given by tana = a or 
approximately when a = 0, +377/2, +577/2, .... The maximum values 
2 2 . 

are equal to ^/l — , 's/I .... The intensity of the waves is pro- 

077 077 

portional to the square of the amplitude, so that the intensities at 
the maxima are as I, 42/2577^, .... Thus nearly all the wave 

numbers with appreciable amplitudes lie between the values given by 
a = +77/2. We may therefore take the wave numbers in the group to 
lie between the values given by 77(%~~ n)Z= 77/2 and 7r{nQ~- ?i)l=: —77/2, 
so that if An denotes the range of wave numbers then Anl == 1. Now 
n = mvjh^ so that An= A{mv)jk and therefore A{mv)l= K A{mv) 
is the range of momentum values corresponding to the range of wave 
numbers in the group and so may be said to be the uncertainty in the 
momentum. The uncertainty in the position of the particle is equal 
to I since the particle must be somewhere in the group. The product 
of the two uncertainties is equal to h. It appears that the product of 
the uncertainties is of the order of magnitude of K This is Heisen- 
berg’s uncertainty principle. If is a co-ordinate and p the associated 
momentum, then AqAp= h roughly, where Aq and Ap are the un- 
certainties in the observed values of q and p. Since A = 6-5 X 
the product is very small, much smaller than the product of the 
experimental errors m actual determinations of q and p. According 
to the uncertainty principle, it is impossible to know both q and p 
exactly. If q is Imown exactly so that Aq = 0, then Ap becomes 
infinite. 

The group length I does not remam constant because the group 
velocity varies with the wave number, so that there is a range of group 


* See p.417. 
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velocities in tlie group corresponding to the range of wave numbers. 
The front of the group advances witb tlie greatest group velocity and 
tlic rear witk tEe least, so that the length of the group increases at 
a rate equal to the difference between the greatest and least group 
velocities. We have A{mv)l = h, so that Au = hjlm is the rate of 
increase of the group length. As an exanaple, consider an electron 
moving with a velocity of 10^ cm. /sec. and suppose its wave group is 
one millimetre long. In this case 

hjlm - G-5 X 10 - 270-1 X 9 X lO-^s = 70 cm./sec. , 

The length of the group would therefore increase by 70 X 10-^ = 
7 X 10"^ cm. while the electron moved 100 cm. 

This spreading of the group increases the micertainty in the posi- 
tion of the particle, so that the product ApAg' gets greater than A. 
The value h is therefore the least possible value of ApAq, and ApAq 
may be much greater than h but cannot be much less. 

The result that ApAq is not less than about the value h may be 
obtained by consideiiiig experimental methods of measuring q and p. 
As an example, suppose we observe a particle in a microscope and try 
to estimate its position and momentum. The smallest distance that 
can be seen in a good microscope is about equal to the wave-length 
A of the light used, so that the uncertainty in the position of the par- 
ticle must be A at least. When a photon is reflected by the particle, 
the momentum of the particle will be altered by an amount of the 
order of magnitude of the momentum of the photon or h/X. The 
momentum of the particle will therefore be uncertain by at least A/ A, 
so that the product of the two uncertainties must be at least 
A(A/A) or L 

The uncertainty in the energy E is equal to pApjm, and the un- 
certainty At in the time t at which the particle arrives at a point may 
be put equal to the group length I divided by v. Hence 

AE . At = pApljmv = Ap . ? = h. 

Also LA?j=l or {l/v)vAn= 1, so that {llv){dvldn)An= I and 
therefore {l[v)Av^l. But E=^hv, so that Av=AEIh Hence 
,{llv)AE = h or AtAE = h as before, 

18. Sehrodinger’s Etaation. 

Schrodingor first showed how to use de Broglie ideas fo obtain 
exact solutions of atomic problems. The differential equation, satis- 
fied by a wave motion in three dimensions, is 

9% , dhv , d^w 1 d^w 


1 d^w 
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where w is the wave amplitude and u the wave velocity. Schrodingei 
supposed that the waves of an electron must satisfy this equation. 
If the energy of the electron is E, then the equation E==hv gives the 
frequency v of the waves. We may therefore put w = 
where Wq is a function of x, y, z. This gives 

and since vju == 1/A and A == hjmv, we get 

= 477^/ A^ = 4:7T'^mh^fh^j 


so that 4:7T^v^lii^= 87rhn{E — V)/Ifi since mv= \/2m{E — F), where 

V is the potential energy, and so Awq -j — p- (E ~ V)wq = 0, which 

is often called Schxodinger’s equation. 

Consider the case of a particle moving along the x-^xis with con- 
stant velocity v and suppose that at a? = 0 and x = I there are plane 
surfaces which reverse the motion of the particle so that it moves 
backwards and forwards between x = 0 and x==h In this simple 
case F = 0 and Schrodinger’s equation becomes 

d^WQ/dx^ -f- STT^mEwJh^ = 0. 

A solution of this is ^ sinaa?, which gives — a^+ Sir^mElhP = 0, 
so that a^= 8rr^mEI¥. 

At a; = 0 and x=^ I we may suppose that Wq = 0, so that sinaZ = 0 
and therefore al = utt and so that E == n^h^jSmPi where 

n = 1, 2, 3, . . . . 

Schrodinger supposed that the chance of finding the particle in 
between x and x-f- dx would be proportional to wwdx, so that with 
w = A sinax . the chance is sm^axdx and so is equal to 

zero when ax = Aw, where A = 0, 1, 2, 3, ... . Thus the chance is 
zero at a; = 0 and x — I and at points in between which divide I into 
equal parts. Half-way between these points the chance is a maximum. 
Since the particle must be somewhere between a? = 0 and x= I, 

if we choose A so that / modx= 1 , then wwdx will be equal to the 

chance of finding the particle in dx. This gives / A^ sm^axdx=: 1, 

‘'0 

so that AH 1 2 = 1 or ^ and w= '\/2 jl ^inax , With 

this value of A, %d is said to be normalized. This theory does not give 
the motion of the particle but only the chance of finding it in difierent 
positions. The solution obtained is quite different from that given 
Iiy classical theory. On classical theory the energy E could have any 
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positive value^ whereas we have found that E == n^^jQmP where 
w = O 5 1, 3j . . . , Also in a classical theory the chance of finding 
the particle "between x and x~{- dx would be dx/l, which is quite 

difierent from j siii^axdx. 

This simple case may be compared with the transverse vibrations 
of a string fixed at both ends. If y denotes the transverse dis- 
placement^ then d^yldx^= {l/u^){d^yjdt'^), where u is the wave velo- 
city. Putting we get d^yjdx^ iTT^v^yJu^ = Q or 

d^yjdx^ + Arr'^yJX^ =0. A solution is yQ= A sinao?, which gives 
a = 27r/A Since = 0 at a; == 0 and x~ 1, we must have sinaZ = 0 
or al ™ WTT, so that 2Trl/X = mr or A ~ 21 jn, where = 1, 2, 3, . . . . 
We have stationary waves in the string with nodes where y = 0 at 
equally spaced points. The possible frequencies of vibration are given 
by ujX^ so that v == %mj2l. The energy of the vibrating striag may 
have any value but only certain frequencies are possible. In Schr5- 
dmger’s theory the energy E is equal to hv, so that since only certain 
frequencies are possible only the corresponding energies are possible. 
The amplitude of vibration is not related to the energy but may bo 
given any convenient value, for example the value found by nor- 
malizing w. The string may vibrate simultaneously with any of its 
possible frequencies but, if the particle is supposed to have a definite 
energy, the waves associated with it can only have one frequency. 


19. Simple Oscillator. 

Let us now consider the case of a particle moving along x and 
acted on by a force directed towards the origin and proportional to 
its distance x from the origin. We have then md^xjdt^ = —/xcc, where 
m is the mass of the particle and ft a constant. A solution is A sinaiJ 
with a = 's/ixjm. The time of one oscillation is given by T = 2ir^/mjii. 
This is the classical solution. On Schrodinger’s theory we have, putting 
F = equation 


3^2 + 


iV 


lfix^)wQ = 0 , 


where w = Schrodinger supposed that only finite solutions 

are admissible because an infinite value of at a point would mean 
that the particle was certain to be at the point. Let Wq = 
where 17 is a function of x only and a a constant. Substituting tHs 
value of iVq, we find 

- {E - ~ 2a(l - 2a*2) j O’ = 0. 


dm 

dx^ 
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The two terms in can be got rid of by taking a? = iimfilW, so that 
we have 


, SZ7 , 


(877% „ 

hr®- 


2a 17=0. 


If we assume a series of even powers of x, + a 2 X^ + + 

for U and substitute it in tMs equation, we find 

(n + 2)(w + l)a „+2 — + (—72 2aja„ = 0. 


This shows tbat an +2 will be equal to 0, and the series will terminate, 
if the coefficient of is zero or it STr^mElh^ — 2a — ian = 0, This 
gives 


E 


n 


h^a 

2Tr^m 




or since a = ttV pumlh, we get 




where w = 0, 2, 4, 6, . . . . In the same wav if we take a series of 
odd powers a^x + aspi^ + . . . , we find that the series terminates if 

E^ — + i)? where = 1, 3, 6, . . . . It can easily be seen that 


if the series used does not terminate then U becomes infinite as x in- 
creases, so the only admissible values of the energy are those given l)y 

En = i)’ where n — 0, 1, 2, 3, . . . . The classical frequency 

of vibration is equal to denoting this by vq we have E^ = 

hvQ{n + ^). The possible energies of the oscillator are therefore 
Pfq, jJipq, . . • . According to this the energy cannot be zero. This 
result is different from that given by the older quantum theory, which 
was En = nhvQ, 

With E = \hvQ we get TJ == The chance 

of finding the particle between x and x+ dx is proportional to 
wwdx— To make this equal to the chance we take 



a^e ^‘"^"dx = 1, which gives 


V2 a/^, so that the nor- 


malized value of w is tc; = where a = TtVJmjK 

With E = Pfq we get XJ == a^x, so that Wq = 

With {n+ \)1ivq the potential energy is equal to the total 
energy when ^pjx^ = (n + or when x = V 2(^ -f Ac- 

cording to classical theory, this would be the maximum possible distance 
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from the origin, so that the chance of finding the particle at greater 
rallies of X would be zero. According to the present theory, the chance 
is proportional to and so does not become zero exactly even 

when X is very large. There is a finite chance of finding the particle 
at large values of x, where its potential energy is greater than its total 
energy, so that its kinetic energy would be negative, which is absurd* 
This result is interpreted as meaning that it is impossible to locate 
the parlicle in such positions without giving enough energy to make 
its kinetic energy positive. 

20. Central Forces* 

SchrodingeHs equation Aw ^{E-—V)w=Q in polar co- 

ordinates r, 0, <j> is 


1 1- (,2^^ , _4_ ^ 1 _L_ 1 

r^?rV dr / ^ r^smOdd^ ddJ 


+ 


~W 


{E~ V)w = 0. 


1/ F is a funetion of r only, we can find a solution of tlie form 
w = U{r)Sid, 

Substituting this value of w, we find 



1 d^s 1 a / 

_S sin2 0 09^2 + sin d 00 V™ ^ 00 /_ 


+ 


— p-(^ 


F) = 0 


The large bracket does not involve r and so must be a constant, say 
—A, so that 


1 02fi! , 1 d ^ . ^ dS \ , ^ 

5 sin 2 0 09^2 ‘ ;S sin 0 00 ^ 00 / + ^ 


0 . 


Now let S{d, 9 ^) = K{<j))P{6), which gives 

1 d^K sin0 d I . aJPv • ‘>o_a 
k dejp P dd 0“^ dd) ^ sm“0 - 0. , 

The first term is independent of 6 and so must be a constant* Let 
it equal — so that 

and 
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WlieB. 9=0, “T—Tr becomes infimte and there are only certain values 
smu 

of A for which P remains finite. It is well known that these are given 
by 4 = l(l + l)j where Z = 0, 2, 3, . . . . 

f72K 

The equation = 0 gives K = so that to make 

K a single valued function of ^ we must have m an integer. With 
G= IIV 2 v, K is normalized. 

The functions P are the associated Legendre polynomials Fim{9) 
with i m I < Z, of which the first few when normalized are 


2"oo=l/V2 


m^'^cosd 


"2o={ir(3cos20-l) 

^22=i(]5)''’-sin2 0 


Pgg = (1)1/2 (5 cos®6I - 3 cos 9) 
Pzi = sin 0(5 cos^d— 1) 
P 32 = 1(105)^^^ sin® $ cos 9 


The radial function U{r) is given by 
Vdr\ dr) ^ h 




with. A~liJ,+ 1 ). Putting TJ{r) = M(r)/r, we get 


21. Atoms with One Electron. 

In the case of a nucleus with charge Ze with one electron, we have 
V = —Ze^jf, Let E = ~-27T^mQe‘^Z^In^^ and r = nh^xjSnhnQG^Z and 
substitute these in the equation for it,, when it becomes 




Now let u = which gives 


{2(Z -4-{n-l - l}s = 0. 


If 5 + . . . , ajX^ + . . . , we find 

%*+i{i + i)(i 4* 2Z + 2) = ttjij + z + 1 — 
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Tjiis sEows that the series ends and becomes a polynomial when 
j 1+ 1 = n, and also that terms with negative powers of x cannot 
occur because with j — — 1 we get a_i = 0. Since y = 0, 1, 2, 3, . . . , 
and 1 — 0, 1, 2, 3, . . . , we see that w is a positive integer. If Z = 0 
then w = 1, 2, 3, . . . , and if Z = 1 then w = 2, 3, 4, . . . , and if Z = 2 
then n = 3, 4, 5, . . . , and so on. Thus it appears E can have the 
values ~2TT^mQe^Z^/ii^h^ where re — 1, 2, 3, . . . . These are the same 
values of E as were given by Bohr’s old quantum theory. 

If we take E — -{-iirhnQc'^Z^Irfih^, then we get 





TMs equation has finite solutions for any value of n, so that any posi- 
tive value of E is possible. The solutions with positive E correspond 
to the hyperbolic orbits of the classical theory. 

Some of the values of Uni{r) are as follows: 




u.. 


2 

2V6 



3/2 


Here == is equal to the radius of the orbit in a hydrogen 

atom on Bohr’s theory with n = 1. 

The integer n = 1, 2, 3, . . . which determines the energy is called 
the principal quantum number. The integer I = 0, 1, 2, ... is called 
the azimuthal quantum number, and m= 0, +1, +2, ... is some- 
times called the magnetic quantum number. Its positive values are 
equal to or less than L The following table gives the possible values 
of I and m with several values of n. 


n 

1 

m 



Total States 

1 

0 

0 



2K 

2 

0 

0 





1 

1 . 0 , 

-1 


SL 

3 

0 

0 





1 

1 , 0 , 

-1 




2 

2 , 1 , 0 , 

- 1 , 

-2 

ISM 

4 

0 

0 





1 

1 , 0 , 

-1 




2 

2 , 1 , 0 , 

-1, 

-2 



3 

3, 2, 1, 0, 

- 1 , 

^2, -^3 

32N 


For each possible set of values of n, I and m there is a different 
proper ” function or proper ’’ state.* Thus with w = 3 there are 9 

German, EigenfunMion^ Eigenzustand. 
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different sets of values. Also an electron lias two different proper 
functions for each set of values because its spin component can have 
two equal and opposite values. Therefore with w = 3, for example, 
there are 18 different possible proper states of the electron. Accord- 
ing to Pauli’s exclusion principle, only one electron can be in each 
proper state, so that in a many-electron atom the number of electrons 
with the quantum number n cannot be greater than twice the number 
of sets of values of n, I and m. The states with higher negative energy 
values are always filled up first in an xmexcited atom. The states 
with w = 1, 2, 3, 4, . . . are called E, L, M, N states or energy levels 
respectively. In a many-electron atom the proper functions will differ 
more or less from the proper functions with only one electron, but it 
is supposed that the number of different proper functions is the 
same. 

The grouping of the electrons in the inert gas atoms is supposed 
to be as follows; cf. Periodic Table, p. 433: 


Gas 

Z 

K 

L 

M 

N 

0 

F 

Helium 

2 

2 






Neon 

10 

2 

8 





Argon 

18 

2 

8 

8 




Kr3^ton 

36 

2 

8 

18 

8 



Xenon 

54 

2 

8 

18 

18 

8 


Radon 

86 

2 

8 

18 

32 

18 

8 


The alkali metals have one more electron than the inert gases, and 
the additional electron is supposed to be in a group by itself outside 
the other groups. Sodium has two K electrons and eight L electrons 
like neon, but has also one M electron. 

In the same way the alkaline earth metals are supposed to have 
their electrons grouped like those of the inert gases, but with two 
additional electrons in an outer group. 

The elements fluorine, chlorine, bromine and iodine have their 
electrons grouped like the inert gases, except that one electron is 
missing from the outermost group. The elements oxygen, sulphur, 
selenium and tellurium have two electrons missing as compared with 
the inert gases; and so on for the other elements. 

The three cases considered are sufficient to show how Schrodinger’s 
equation enables the possible energies of a particle moving in a field 
of force to be calculated. The solutions also give the chance of finding 
the particle in any element of volume dv, since this chance is wwdv 
when w has been normalized. 

22. Operators. 

An operator represents a rule which changes a function into 
another function. For example, let the operator S represent differen- 
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loS 


tiatioii witli respccjt to /. Then Sf{x) — 8/(x, y) — The 


vector operator A — H- ^ so 


dx 

9'^ , 9^ , 9^ .-u ^ Ai'/ ^ 9¥ 9V 

that A/(a;, 2 /, s) =z •{ -f 


k2» 


02^ UaU- 04 

H” is important operator. 

The sum of two operators oc and ^ is defined by 

(a + jS)/(a:) = af{x) + ^f{x), 

and the product by 

a^f{x) = a(^/(a)). 


dy^ 


The product may not be equal to the product ^cc. For example 
let 

ct.f{x) = xf{x) and ^ 

Then cip /{■>:) = a( f{x)y = x{ f{x) f, 

but ^af{x) = ^{xf{x)) = x\f{x)f. 

If a^/(i;) = ^oLf{x), or = jSa, then the operators a and ^ are 
said to commute. 

If a function /(x) is such that an operator a gives oc/(a?) = a/(a;), 
where a is a constant, then f(x) is called a characteristic or proper 
function of the operator a and a is called a characteristic or proper 
value of a belonging to the proper function /(. t). 

0 

For example, == = Ice^^, so that is a proper function 

of the operator § and k is a proper value of 8. 

In quantum mechanics the functions of the co-ordinates are re- 
quired to he single-valued and continuous, and to give a finite result 
when the square of the absolute value is integrated over the whole 
range of the variables. Thus, a function ^(ar, y, z) must give 


where c is a finite constant. ^ may be infinite at a finite number of 
points but J^<j)dxdydz must be finite. Such functions will be said to 


belong to class Q. is the conjugate complex of <j> so that if = a -f ib^ 
then (^ == a — ib. 

Consider two functions, and ([>^, belonging to class Q, and let 
an operator a give == so that a is a proper value of a belong- 
ing to the proper function ^ 2 * 
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The operator oc is said to be Hermitian if j cl>i(x<f>2^dv == j 

The integrals are supposed to cover the whole range of the variables, 
and dv is an element of volume in the co-ordinate space. For example, 
if <f)^ and <5^2 functions of x, y, z, then dv ~ dxdydz. 

If a is Hermitian, then its proper values are real numbers. This 
may be shown as follows: 

The equation == a(j>2^ gives ~ 


and 


J <i}^cL<f>^dv = a J<f>2,<j>2,dv, 


But if a is Hermitian, the two integrals on the left are equal so that 
a = a, and therefore a is real. 

An operator a is said to be linear if 

0‘{ci/i(a;) + cj^x)] = Cx«.f-i{x) + c^a-f^ix), 

where and Og are constants. 


23 . General Principles of Quantum Mechanics. 

In classical dynamics the state of a system with / degrees of free- 
dom, such as an atom, is determined by the values, at a time of the 
/co-ordinates the/ conjugate momenta . . . y>/. 

In quantum mechanics no such precise specification of the state 
of the system is possible. The state of the system is supposed deter- 
mined as closely as possible by a state function w of the co-ordinates 

* - if ?2 • • • if> ^)* 

The chance of finding between and q^ -f dqi^ q^ between q^ 
and ^2 + dq^, and so on, is proportional to imdv, where 

dv = dq^dq^ . . . dqf. 

If J wwdv = 1, then the chance is equal to wwdv, and w is said to be 
normalized. 

The state function is a function of the co-ordinates and the time, 
but its value is not determined by the positions of the particles which 
are unknown. A point P is selected with co-ordinates q^, ‘ * its 

in the co-ordinate space and dv is an element of volume at P. Then 
wwdv, when the values of the co-ordinates of P and the time t are 
used in w and w, gives the chance of finding the particles in dv at the 
time t. The partial difierential coefficient of w with respect to t or 
dw/dt is the rate of variation of at a fi.xed point P. If the point P 
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were supposed to be moving with velocity components 
then we should have 


f/* 


dw 

dt 


dw . , dw . , 


+ 


dw 

37 ’ 


blit in thiKS expression would not be the velocities of the particles, 
and would have no relation to them. Usually the point P is supposed 
fixed, and no useful purpose is served by supposing it to be moving. 

Suppose 'we have a free particle with momentum and energy E 
moving along the x-axm. The state function w for this particle must 
represent waves of frequency y given by E = hv and wavelength A 
given by A = k/p^^. AVe may take w = where u is the 

wave velocity. Putting IjX^^^pJh and ujX = Elh, this gives 
w == Differentiating with respect to we get 

Ji dto 

dw/dx ~ 2i7ipxwlh, so that pxw ~ Thus we may regard p^ 

Ci 7 T% OX 0 


as an operator which, operating on w, is equivalent to - 


same way, p,^ ■ 


h 3 


"liri dx 


In the 


and p^ 


It is assumed that any func- 


h 3 _ 

tion of the co-ordinates and momenta may be converted into an 
operator operating on a state function w by replacing p^, p^ and p^ 
. h d h d . h d . , , , . . h d 

•■S' dx--2«iy 2» a,' ““pectoely, or by leplaomg p. by - 

According to this, any dynamical variable of a dynamical system 
which is equal to a function of the co-ordinates and momenta can be 
represented by a linear operator. If the operator is Hermitian, the 
proper values of the variable will be real. Since only real values of 
observable quantities need be considered, the linear operators should 
be Hermitian. The order of the factors in the function representing 
the variable should, therefore, if necessary, be arranged so as to make 
the operator Hermitian. 

The most important dynamical variable is the energy. The energy 
operator is obtained from the Hamiltonian expression for the energy 
as a function of the co-ordinates and momenta or H{q, p, t)^ where q 
and p stand for all the g’s and all the p^s. The energy operator is then 

The Hamiltonian expression for the energy H .s equal to E, so 
that when H is regarded as an operator, we have 

k d 


H 




; Ew. 


The state function w, of course, is a function of the co-ordinates q and 
the time t or w{q, t). 
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In tile case of a single particle, of mass m, moving in a field of 
force with potential F, we have 

2m 

This gives, putting , &c., 

so that Hw = Ew becomes 


1 ¥ /3®w) 3%j 3%)\ 

2m \dx^ + d¥ + azO “ 


or ^w + ^ (£ - F)w = 0, 

which is Schrodinger’s equation. 

If the equation for a free particle w = is dif- 
ferentiated partially with respect to t, we get ^ ~ E'it?, or 

This suggests that the energy operator H may be 

Ztti ot 

A 0 A 0 

equivalent to — — ^ iust as — . It is assumed, therefore, 

^ 27n at ^ 27x1 oq^ 

in quantum mechanics that Hw = — where w = w(q, t) may 

be any function of the co-ordinates and the time. 

Witi H = £l±£l+£l+7, = 

2m 27 t% ot 


. ^Tthn tt , 4:7rm% dw . 

gives Yw d = — = 0. 

® h at 

This form of Schrodinger’s equation holds for any w. The equation 
Hw = Ew only holds for w^b that are proper functions for H belonging 
to the proper values of the energy E. 

When Hw = Ew, then Hw = — ^ gives == — ™ 

27n at Zm at 

which gives w{q, t) = w{q)e'~‘^^^^^\ where w{q, t) is one of the proper 

functions for H, 
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For tlic proper states witli w — 

mvdv = = U'{q)iv{q)dv, 

Tlie cliance of finding the particles in dv is therefore constant, so the 
proper states of the energy operator are called stationary states. 

When an atom is m a stationary state, Hw = Ew and an observa- 
tion of the energy E will certainly give the value E, provided the 
observation is made with no unnecessary disturbance of the system. 

If the state function -w; is a proper function of an operator a repre- 
senting a dynamical variable then aw = aw, where a is the proper 
value of A belonging to the proper function w. When A is the energy 
so that a = II, then Hw = Ew. 

Tlie operator for the momentum does not commute with the 
conjugate co-ordinate q^. Thus 

h d , . Ji f . dw\ 

= 2iri ay, (” + «■ sy) 

and 

/^ dio 

qnPn')^ - ?« 3 ^-, 

SO that 

(PA — qnVn)W = 

Since this holds for any w, we may write 

h 

Pn^n qnPn ^TTl 


Here, of course, it is understood that Pn^n ~ ^nPn is to be regarded 

h 0 

as an operator with = jr ~ Note that if p and q are not con- 

*j7T h cq 

iugate, then ( 7 „.w) = q„. because = 0, so that 
Pn^m — qmPn = 0, 51 4= 5H. 


24. Orthogonal Functions. 

Two functions, fi(x) and are said to be orthogonal in the 
interval from a; = a to a; = 6, if 
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A set of functions /j., /g, /g, , is an ortliogoiial set if 

/ n ^ m. If / fnfndx = 1 for all values of n the set 

IS normalized. 

Any function F of class Q can be expanded in a series of orthogonal 
functions, thus 

F(x) = Ci/i(a;) + cj^ix) + . . . = 2c„/„(a:). 

n 

To determine the constants multiply by fm{x) and integrate from 
a to 6. 

f F(^)fmi^)dx == fn(^)fmix)dx. 

'J a n 

But f fn{x)fm{^) dx = 0, unless n==m, so that 

f F{x)fjx)dx = c„f fjx)fjx)dx. 
is normalized, 

jjjx)fJ^x)dx = 1, 


SO that 



Now consider the proper functions of an Hermitian operator a. 
We have onWn == where . are the proper values of 

the variable A represented by a. We have 


and 


J w^xw^dv = a^j w^w^dv, 
Jw^xWndv = a^j wJSndv, 


since aw„ = aJS^- But / w^aw^cZu = / w^xWndv, when a is Hermitian 
and dn = a„, so that 

a,„ f w^w^dv = OnJ Wr,w,^dv, 
or (a„ — a„) J w^Wj^dv — 0. 


Therefore, if =N we get J WnW^^dv = 0, so that and 

are orthogonal functions. The proper functions of any Hermitian 
operator, therefore, form an orthogonal set, 

(D814) 


5 




because tlie proper functions ... are orthogonal. The coeffi- 

cients are given by = j ww.^dv provided the are normalized. 

If a is the energy operator II, then if IIil\ = the are the 
proper values of the energy. If the energy is determined by an obser- 
vation, then if == Wj^, the energy will certainly be found to have the 
value When iv is not one of the proper functions of II, then 
it is supposed that an observation of the energy will not always give 
the same result, but will always give one of the proper values 
The chance of getling any particular proper energy E^ will depend on 
w. If V) is only slightly cliiferenL from, say, then the chance of 
getting will be nearly equal to unity. 

If an obsci’vation of the energy gives E,^, then an immediate repe- 
tition of the observation will certainly give tlie same result, because 
there will not have been time for the state to change. Therefore, the 
observation of tlie energy changes the state from w to so that 
after an observation giving E^, the atom will be in the state what- 
ever the state function w was before the observation. 

We have w = so that 

n 

w = 

n 

and fwiodv = f == 1, 

J J n n 


if w is normalized. This gives 

if Wr^ is normalized, because then 

J wjVy^dv = 0, H 4= m, 

and J Wj^tVndo == 1. 

It is assumed that when the atom is in a state with normalized 
state function w = then the chance of an observation giving 

n 

E ^Ey^ is equal to with states also normalized. 

One of the possible energy values must be found so_that the 
sum of the chances must be unity and, as we have just seen, IZrfin = 

ft 

It follows that if a large number of observations are made on 
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atoms all in the same state then the average value E of the energies 
found will he given by 

E == 


Ill classical theory an atom in a given state has a definite energy. In 
c|iiantiim mechanics this is not the case. An atom with a ^tate fimctioii 
%€ = EcnWn is consitloied to be in a definite stale determined bv il\ 

n 

but it cannot be said to have a definite energv. But the aveiage of a 
large number of observations on atoms all in the state dC has a definite 
value. It is important to remember that an ob.Nervatioii giving 
changes %v to The large imnibei* of observations are all supposed 
to be made on atoms in state w and so cannot be made on the same 
Ovtom unless it is supposed that after eacli observation the state of the 
atom is changed back from v\ to the original w. 

We have supposed that iv was expanded in a series of proper func- 
tions of the energy operator H, but any other operator could have 
been used in the same way. Thus, if w is expanded in a series of proper 
functions of an operator a representing any dynamical variable A, then 
w = EiCnWn and an observation of the value of A will give one of the 
^ . ~ 
proper values of A. The chance of getting A^ will be and the 

average value for a large number of observations will be 
just as with the energy operator. 

Now consider the integral J umvdv taken as usual over the whole 

range of the co-ordinates. Expanding w in a series of proper functions 
belonging to a, we have lo = and {v = so that the 

n n 

integral becomes but (m\ = A„tVn, where is 

%/ fl 

a proper value of A, The integral is therefore equal to 

EiC^A 

J n n 

which, since J = 0, n 4= m, and J ic\Wndv = 1, gives 

But this, as we have seen, is just the average value of a large number 
of observations of A, all made on atoms in the state w. It appears, 

therefore, that J waivdv is equal to the average value of the variable 

A for the state w. 


25. Matrices® 

Consider two operators a and j8 representing wo variables A and 
B, Let the proper functions of a be and those of j3 be so that 
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aw„ = and = b^w^, where and are the proper values 
of and B respectively. 

ISTow suppose the state function of an atom is aw„. Expanding this 
m a series of proper functions of we get aw„ = The co- 

m 

efficients depend on and as indicated by the two suffixes. 
Multiplying by Wj^ and integrating gives 


because 


fw2)0iW^dv fwjjW^^idv — 

U jfi J 

J WpU\ndo = 0, 4= m, and = 1, p = m. 


thus : 


The values of = J may be arranged in rows and columns 


^11 ^12 ^13 ^14 • • • 

Ql Q2 Q3 Q4 • • 

% Q 2 Qs Q 4 ' • 


Such a set of numbers is called a matrix, and the above matrix is 
called tlie matrix of the operator a with the proper functions of the 
operator 

If a is an Hermitian operator, 

<'nm = J WnOM^^dv = Jw^^W^dv = 


A matrix for which is called an Hermitian matrix, so the 

matrices of Hermitian operators are Hermitian matrices. 

It is convenient to use the same symbol for the terms of the matrix 

as for the operator. Thus = jw^oew^ndv is the nm term of the 

matrix for the operator a. of course, is just a number. 

If a = ^ as a particular case, then 


so that 


= J Wn^W,Jv = J icJ),^w,^do = b,^J w^w^dv, 


0, w + in, and = b^, n — in. 


61 0 0 0 . . . 

0 62 0 0 . . . 

0 0 “ 63 0 . . . 


The matrix iu this case is 
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Siieli a matrix is called a diagonal matrix becau'^e all lin* ierin.- are 
jsero except tlie diagonal ones. 

The most important matrices are those of an operator a witli tlie 
proper functions of the energy operator H. With a also equal to 

J' li n J' 


SO that n = m, and a,,,,, = 0, ^ The energy matrix 

is then 


E^ 0 0 0 0... 

0 £2 0 0 0 ... 

0 0" i?3 0 0 . . . 


so that the diagonal terms are equal to the proper values of the energy. 
In the matrix for an operator a with the proper functions of 

the energy operator II, or = Ju\(/.Wfn<Ii\ we may put 

and w,^ = 


where and are functions of the co-ordinates only and inde- 
pendent of the time. 

This gives 

«-um = w^aw^^dv. 


If a is Hermitian, then so that 


T" ^•mn *4" ^nm 

is real. 

With z=e~ 

this gives 


+ 


i/‘ 


ndv 



which represents a real oscillation in the atom with frequency 
V — {E^ — E^jli and amplitude 2 j J td^Q^Mj^Qdv j 

If n = m, then j; = 0, so that the diagonal terms of the matrix 
are constants 

In Bohr's quantum theory it was supposed that when an atom 
with energy E^^ makes a transition to a state with energy E^, the 
energy difference E^ — Ey^ is emitted as a photon with frequency v 
given by = {E^y^ — En)j}i. This assumption is also made in quantum 
mechanics. It appears that the frequencies of the matrix elements 
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same as +iie fre(|iienues of (}lie pliotoiis emitted by tlie 

atom 

As a particular ease, let a represent the x component of the electric 
moment of the atom. Tlicn represents an oscillating electric 
moiiieiil of frequency — E^yjh and ainjditiide 


^ 1 / 


M )„ oa 2<',„0 


dv 


say. 


According to classical electromagnetic theory, such an oscillating 


4 ( 2 // 

electric moment radiates energy equal to - 


per 


second. The nionber of photons with energy Ac emitted per second is 
therefore 1 a 


C%r 


j . The chance that a photon is emitted in a 
hlL 


nmQ 1 


time (it IS therefore f I oc, 

d C'7/V ' 

Heisenberg siqiposed that this would be the chance that an atom 
with energy would change to a state with energy emitting a 
photon yitli energy hv in the time interval dA 

Thus, if = i), there will bo no radiation of frequency 
p = — Ef^)jh. This result is important because (y^nmo Is often 

zero, so that many transitions which might be expected to occur do 
not, in foci, take place. 

The matrix of the product of two operators a and /3 can be found 
as follows. Let aw,, = 


where / 3 , 

m 

yWn = whore y„,, = f'u\„Yiv„dv. 

Then yw, 


where and 

J Also, let y = ajS, and 


k 


But aw I =Sa^7^w,„, so 

k m 


so that 
and therefore 


yiVn = S^,,„Sa,„iW„ = 

k m ni k 

VI m k 


Yrnn — 

k 


{a^)„ 


In the same way (jSa)^^ = Sj8^7,a/.„, so that is not equal to 

{^a)^n7i7 unless a^ = / 3 a. ^ 

It sometimes happens that two operators have the same proper 
functions. Let a and jS be the operators and let aw„ = and 
= bnWn, where the w’s are the same functions in both cases. 



THE VARIATION I^IETHOD 


Y.] 


119 


Tiien = cfbjjv^ = == b^ayn^. 

Also =: 

Now let (f) be an arbitrary function, and let 6 — 

Then ~ 

and 

so that (y.p — /3a)^ = 0, 

and therefore a/3 = j8a, so tliat a and /S coinimite Tims, if two 
operators have the same set of propei‘ functions, they commute 

The converse theorem may also lie proved; naiiielv, that if tvro 
operators coniniute, then a set of oith(^gonal functions can be found 
which are proper functions for both operators. 

For example, the proper functions of //, the energy operator, are 
also proper functions for the operator M representing the angular 
momentum. H and 31 therefore commute so that H31 — 3IH == 0 
In such an equation between operators, the operators may be replaced 
by the matrices representing them. The product of the matrices 
Hnm and 3In7n> we have seen, is given by (1131),^^^ = so 

the equation H3I — 3IE == 0 gives ~ == 0; 

k 

but = d unless n = 7n, so that we get 


or 


nrJ^-^nm nni^m^n d, 

^^mni^nn ^mm) d, 


therefore, = 0 unless n = m. The matrix for Ji is, therefore, a 
diagonal matrix. Ji is therefore a constant, because the diagonal 

terms of any matrix = j w-liere the w's are proper func- 

tions of the energy operator H, are constants. 

Thus we see that any dynamical variable wNose operator commutes 
with iT is a constant. Its possible values are those of the diagonal 
terms in its matrix. 


26. The Variation Method. 

Schrddinger’s equation Hw = Ev) can be solved, as we have seen, 
in a few simple cases. That is, the proper functions belonging to 
the proper values of E or Ej^^ can be found. 

In many cases it is not possible to find the proper functions exactly, 
but approximate values can be found. The variation method is a useful 
method often used to find approximate values of the lowest proper 
value of E, and the corresponding proper function. 
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Consider tlie integral j<l>H4>dv over the whole range of the variables 
where II is the energy operator and ^ any function of class nor- 
malized so that = 1 . 

Let (j) = so that the integral is But 

71 ^ m n 

SO the integral is / But 

m n 

Jidn^w^dv =^0,m ^ n, and J w^tv^dv == 1 , 

so J <f>Il<l>dv = Sc„c„i?„. 

Now is positive, so that YonCn^n niust be greater than the 

n 

lowest value of E or A\. Wo have, therefore, 

If ^ then y* dv = J w-JIw^dv = 

so that J (j)II<j>dv > £ 3 ^. 


If (j> is not normalized, then 

J^H<f)dv > Ej^ J(f>(f>dv, 

If, therefore, a function < 5 ^ is chosen so as to be some sort of ap- 
proximation to Wi, and containing a variable parameter or para- 
meters, and the parameters are varied so as to make J <j)H^dv as small 

as possible, then the minimum value of J<pII(j>dv will be some sort of 

approximation to E^ and the value of (f> for the minimum value of the 
integral will be an approximation to Wi. 

For example, 9 S may be taken to be given by <^ = where 

n 

the tin are functions believed to resemble The coefficients are 

then varied so as to make J (f>H^dv a minimum and J^II4>dv will then 

be an approximation to with ^ normalized. 

Let 


= J<f>Hcl>dvl dv. 
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Then, putting cf) = I, c,ji„ m the last equation, we gcc 

1 

^ u/n 
nm nm 

Differentiating this with respect to and putting dEjcc^ = 0 gives 

p n 

Also differentiating with respect to and putting dEjoc,, = 0, gives 

n t 

Both equations are equivalent to 

2c„(/J',.„ — i^iuE) = (J, I = 1, 2^ 3 . . n. 

71 

Eliminating the c's^ these equations give the determinant 


. . . //i, ~ A,,£ 
ilfgl — ^ 21^7 ^22 — ^ 2 . 2 ^ 7 * 


= 0. 


H 


m 




Hr. 


— IE 


This is an equation of the ^^th degree in E with n roots The lowest 
root will be an approximation to because cE^dc^ and rEjcCn have 

been put equal to zero, so making Jcj>H(f)dv a minimum. 

The variation method may be used to get an approximate solution 
of the problem of the hydrogen molecular ion Ho^ in its state of lowest 
energy. 

The ^ 2 *^ consists of twm protons at a distance cl apart and one 
electron at a distance 9\ from one proton and from the other. The 
Hamiltonian energy operator is 


iT=- A-- -®- + 
Srr^m 


cV 


If the electron is very near one or other of the protons, II will be nearly 
the same as H for a hydrogen atom, so we may suppose 

4^ = Cjj -p c.^U2, 


where tq and are the state functions for a hydrogen atom with its 
lowest energy, tq with the electron near one of the protons, and 
with it near the other one. 


{ D 8U ) 
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Thie determmantal equation is then 

i ^12 ^12^ 

^21 ^21^^ ^^22 ^22^ 



which has two roots and E^. 

^11 ~ ^ 22 — 1 if iq and are normalized. Also, 

we get 


1? ^^12 7? 

~ TT^’ ^ 


i?u - 


12 


1 Ai2 



so 


The two equations 

^ 11 -^) “h ^2(^12 ^12^) === 

and 

■^21-®^) “h ^2(^22 ^22-®) ~ 

with B = give = Co, so that + ^^ 2 ) J with 

E = E 2 give Cg = —Cl, so that 

^2 ” '^ 2 )* 


The integrals A^g, and Hio. may be calculated, 
tq = and tq == 

where % == = 0*53 X 10~® cm. is the radius of the electron 

orliit} nearest to the proton on Bohr’s theory of the hydrogen atom. 
It is found that 

^12 = e-fl + /> + '!) where p = dja^. 

= 4 -+J. 

pCf'Q 

where jE?n is the lowest energy of the hydrogen atom and 

J = _ Ati 1 u^^dv = - (1 - e-2p(l + p)\ 

where 

K = -fu^j u^dv = - ^ e-<=(l + p). 

«/ Ti C&Q 


= -Sh + — + 
P«o 


J + g 
1 + 


These results give 
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-- + •■ 


1 - 


P% i — LX12 

K is negative, so is tie lower of the two energy values. 

When p = dja^ is large, = E-^ as would be expected, because, 
when d is large, the electron m its state of lowest energy must be 
near one of the protons forming a hydrogen atom 



method does not give the correct result. However E^ has a minimum 
value near to p = 2 because e^ja^p is positive and falls as p increases, 

while increases from —e^lar. to 0 as p increases. 

1 + ^ ^ ^ ^ 

In fig. 5, curve (1) gives the values of e^/d; curve (2) those of 

J ' K 

—■e^ld; curve (3) gives the values of E^ + _!1_; and curve (4) 

1 +• Ajig 

those of E-^, The unit for d is and the unit of energy is —E^ = 6^/2%. 

The ion is therefore stable with p — 2 and E = E^^, With 
E = E^ there is no minimum, and so the ion is unstable. 

The difieience between E^ and E 2 is nearly equal to twice 

— u^dv. The variation of K with d produces an attraction 


K 
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between tlie liydrogen atom and tlie proton and makes the ion stable 
with E == Ej^. This energy K does not appear in classical theory and 
cannot be explained in classical terms. The integral K is called an ex- 
change integrab and the attraction due to it is called an exchange 
force. Such forces are often very large and important. The name 
exchange for the integral is used because is for the electron near one 
proton, and ^3 for it near the other one, so that changing from to 
may be said to exchange the two positions. 


27. Tlie Hydrogen Molecule and the Helium Atom. 

The hydrogen molecule consists of two protons and two electrons. 
The potential energy F is given by 




e*" 




+ ■ 


■\\^here the suffixes A and B denote the two piotons, and the suffixes 
1 and 2 the two electrons. for example, is the distance from the 
jiruton A to the electron ( 1 ), and the distance between the two 
electrons 

"When the distance between the two protons is large, the mole- 
cule if> mere]}'' two liydrogen atoms with lowest energy-state functions, 

or ^^^(2) = and 

according to whether the electron ( 1 ) is near the proton A and the 
electron ( 2 ) near B or vice versa. 

"WA may, therefore, take 


and make J<f>TI(f>(lv as small as possible by varying q and c^, as with 

the hydrogen molecular ion. 

The calculation is quite similar to that for the molecular ion, so 
only the results will be given here. It is found that cither = C 3 or 
-- —c*,. The energy with q = c*> is given by 

^ AR 


and with ■ 


E, 


^2? 

-2E, + ^ + 

• AR 


1 +A 

2,7 + y' _ - K' 


■A 


where 


J ■ 


i 





Uj,{l)un{2)dv 


* 12 
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^12 

A = Juj^l)u^{2)uj2)u^{l}dv. 

The energy is lower than E^ mainly because of the negative value 
of E\ El has a minimum value when is varied so that the molecule 
is stable when E == E^ but not w^hen E ~ E^. 

The integral IC is called an exchange integral because 
is changed into when the positions of the two electrons 

are exchanged. The attraction due to the variation of Ji' with is 
called an exchange force, and it makes the molecule stable. This 
exchange force cannot be explained classically, and has a mathematical 
rather than a physical character. The exchange force is much larger 
than the forces due to the variation of the integrals J, /' and Ii . 

The helium atom consists of a nucleus with charge 2e and two 
electrons. The potential energy is given by 

f ^ 

where and rg are the distances between the nucleus and the electrons 
and is the distance between the two electrons. 

If there were only one electron, the lowest energy-state function 

would be - 7 - I — ) With two electrons, neglecting e^/}\2, it would 

V TC X^q/ 

1 /2 \ 3 ^ 

be —(—) We may suppose that the repulsion between 

TT \(Iq/ 

the two electrons would have an eSect similar to that of reducing the 
nuclear charge 2e to a value between e and 2c, or ac, say, so that the 

state function would be approximately <^ = — ( — ) Ee- 

7C \(Iq/ 

garding oc as a variable parameter, an approximate value of the lowest 
energy E^ can then be obtained by varying a so as to make j'^H(f)dv 

as small as possible. 

The Hamiltonian operator is 

= _ * (Ai + A,)- — - — + ^, 

%7Thn^ ^ Ti 


Vii h being the co-ordinates of one electron and ^2 ? h f "tbe other* 
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It is convenient to use the radius of the smallest 

electron orbit in the hydrogen atom on Bohr’s theory, as unit of length, 
and e^ja^ as unit energy. These units are called atomic units. To 

do this, replace r by A by and H by H~~, so that since 

^ the equation for H becomes 


Srr'^m 




2 


■ + 


^12 


In these units ^ — g--«(»i+»'3) and is the lowest energy-state func- 

TC 

tioii for an atom with a nuclear charge a and two electrons which do 
not repel each other. The Hamiltonian Hq for such an atom is given by 

a oc 


Ila 


-l(Ax + A,) 


and the lowest energy is 1 


where 




is the lowest energy 


of the hydrogen atom. With E^ in atomic units, 2a?E^ == so 
that The equations for 11 and Hq give 




The integral J is therefore given by 


/ = / n,<hHv - (2 - a) + lyv + /^. 


The first integral is equal to — o?, since and J j^dv == L 

The second integral is equal to 2cc, and the third one to fa, so that 


E'. 


y <l>H<j>dv . 


-a? — 2a(2 — a) + |a 


O 7 

■ 


According to the variation method, the value of a can be found by 

putting ~ 0, which gives 2a — - = 0, or a = f|. With this 

aa 

value of a, ^ ~ ‘ i“6 == “(H)^ atomic units of energy. 

The atomic unit of energy is 27-2 electron volts, so that E = ■— 77*5 
electron volts. The experimentally found value is -—79, so the varia- 
tion method in this case gives a result about two per cent too large. 


28. Pauli’s Exclusion Principle. 

Consider an atom consisting of a nucleus and n electrons. Bach 
electron is moving in the field due to the nucleus and the other n — l 
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electrons. An approximate solution of the problem can be found by 
supposing that this field is constant, and a function of the distance 
from the nucleus only. An electron near the nucleus will have a field 
nearly equal to that of the nucleus, and an electron far from the nucleus 
will have a weaker field, due to the nucleus and the electrons nearer 
the nucleus. On such an approximate solution, the electrons may be 
regarded as independent systems. 

Let the ith electron have energy and state function wj^x^) where 
stands for all the co-ordinates of the ith. electron. Also let the jth 
electron have energy E^ and state function The state function 

for the two electrons will be wj^x^w^[x^) and the energy E^ + Ey 
Now suppose the two electrons exchange their co-ordinates so 
that the state function becomes wj^x^)w^{x^. The two electrons are 
identical, so that the exchange should make no difieience to the energy 
or to the chance of finding the electrons in dv = dx^dxj, where dx^ 
stands for the product of the differentials of all the co-ordinates of 
the ith electron and dxj for the same thing for the jth electron. 

However, the chance of finding the electrons in dv is not the same 
for w^{x^)Wj{Xj) and w^{x^)Wj(Xi), but if we take 

= wp,)Wj{Xj) + wpj)wp,) 

for the state function, then remains unchanged when the electrons 
exchange their positions, so this value of is satisfactory. 

Also, if we take 

= wp,)wpj) — wXx 3 )wp^) 

for the state function, then is changed to — when the electrons 
exchange their positions. But remains unchanged when 

is changed to —w^j, so this value of ^^3* is also satisfactory. 

The first value of is called a symmetrical function, and the 
second one an antis5nnmetrical function. Both values of leave the 
energy E^ + Ej and unchanged when the electrons are exchanged. 

To explain the spectra of atoms, it is necessary to assume that no 
two electrons in the atom can have the same state function. This was 
first pointed out by Pauli and is known as Pauli's exclusion principle. 

If is symmetrical, then if wp^) =wpj), = ^wppp^y^ 
but if is antisymmetrical and wp^) — wp^ then 

w,, = wppp,) — wppj^x^ 

so that = 0. This means that = 0, so that there would be 
no electrons anywhere if wp^) = wpj). 

To explain Pauli's exclusion principle, it is therefore necessary to 
suppose that the state functions for electrons in atoms are always 
antisymmetrical. Note that this means that each pair of electrons 
must have an antisymmetrical state function. 
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EacL electron lias foTir co-ordmaies, namely, x, y, z and a spin co- 
ordinate. Tiie ana alar momentum or spin component along any 

ilirecrioii may l^e .dther — or — so the spin co-ordinate has just 


o possible valuob If the state function for an electron is %v[x, y, c, s) 
wdiere is the spin co-ordinate, then two electrons can have state 

functions u(j\ y, z) one with spin ^ and the other with spin — 


Each state of an atom with quantum numbers n, I and m can have 
two electrons in it with opposite spins 

It IS supposed that the exclusion principle also applies to protons and 
neutrons. Photons, however, appear to have synametiical state functions 
so that any number of photons can have the same state function. 


29, Perturbation Theory, 

If the potential T{x, y, z) of an atomic system is changed, by the 
addition of a small additional potential x{x, y, z), to F + i;, the energy 
proper values and proper functions will also be changed. The small 
potential v{x, y, z) may be supposed to be due to the action of some 
outside system on the atom and is usually called a perturbation. 
First suppose that the atom is not degenerate, so that there is only 
one proper function for each energy E^. 

Let Schrodinger’s equation for the unperturbed atom be 

For the perturbed system this becomes 

LwZ + ^ (S„' - F - = 0. 

Let wj + and == -f where and are the small 
changes due to the perturbation. Putting 87 t% jW = h, this gives 

-f Aii^ -f k{E^ + — F — v){w^ + = 0 

or, neglecting products of small quantities, 

-f- Iii{Ej^Uji -f- Ft^,j 9. 

Now any function of x^ y, z may be expanded in a series of the orthO' 
gonal functions so we may put = lia^w^ so that 

m 

m mm 
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But Am’,„ — hYu',n — so that 

m 

Maltii)l7 tliid by and integrate, so that since J u\iL\y^iv == 0 and 
j WnW^d^ = 1, we get £« == Jiv^vio^do, The changes in the energy proper 

values are therefore equal to the diagonal terms m the matrix for v 
or Vnn (P- lid) when v is very small, or we may say that 6„ is equal 
to the average value of the pertuihing energy v. 

If the atom is degenerate, then we may have more than one proper 
function belonging to the energy Let these proper functions be 
Wyji, ...» The proper function is then a linear combination 

of these, so that = Hc^Wn/r We assume that the small change in 

k 

w„ due to the perturbation v, can be expanded in a series of the proper 
functions like so that The equation 

ml 

~r ^ ^n)y^n 

then gives 

+ h{E^ V))w^i = Jc{v - €n)Zcj,Wnic 

ml k 

or 

ml k 


Multiplying this by u\i and integrating, we get, since jw^p^idv^ 0 
when m = 4 = 

Aj,i{En — E^) J td^iW^idv = Scj J tVj,i{v — e^)Wnkdv. 

Now let p = fiBO that Sc;. f iD^i{v — €n)Wnidv = 0 with I = 1, 2, 3, * « « « 


putting 


we get 


f == 0 , l^h, 
•> =1, l=h, 

I’m = f Wniow^i.d\>, 


HiCiPn: — Z — 1, 2, 3, . . » 

k 

^ 1(^11 ^n) + + . . . = 0, 

+ 02(^22 ^n) + C3^>23 + . . . = 0, 

<hPzi + ^2%2 + = 0, 
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Elmiiuting ilie gives tlie determinantal equation 




H'i • • 


^23 


^33 


€m » • « 


= 0 


to deterniiiic the vaiiios of We may say that the values of are 
the proper values of the matrix r^;., which is the part of the complete v 
matrix coiitaiiiiug only proper furictions belonging to the energy proper 
value The equations may also be solved for the coefficients in 
the expansion == 'EtCj.Wi. It appears, therefore, that the perturbation 

determines these coefficients, which are therefore diSerent for different 
perturbations. 

As an example, consider the case of a two-dimensional oscillator 
with Hamiltonian 


i?=: 


pIa-PIm 

"lin ' 2m ' 


lixx^ + 


aad Schrodinger equation 
dH' 


f-\e) Q i> 

^ ^ = 0. 


We may put = w^{x)iVQ(y) where Wq{x) is a solution of 

¥ 






and WQ{y) a solution of 

and jS = Sjj. + Ey. 

We have (see § 19, p. 103) Ej. = hv{n^ + |) and Ey = hv{ny + i), 
so that 

E == hv{itg. -j- -j- 1 ). 


The proper functions with E = Jip, so that = 0 and riy = 0 , are 
Wq{x) = omitting the constant factors, so that 

y) = 

With E = "Ihv so that either == 1 , Uy = 0 or = 0 , == 1, 

the proper functions are 

W 0 (.'r) = or Wq{x) = 

= or U'oiy) = ye-'^y\ 

y) — or w^{x, y) — ye~“'. 


and 
so that 
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It appears that with E = 2hv the system has two proper functions 
and so is degenerate. Any linear combination of the two proper func- 
tions IS also a solution of Schrodinger’s equation, so 


Wq == -j- C2</e''“'^ 


is a solution. Now suppose that a small force acts on the particle, 
giving it a small additional potential energy /(x, y). We may regard 
/(x, y) as a perturbation and so have Scj.i'jj. — Cje, where v =f{x, y) 

k 

and e is the change in energy due to the perturbation. Thus we 
have with 1 = 1 

^1^11 ^2^12 ^1^3 

and with I = 2 


~i~ ^2*^22 — Gq€. 


The matrix elements are 

= J dxdy^ 

V9 


^22 ' 


J yhe-^^'^^dxdy, 


and 


' 0 ^^ J xyve-’^'^'^^dxdy, 


omitting the normalizing factors. The values of < 


^21 


:0 


^22 — ^ 

or (Vn — €)(^22 ““ ^) = SO the values of Ci, Og 
calculated. 


are given by 


and € can be easily 


30. Stark E^ect. 

If an atom is in an electric field F, along the ir-axis, the potential 
of an electron in the atom is increased by Fez, For ezamplcj Schro- 
dinger’s equation for an hydrogen atom becomes 

Aw + + j- Fe^y = 0, 

the additional potential Fex can be regarded as a perturbation, and 
so the changes in the proper values of the energy due to the electric 
field can be calculated. The frequencies v of the spectral lines emitted 
are given by En — E^ = hv, so the electric field alters the frequencies. 
The atoms are degenerate, so that each line is split up into several 
lines. This effect was discovered by Stark, and the observed changes 
of frequency are found to agree well with those calculated. 

31. Angular Momentum. 

In classical dynamics the z component of the angular momentum 
of an electron about the z-axis, or say, is equal to xp,j — and 
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it is 'itfncil b? tb” s„in' ‘•x.'io.vion in qu.intuiii mechaiiius. Jfc Is 

therefore the opeiuior ^ so that 

\ CtJ eXf 


TsiJV 


l I 


cw 

dy 


y 


») 

oxJ 


h dll) 


Putting X = f cos^ and ?/ = r sin<^j tins gives mAv = We 

Itti d(p 

mav therefore put w where m/ is a proper value of 

and / does not involve New w must be a single valued function 

of ^5 so that we must have m/ = where m ~ 0^ +1, +2, . . . , 

277 


since then id = w^hich is unchanged when ^ increases by 2v. 
The integer m is the same as the quantum number m which appeared 
ill the solution of Schrodinger's equation for central forces. 

The difference m^zio — zhiav is equal to 


A 1 

iTri dip 


{ziv) ■ 


z 


It dw . 


so that m^z — Z7n^ = 0. The matrix element — zm^ijnm is equal to 

— Zndmzkn}- 

k 

But the proper values of are constants equal to 7iJij2iT, so that the 
matrix is diagonal and == 0 unless n == 7v. Hence 

{m^Z — ZrnXm = = 0, 


where m/ and are two proper values of m,. We have therefore 
(md — = 0. This shows that Zn^^==0 unless = 

Now Znm is propoitional to the matrix element of the 2 : component of 
the electric moment due to the displacement of the electron from the 
origiUj so that if Znm = 0 there will be no radiation due to this com- 
ponent. This means that if a transition occurs resulting in the emission 
of a photon due to an electric oscillation along the 2 :-axiS, then the 
angular momentum about the 2 :-axis is unchanged by the transition. 
This result is called the selection rule for for oscillations along the 
^-axis. 


32. Seleelion Rules, 

We can get the selection rule for for oscillations along the 
X- and y-axes in a similar way. 

W^e have 

h d , . h fdx , dw\ 

”■*” ” SS 58 <"> = 2S \m “ + * ie} 
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As an example of transitions due to a pertinbation we will take tte 
case of transitions due to light. Let the atom he in a beam of parallel 
plane polarized light going along the ic-axis, and let the electric field 
F in the light be parallel to the y-axis. The potential energy of an 
electron in the atom due to the light is then v = Fey. If the wave- 
length of the light is large compared with the dimensions of the atom^ 
F will be constant over the volume of the atom, so that 

and Cu^Co™ ^ 1 «/(,„„ f | _ 

The electric field F{t) during the time interval 0 to t' may be repre- 
sented by a Fourier’s series,*]' 

— CO 

where <^n = p I dt^ 


and the average value of the square of the component with frequency 
p = njf is 2 I 1^. The average energy per cm.^ in the radiation for 

the component of frequency v is therefore ^ | P, so that the energy 

cf 

per cm.^ in time 0 to is — I c„ P. The number of components with 

Ztt ' 

frequencies between v and v+ Si/ is Sn, given by Sv = 8nlt\ so that 
the number of components per unit range of frequency (Sf == 1) is 
equal to t\ The energy per cm.^ in time 0 to t' per unit range of fre- 
quency at the frequency v is therefore given by 




C^\ 

2'IT 


But 
so that 


^7T I */o 


where v — njt\ 

We have therefore 


^OmpQm 


c¥ 


\ya,nntK V- 


En-B„. 


f See p. 415. 
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For a steady flow of liTiir enersy, the energy will be proportional 
to the interval 0 to t\ pro\-ided 0 to t' is long compared with the time 
of one light wbration or Ijv, The chance of a transition from to 

or to during the interval is then proportional to the length 
of the interval as we should expect. 

The chance of a transition from energy to E^ is determined by 
the energy per unit range of frequency m the light at the frequency 
{E^ ~ E^)lh, so if is greater than E^. we may suppose the atom 
absorbs a photon of energy hv— E^^ — E^. If the atom is initially 
in the state with the higher energy E^, the transition results in an 
emission of energy E^ — as a photon of energy hv. It may be 
possible for the photon causing the transition to receive the emitted 
energy^ which would change it into a photon of energy 

35. Collisions. 

If the path of a free particle such as a proton or electron lies very 
close to an atom, there will be an interaction between them which will 
change the direction of the particle and may cause one to gain energy 
at the expense of the other. If the energy of the particle before the 
collision is and that of the atom E^, and the energies after the col- 
lision are and Ej^, then -f- provided there is no 

loss of energy by radiation or otherwise. If the particle is an electron 
or a proton, we may suppose the atom at rest before and after the 
collision, provided the mass of the atom is large compared with that of 
the particle. 

The proper function of a particle before the collision may be taken 
to be omitting the time factor and supposing that it is 

moving parallel to the ir-axis with momentum p^. Let 27 Tp^jh = /% 
so that This makes the chance of finding the 

particle in an element of volume dv equal to a^dv. But this chance 
must be zero since the particle may be anjnvhere, so that = 0. 
To avoid this difficulty we suppose there is one particle per unit volume 
throughout space all moving m the same direction with the same 
velocity. The chance of finding a particle in dxdydz is then just equal 
to dvy so that a? = 1. We may also suppose that the atom is at the 
origin and that whenever, as a result of a collision, it makes a tran- 
sition it is immediately replaced by an atom with the original energy 
En. The number of transitions per unit time from E^ to any given 
Eje with the particle going off after the collision inside a small cone 
with its vertex at the atom and its axis making an angle 9 with the 
a:-axis will then be constant. We assume that the distribution is 
sjrmmetrical about the ir-axis. Let the number of particles per unit 
volume moving along the small cone be The number per unit 

time is then Ni{d)r^pjplwjm, where pjejm is the velocity of the particles 
along the cone and dm the solid angle of the cone. The number of 
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pcirticleSj before collisions, falling on an area a per unit time is apjm, 
so if wc put 

Ni{d)r^pj^doj/m^ ap^dajjm 

so that a = “ r^Nj^{d), then a is the target area of the atom per unit 

solid angle for collisions in which the particle goes ofi in a direction d 
and is changed to Ei, The proper function for the particles in the 
direction 0, for large r, may be taken to he T~hi{h^ 

so that NjXd)=^ f''‘^\u[h, d)f and 0)p. 

The problem then is to find u{lc, 6), 

Let Schrodinger’s equation for the particles before they are 
scattered be and for the atom == E^w^, where 

IS a function of the co-ordinates of the electrons in the atom and En 
one of its energy proper values. The equation for the particles and the 
atom will then be 

where F is the interaction energy. It is a function of the co-ordinates 
of the atomic electrons and of the colliding particle. We assume that 
F is small, so that the proper function of the incident particles and 
the proper functions of the atom are not appreciably altered by the 
interaction. The function ip will be equal to -f where u belongs 
to the particles deflected by the collisions. We have therefore 

-f- -f* Y){(f>Wn + ^) = E{(pWn + 


which, neglecting the product Yu, gives 

We may replace E — H^hj the energy of a particle or Putting 

2TTplh=Tc and 

where 




A, 


we get 


(A + P)M = ^^ 


Now let u = where is a proper function of the scattered 

particles, so that 
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|Ck 4 I\ 

Multiplying by ,'L'1 u l lEi * i "-n tlie co-cirlmaLes ol 

llie fitomic eleetrnLs only, m (ler 

{A I ^)6 ^ E J '7;F?{4 dc^ 


Tlic solution of tlis cpo itioii is 'iunlar to tnai of tlie wave equation 

df/r — ^ ^ == 6t>5 for if oj = ‘ niiu jy = tlie wave 

equation becomes (A -= cj. Tie solution of tlie wave equation 

sliows tiat i!jy at time t, at any point P is the sum of disturbances 

— one for each element of volume, where fco] is tlie value of ai 

iirli y L j 

at the time t — R^^ii andt R is the distance Aom dv to P. If 
^ ^ and co = 

then we get the sum of effects 


4 ttH 


47rR 


b ^—2~!Ft7i-hzkR 


27r))(V 


where k = -A _ = 27 r/A. Omitting the time factor, we get 

fi 


-n 


rikR 




-dv. 


We may therefore suppose that ^7,. is the sum of effects equal to 


27T771 






J WjJ^Wndv' 


for each element of volume dv^ dxdydz. The element dv^ is equal to 
dx^ dy' dz' dx" dz" , . , , where x\ . , , are the co-ordinates of the 
atomic electrons. The effects may be regarded as due to each element 
of volume dv scattering the incident de Broglie waves We have 

therefore for at a point P, putting J WiVw^dv' = V]cn and 


4>k 


2i7TTyh ^ 

'WJ R 


Vj,ndv, 


is a function of the co-ordinates of the colliding particle. If 
the atom is symmetrical, we may take it to be a function of the dis- 
tance r, say, of the particle from the origin. The momentum of the 
particles before a collision is given by Icq = ^Tr^p^jh, and after a collision 
by h = 27 tPjs/L The momentum is directed towards the point P. 

The value of is determined by + ^ = Ej. + is the 

2m 2m 



\',J ELASTIC COLLISIONS 141 

proper fuuctioE of tlie atom before a collision, and Wj, that after one. 

will be small when r is large, so if 5 is large we may put 
Jl= Eg — r eoS(^, where Rq— OP and tj) is the angle between OP 
and r. Wo have then 


We see that (^7. is tlie same tiling as above^ so that the 

target area a is given by 


4 : 7 ^ 7 )%^ 


/' 


Q-tkr co^^ + tk^xy 


36 . Elastic Collisions. 

If the collisions are elastic, so that the atomic energy is unchanged, 
then I'q — k and = w„, so that 

^ ^ 4^^ j j Vnn^V I 

Let OP lie in the ir^z-plane and consider a plane tbrongli Oz wMcjIi 
bisects tile angle 6 between Ox and OP. A parallel beam of light going 
along the x-axis would be reflected by this plane or any parallel plane 
along OP, so that all the light rays near to the ir-axis would have paths 
to P of equal length. Now R=^ x+ — f is the length 
of such a path, and therefore x — r cob (j) is constant over any of the 
parallel planes. Let y be the length of the perpendicular from the 
origin on to one of the parallel planes. Then a; — r cos is equal to 
—2^ sin (0/2), so that the integral becomes 

J where ja == 2^ sin(0/2). 


Changing to new polar co-ordinates with y=rcos?/r and dv=^ 
2 iTr^ Bimjsdifsdr, we find, assuming F„ to be a function of r only, and 
since 

jQ-tpr cQs^ 27rr^ sin^ dihir = 4:7rJ r'^dr^ 


a 


Jo 


sirkfiT 




As a simple example take the case of alpha rays of mass m and 
charge 2e seatt'ered by atoms with a nuclear charge Ze. The alpha 
particle is not appreciably deflected until it gets very near the nucleus, 
where its potential energy is 2 Ze^lr, The interaction of the alpha ray 
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mtii tte electrons iias no appreciable eflYct on tlie alpha ray and so 
may be neglected. We have therefore 

f 4 

2Zt - 

It is convenient} to teiie” Fj, = ^ approach 
zero. We have then, since ^ 


I shiyr, 

or 1/fA when ^ is very small, 




O « 


UTThh^AZh^ 


Putting jLi = 2/j sin (9/2) and h = 27rMv jh, where v is the velocity of the 
particles, we get 




cosec^(9/2). 


This agrees with the classical theory of the single scattering of alpha 
lays, a is the target area, per unit solid angle, for rays scattered in 
the direction making an angle 9 with that of the incident rays. 

Several other applications of quantum mechanics are considered 
in other chapters. The quantum theory of free electrons in metals, 
of line spectra and of nuclear disintegrations may be mentioned as 
specially interesting. 

* Any function of r, wMcIi is equal to unity when r is small and drops gradually 
to 7ero as r increases, may be used instead of e—Pr, 
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CHAPTER VI 

The Critical Potentials of Atoms 

1. Qiiantuni Theory and Critical Potentials. 

According to tlie quantum tlieory atomic can only exist in a series 
of ^tates cliaracterized by clefimte energies 11^, 11^2, . . In 

these so-called stationary states the atom dues not emit rathation. 
The iioinial state oi the atom is the state of smallest energy lf\. To 
change an atom from its normal state to another state rec|iiires energy 
W I — Wi to be given to the atom. An atom not in the normal state 
is usually called an excited atom. Excited atoms emit radiation of 
frequency v given by liv = TIT, — TT^j when they change from a state 
having energy TIT, to one having energy ITT, and they usually quickly 
revert to the normal state. 

If a stream of electrons all moving with the same velocity v is 
passed into a gas it is found that the gas atoms may be excited by 
collisions with the electrons, provided the kinetic energy of the electrons 
is great enough. The kinetic energy Imc- must be at least equal to 
TfT TIT for the electrons to be able to change an atom from its normal 
state vitli energy TIT the state having energy TIT. 

If P denotes the potential difference required to give an electron 
the kinetic energy so that Pe= where e is the electronic 
charge, then if Pe — TT;,^ — TTT the potential difference P is called a 
a iiical potential of the atom for which TF^^j and TF>^ are possible energies. 
The potential difference required to give an electron ]u&t enough energy 
to ionize the atom, that is to knock an electron right out of it, is called 
an ionization potential of the atom. If TF' is the energy of the ionized 
atom, and TIT its normal energy, then Pe = W' — TF^ the ioniza- 
tion potential of the atom when in its normal state. 

2. LenardT Measurements. 

The critical potentials of atoms were first directly measured by 
Lenard v itli an apparatus shown diagrammatically in fig. 1. Electrons 
from a hot filament F are attracted by a wire grating or grid G which 
IS charged positively by connecting it to a battery, and some of them 
pass through the grating. A plate P on the other side of G is connected 

143 
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to uiip |Khr ni ti * sh < lilt tronK‘i('i K juTi 

otiier pair ur unadia^it- n roinfsiCMt to tba e.trili. Tiia plalr P can 
be ]ll^llLiteTt \Cieii ihH‘< t ],v o|>:niit: hie key K, li denotes the 
potential ot the und aipIP riiat o! the Hlaiiient, then P,,— - Pp=- 
ealied the npc^deratiua potf-nt.a], and the kiiietir laier^v of the 
electioin iroiii the riament, wlien tlioy rt\,r*li the J4i](h is appioxiinately 
hv l/io- ^ l\ e. The noteiitnil ddference })etA\eeii the grid and 

the plate P is called the 
retarding potential = 
P^_^. The hlameiit is kept 
at a positive potential less 
than so that Th is 
greater than F^j. The 
filament, grid, and plate 
are inside a bulb con- 
i 1 nected to a pump through 

a tube T, and the gas 
pressure m the bulb is adjusted vso that the mean free path of the 
electrons is greater than the distance from the filament to the giid. 
The electrons winch pass through the grid are repelled by the plate 
and, since > Va, none oi them can get to it. If, however, the 
energy of the electrons is great enough they ionize some of the gas 
molecules by collisions in tlie space between the grid and plate, and 
the positive ions produced are attracted by the plate P and give it a 
positive charge which is indicated by the electrometer when the key 

K IS open. If Va is gradually 
^ / increased, keeping F, always 

I / greater than then the smallest 

^ / value of for which the plate 

/ gets any positive charge can be 

/ found. 

/ Fig. 2 shows the relation be- 

tween F« and the positive charge 
received by the plate in a given 
0 5 10 J 5 zoms tmie with hydrogen gas in the 

Vio 2 apparatus. No charge is ob- 

served until Va is about 10 volts. 
The charge increases slowly up to about IG volts and then begins to 
increase rapidly wuth the accelerating potential. This shows that 
hydrogen has critical potentials of 10 and 16 volts approximately. 

The positive charge received by the plate P, however, is not neces- 
sarily due to positive ions; it may be caused by ultra-violet light 
emitted by the gas falling on the plate and causing it to emit electrons. 
The electrons from the filament may have enough energy to excite 
the gas molecules but not enough to ionize them. If the molecules 
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are excite^l by the electron collisions they emit light wheii they yn hac‘k 
to the iiorinal state, and this light may cause the plate to emit electrons 
and so become positively charged. Lenard's method shows that the 
hydrogen has critical potentials at about 10 and 16 volts, but it does 
not enable us to determine whether these potentials are loiiization 
potentials or excitation potentials. 

3 Eesuits o! Franck and Hertz with Mercury Vapour. 

A areat many modifications of Lenard’s original method have been devised 
but only a lev of these can be described here A full account is given in the 
BuUeUn of the National Research Council, No 48, “ Critical Potentials by K T. 
(bmpton and P L Mobler 

li the gas pressure m the apparatus is increased so that the mean free path 
of the electrons becomes con- 
siderably smaller than the dis- ^ 
taiice from the filament to the ^ 
grid and if also the retarding | 
potential is made quite small ^ 

(about ] volt), then, vith mon- ^ 
atomic gases, the current to the 
plate rises and falls periodically 
as the accelerating potential is 
mcreased. Results obtained in 
this vay by Franck and Hertz 
with meicury vapour are shown 
in fig 3. 

The potential differences be- 
tween the successive maxima 
are 4 9 volts. It is supposed 
that the electrons, when their kinetic energy corresponds to less than 4 9 
volts, coihde with the mercury atoms without loss of energy. The collisions 
are then said to be elastic. An electron from the filament therefore loses 
no energy due to collisions as it moves towards the grid until its energy 
corresponds to 4*9 volts, and then it excites a mercury atom and loses all its 
kmetic energy. The energy of the electron then increases again as it moves along 
in the electric field until it again corresponds to 4 9 volts, w’-hen it again excites 
a mercury atom and loses its energy, and so on. In order to get to the plate 
an electron must arrive at the grid with energy greater than that corresponding 
to the small retarding potential V,. Hence as F« is gradually increased the 
current mcreases until V a is about 4-9 volts, when it drops, because the electrons 
lose their energy just before reachmg the grid. The curient then mcreases again 
as Y(i IS increased until it reaches 2 x 4-9 volts, when it agam falls and so on. 
The lowust critical potential of mercury atoms is therefore 4 9 volts. Similar 
results have been obtained with helium and other monatomic gases. 

More precise results can be obtamed by using two grids, one near the filament 
and the other near the plate. The one near the plate is kept at a slightly higher 
potential (about 0 1 volt) than the one near the filament. The electrons w'hich 
pass through the first grid then move with nearly constant velocity m the space 
between the two grids, so that the number of collisions occurrmg with any given 
energy is greatly mcreased, and the breaks m the curve giving the relation between 
plate current and acceleratmg potential are much more istmet. The second 
grid can be used with Lenard’s method at low pressures and with Franck and 
Hertz’s method at higher pressures. In this way a great many critical potentials 
§ (d8X4) 
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have been c^bifTred; i>t exuupie, m iiicrciirv there are critical potentials of 
4-68, 4 9, o 29, 5*78, and trTS -^oils 

4. Methods iistingiiisliiiig Ionisation and Excitation Potentials. 

A modification wliidi enables ionization and excitation potentials 
to be easily distinguished was used bv K. T. Compton and by Boucher. 
Two plates were provided, one consisting of a metal sheet, as usual, 
and the other of a grating of fine wire. The two plates were connected 
together and either of them could be moved into position in front of 
the grids when desired. The area of the metal sheet was much greater 
than that of the grating so that the current due to radiation was much 
greater with the sheet than with the grating, but the current due to 
positive ions was about the same "with either plate. The ratio of the 
plate current with the sheet to the plate current with the grating 
remained nearly constant as the accelerating potential was increased 
p so long as only excita- 

tion of atoms w'as tak- 

j =L=: ing place, but began to 

I In fall rapidly as soon as 

I ^ =j= s Q ionization began, 

[ G ^ shows dia- 

p grammatically an appa- 

Fig. 4 ratus due to Hertz 

vrhich enables two dif- 
ferent methods to be used. BB is a cylindrical box with flat ends. 
In one end at N is a hole covered with a grating. The sides of 
the box GG- are made of wire gauze. Surrounding the box is a 
metal cylinder PP. A filament is set up near the hole at N and 
there is a second filament F 2 inside the box. 

To determine ionization potentials the filament Eg is heated and 
the current from box to filament due to a small potential difference 
is measured. The temperature of Eg is raised until the current is 
independent of the temperature, showing that the current is limited 
by the space charge on the electrons emitted. If now electrons from 
the other filament are accelerated into the box through the hole 
at ISf by a potential difference they have no effect on the current 
unless they produce positive ions in the box by collisions with the gas 
molecules present. The positive ions neutralize some of the space 
charge and so increase the current. Owing to the mass of the positive 
ions being much, greater than that of the electrons the ions remain 
in the space inside the box much longer than the electrons, so that 
the increase of current is enormously greater than the current carried 
by the positive ions. This is therefore a sensitive method for detecting 
an ionization potential. 

The same apparatus can also be used to detect any kind of critical 
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bv aiiotlKT m^^thod. The filament F 2 infeide the box is not 
blit 'A merely connecteci to the box. Electrons from Fj_ are 
rr*‘eii‘iated into the box through N and some of them escape from the 
box tliroimh the gauze sidfs to the cylinder P. The current to P 
cai!U“l by the^-e electrons is measured ^vith a galvanometer G" coll- 
ided -d to P. A switch S IS provided in the galvanometer circuit by 
of which a potentiometer Q arranged to give a small P.D. of 
about 0*1 volt can be introduced into the circuit when desired. The 
euirt nt i^ observed with the small P D. on, and also with it ofi. With 
the P.D. on, the electrons from the box cannot get to P unless they 
liaw- enough energy to carry them across the small P.D., but with 
the P.D. oil all the electrons from the box get to P. The difierence 
betveen the sal vanometcr cur- 
rents with the P.D. ofi and 
with it on therefore gives the | 
number of electrons coming ^ 
out of the box which have ^ 
kinetic energies between zero ^ 
and the energy corresponding | 
to the small P.D. I 

If Ya the accelerating 
potential driving the electrons 
from ¥i into the box and if 
Ffi is a critical potential for the 
gas 111 the box. then if F«— • 

IS between zero and the value 
of the small P.D. there will 
be electrons in the box with energies between zero and that corre- 
sponding to the small P.D., some of w’-hich will escape from the box 
and produce a difference bet'ween the twm cmrents observed. If, 
however, — Tc is greater than the small P.D. or less than zero there 
will be no such electrons present and the twm currents will be equal. 

As the accelerating potential is gradually increased the two currents 
remain equal until a critical potential is reached, when a difference 
appears wEich rises to a maximum and falls back to zero when Ya, — Fc 
becomes greater than the small P.D. On F^ being further increased, 
wEeii a second critical potential is reached a difference between the 
two currents appears again and then disappears, and so on. Pig. 5 
shows the results obtained by Hertz with a mixture of neon and helium. 
The two maxima at A and B are due to critical potentials of helium 
and those at C and D to neon, as can be shown by trying the two gases 
separately. 

All the above methods are subject to an error on account of the 
initial velocity of the electrons emitted by the hot filament. The 
energy of the electrons is greater than that corresponding to the 
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acceieralin^ polf-niial Va Tins error is Fobt determined hy measiimio 
known critical I'Oteiitials. or ky meaburmg tke difference between tlie 
critical potential wliicii it ib <le-ired to ffnd and a kno\\ii critical potential 
Po->i!jle eiTOis I'ne to contact poteiiliai differences are also eliminated 
in tills way. 

0 . Agreement 0! Results with Quantum Theory. 

By means ot tlie above and other more or less similar methods the 
critical potentials of many different atoms and molecules have been 
determined. Thebe rebiilts provide a remarkable confirmation of one 
of the fundamental assumptions of the quantum theory, viz that the 
energy of atoms does not vary continuoubly but that atoms can only 
exist in a series of definite states having definite energies. Elections 
collide elastically with an atom unless they have enough kinetic energy 
to change the energy of the atom from its actual state to another 
possible state. 

According to Bohr’s quantum theory of spectra, moreover, we have 
hp = II II 

so that if P denotes the critical potential corresponding to the change 
from energy Wn to energy have 

}iv=Pe. 

If P is expressed in volts and p as the wave number or number of weaves 
in 1 cm. in a vacuum, then on substituting the values of Ji and e we get 

P-= 1-2314 X 10”^'. 

It is found that the observed critical potentials in many cases agree 
accurately vfith the values calculated by means of this equation. 
Since the wave number can be determined with much greater accmacy 
than the critical potential P, it follows that when the spectral line 
corresponding to a particular critical potential has been definitely 
identified, then the value of the critical potential can be most accur- 
ately obtained by calculation from the wave number of the spectral 
line. 

The results which have been obtained wuth the alkali metals are 
especially simple. The vapours of these metals are monatomic, and 
are found to absorb the lines of the principal senes m their spectra 
strongly. This shows that the lines of this series are emitted when the 
atoms revert to the normal state from a series of states having greater 
energies. See Chap. VIIL 

An excitation potential has been foxmd for these atoms which 
agrees with that calculated from the Trave number of the first line in 
the principal series, and also an ionization potential which agrees wdth 
that calculated from the w’ave number of the limit of the principal 





I-Ij; 5, Chap \III — rh<iluf;iaph» ..t a-iaj Hack, aiioui;li niti,..rcn hy ]■ :si S 
Blackett, shc^Mng cllt.i.m heuveen a ia> and n.tiogcn at,.m,\u «h,ch a’uack b.Inchc-, 
im<, a thin sti.ught tiack due tu the ejected pt.plun and a thick Hack due to the nitio-cn 

abjiii combined with the a-id>. bee p. 280 ^ 
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Tli«‘ f.M oi tlie i^ruK'ipal sctipn are doublets, but tlie measure- 
ment > of the e 2 veitation putentiaL were not sufficiently precise I 0 
diYinaui^i Indweeii tlie two critical potentials. 

Kxcitai ion potentials corresponduig to the other lines in the principal 
have not yet been o}).'3erved. We should expect the ionization 
potent ioi to agree with that calculated from the limit of the principal 
senes iM^cuuse the successive lines are supposed to correspond to states 
m vhieh the outer electron is farther and farther from the nucleus, 
*so tn.it tne limit should correspond to the case when the electron is 
eiitu'ciy reiiiotx'd ironi the atom. 

Tlie following table contains the observed and calculated critical 

potentials oi lieliimi in volts. 


< 'alculated 

Ob'seived 

10 73 

19 73 

20 50 

20 53 

21 12 

212 

22 98 

22*9 

24*48 

24*5 


The calculated values are got from the wave numbers of spectral lines 
believed to be emitted v^hen the helium atom reverts to its normal 
state, except the last number, which is got from the limit of the corre- 
spoiidiiig senes, since 24*5 volts is the ionization potential. 

Ill the case of mercury, eighteen critical potentials have been 
observed ranging from 4*68 volts to the ionization potential 10*39 
volts. Host of these agree with values calculated from the wave 
numbers of spectral lines believed to be emitted by mercury atoms 
reverting to the normal state. Similar results have been obtained 
with many other elements. 
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6, Smytli’s AppIicatioE of Positive Ray Analysis. 

Veiy interesting and important results have been obtained by Smytli by 
means of a combination of Lcnard’s method of measuring ctiIkmI ])otentidls 

and positive ray analysis In this 
way it IS possible to determine the 
nature ot the positive ions pro- 
duced m gases by electron colli- 
sions. 

The most essentia! pari^ of 
Smyth’s apparatus are shoun du- 
grainmatically in fig. 0. Electrons 
from a filanu'nt E aic aeceleratcd 
to a grid G iind then stopped by a 
rebirding potent nl between the 
plate A and the grid Positive ions 
prodiK'cd bv electron (‘olhsions be- 
tween G and A are accelerated to- 
wards A and some of them paSvS 
through small holes m the dia- 
phragms A, Jb and C into a box K 
where they are defletded by a 
uniform magiietic tiekl peipcndi- 
lular to the plane of the paper. 

I L 111 this field they deseribe circular 

paths and by adjusting the field 

^ strength may be made to enter a 

slit at D, wdiere they f<ill on an 
insulated electrode E The charge received by E is measured with a (fuadrant 
electrometer. The box K and the spaces betw'een the dia])hrati:ms A, B, and C 
are kept highly exhausted by means of pow’-erfui pumps connected to the tubes 
Ti, T.>, and Tg, so that the positive ions aie not stopped by collisions wuih gas 

molecules. A slow^ stream of the gas 
to be investigated is passed into the 
apparatus through tlie tube making 
it possible to have sufficient gas pres- 
sure in the space b(‘twecn the grid and 
plate to obtain enough ions by colli- 
sions although the rest of the appa- 
ratus IS kepi highh^ exhausted. 

The ae(*eleratmg pi>tential V a be- 
tween the filament and grid is kept 
constant, as also the retarding potential 
betw^een G and A, The potential be- 
tween A and B wdiieli accelerates the 
positive ions produced between G and 
A IB varied and the magnetic field 
kept constant. The values of m /e for 
the positive ions can lie easily calcu- 
lated from the radius of the path which they describe, the potential accelerating 
them, and the strength of the magnetic field. 

In fig. 7 the way in which the charge received by the electrode 1 varies with 
the value of m/e for the positive ions reaching E is showui. In this case the gas 
used was nitrogen and the accelerating potential F« was 100 volts. The value 
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of mje IS expressed in terms of mje for protons, so that it is equal to tlio atomic 
weight in the case of 10 ns carrying a single electronic charge 

The curve shows three maxima at m/e equal to 7, 14, and 28. These must 
clearly be due to positive 10 ns consisting of atoms of nitrogen with two electronic 
charges, atoms with one electronic charge, and molecules with one electronic 
charge. The relative amounts of these three sorts of positive 10 ns given by nitrogen 
was determined for a senes of values of the accelerating potential Fa. It was 
found that when Va is less than 25 volts only molecules with one electronic 
charge are obtained. Above 25 volts small amounts of and appear 
This shows that when nitrogen gas is ionized by collisions with electrons prac- 
tically all the positive ions produced are No'. The nitrogen molecule is (‘vidently 
a very stable system not easily dissociated mto two atoms. Tins result explains 
the chemical inertness of nitrogen 

Very similar results were obtained with hydrogen Hi ions were readily 
formed but was obtained more easily than N^. 

The critical potentials of atoms corresponding to the production of charac- 
teristic X-rays are discussed m the chapter on X-rays. 


Refeeence 

“ Critical Potentials.” K. T. Compton and F. L. Mohler. Bulletin of the 
National Research Washington, D.C. 



CHAPTER VII 


X-Rays and y-Rays 

1, Mature of X-rays. 

X-ravs or Rontgeii rays were (liseoAxr(‘<l by Ib'hiigcii in 1895. 
Ho Avas iiMHg a (Vookes lube in Avhicli llu^ catlunk^ ray^ slruck the 
glaSvS walls ot the tube, and he noticed that a piece of paper coaled with 
baTiiiiiRplatiiiocyaiiide, which happened to h(^ King near, lluoresced 
Avheii the tube aaws AAwking On putting obj(T*ts biaAve<ai t!u‘ tube 
and tlie paper, shadows were obtained in the ffuoresecait light, vshowing 
that the tube wais emitting sonn^ kind of radi<dion. Ii was found that 
this radiation Avas remarkably piuieirating. It passed r<*adily through 
black paper and thin slnads of aluminium wlnidi wen^ (pute opacjiie to 
ordinary light. It avrs found tliai tlie neA\ radiation could not he 
refracted or reflected but traAxlhnl along straight lines through objects 
of any shajie, and it \A\as not deflected by either magnetic* or cdeciric 
fields.^ 

J. J. Tliomson dis<‘oA'ered that tlu‘ X-rays produee (*h*ctri(*al con- 
diietivity in gases and other insulators wdien passed Ihrougli tluun. 

It was found that the X-rays are cunhted wiierc* the caitliode rays 
strike any solid object In 1881 J. J. Thomson point <‘d out that if 
catliodci rays are rapidly moving charged particlc*s, Wwn, according to 
MaxwelFs electromagnetic tlieory, they should produce c*lectroniagnetic 
radiation whem suddenly stopped. He* suggt‘sted that tin^ grinni 
fluorescence of the glass walls of Crooloss tubers produced bv the 
cathode rays may be produced by this radiation enniited wiien i in^ rays 
strike the glass. Soon after the discovery ol X-rays Kiokos and Wie- 
chcii} suggcNsted that the sudden stopping of tlu* cathode* rays w iien they 
strike a solid body causes the emission of eh‘ciromagnetic pulses ot 
AvaA^es of very short waA’-c-length Avhich are tin* X-ra}'s. It^ is l)t*li<wcHl 
now that the cathode raAVs penetrate th(‘ atoms of the solid body and 
are not stopped suddenly. The cathode rays ionize* and (‘xcitc* the 
atoms by collisions and the X-rays are emitted Avluni tin* atoms rtweri 
to their normal state. X-rays are simply light or (‘lectroniugiuhic 
Avaves of very short wave-length. Barkla in 1905 sfioAced that polarized 
X-rays can be obtained, and it is iicaa’* kiiOAvn that X-rays can lie 
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diffracted, reflected, and refracted, and bO liave all the properties of 
light Oil which the wave theory oi light m based. 


2. The Cooiidge Tube* 

The X-rays from ordinary Crookes tabes are very feeble, and 
powerful X-rays are now obtained from specially designed tiib(\s. 
The most satisfactory X-ray tubes are the Coolidge tubes, in wliich 
the electrons emitted by a hot filament are accelerated towards a metal 
anode usually made of tungsten or molybdenum 

A Coolidge tube is shown diagrammatically in fig. 1. 

The cathode C consists ol a small flat spiral of tiingsten wire sur- 
rounded by a tungsten cylinder. The spiral is heated by a current 



from a battery through the wires B and B' sealed through tlie glass. 
The anode A consists of a plug of tungsten or molybdenum set in the 
end of a copper rod w^hicli is cut off at 45° as shown. The otlier end 
of the copper rod, outside the bulb, is cooled by means of several cop])er 
discs which expose a large surface to the air. The bulb is very com- 
pletely exliausted, so that no electrical discharge can be passed through 
it when the filament is cold. 

A difference of potential of about 50,000 to 100,000 volts is main- 
tained botAveen the anode and cathode, and the filament heated so liiat 
lb emits electrons The current through the tube can be measurial 
with a milliammcter and may be up to 50 or 100 niilhamperes. The 
electrons emitted by C are concentrated on to a small area on the caul 
of A by the electrostatic repulsion of the charge on the end of tlit‘ 
cylinder surrounding the filament. The X-rays are (anitied by this 
small area about equally in all directions. Tliey are absorbed of ccairse 
by the anode wAeii they go into it. The anode of a taking, 

say, 50 milliamperes at 100,000 volts or 5 kilowatts rapidly gets hoi. 
for nearly all the energy of the electrons is convfutcMl into heat when 
the electrons arc absorbed by the anode. Less than 1 per cent of the 
energy goes into the X-rays. 

3. Scattering. Biffraetion. Characteristic X-rays. 

When X-rays are passed through matter they are partly scattered 
in all directions, while at the same time the matter may he caused to 

6# ‘ (a 814) 
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I Chap. 

emit secondary X-rays clifierent in quality from tiic incident rays. 
Barkla discovered that the secondary X-rays emitted hy different 
elements have properties characteristic of the particular element 
emitting them which vary in a regular way with the atomic weight of 
the element. X-rays also cause matter to emit electrons, an effect 
analogous to the emission of electrons due to ultra-violet light. 

In 1912 Laue discovered that X-rays can be diffracted by crystalline 
substances, which act on the rays in the same sort of way as a diffrac- 
tion grating acts on light. By means ol this effe(*t it is jiossible to 
determine the wave-lengths of X-rays, and it is found tliat the X-rays 
emitted by different elements have definite wave-lengths {*hai‘aeteristic 
of the element, just like the wave-lengths of the spectral lines in the 
optical spectra of the elements. Laiicis important (liscoviTy placed 
the study of X-rays on a new quantitative basis and will now be con- 
sidered in detail. 


X-RAYS AND CRYSTAL STRCOTUiOi; 


4. Crystallography, Law of Rational Indices. 


Crystals are homogeneous solid bodies ])Ounded hy plane surfact's which are 
called the faces of the crystal. The faces arc arranged in H(‘ts, all in a set 

being peipcndicular to tlie same plane; 
those sets arc calkd zones. The hiccs 
in a zone interseet in parallel lines. 
The faces occur in paralk^l pairs on 
opposilc sides of th{‘ (rystal. 

The geoinetncal (‘ha i aider of the 
crystals of any suhsiance Is dctiaanined 
by the angles between t hear faces, v\luch 
are invariable, and is indepimdent of 
the size of the particular crystal 
selected. (k\cstals grow by the deposi- 
tion of uniform layers on tlieir faces, so 
that they get largiT without the angles 
betwa'cn the faces ehanirmg. 

The different faces of a crystal can 
bo specified by the interceptB cut of! from three axes by the laces. As axi^s, 
lines parallel to three edges of the crystal which do not he in oni' plani* are used 
In fig. 2, let OA, OB, and 00 be the three axes seIeeU‘d, and let K, F, 0 be 
the points at which a face of the crystal intei sects tlieni. Let OK in OF 6, 
and OG == c. The ratios a :b’ c will ahvays be th(^ sann^ for the eorrespondlnii: axes 
and face on any crystal of the same siibstan<‘e, w'liatever tiie size of the (‘fVvstal 
Any other plane parallel to the face EFG wail cut oif icmcfths from the axes in the 
same ratios as a :b : c and could equally well be taken to be the fa<H‘ of th(‘ erystal 
Now let a% b\ and c' be the intercepts for an}" other face of tlu' (T}'sta{; then 
it is found that there is always a simple numerical relation betwinai u\ //, cf 
and a, 5, o. The ratios cf are equal to the ratios ajlc * bjh : r /, wIhtc L h, 

and I are integers which are usually quite small and are called tiie indices of the 
face they specify. Thus 



ajh^a^ 

bih b'’ 


SO that ! 


h (( 
a 
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and m tlie same way _ , , - , 

I c b 1 k a c 

and = 

h b c I c a 

If A'* = = Z = 1, we have a' .h' :c' = a 'b c, and so have the original face. 
If h =]i=l and Z = 2 we have a' c' a . h : c/ 2 ; and if h ==lji= 2 , and 

1=3 we have a' • h' ‘ c' ==■ a : 6/2 . c/ 3 , and so on Thus any face of the crystal 
can be specified by giving the values of h, A, and I for that face. The values of 
h, h h of course, depend on the 
particular edges chosen as axes 
and on the particular face selected 
as the kz= h=: I z= ] face. 

If a face is parallel to one of 
the axes, as frequently happens, 
then its intercept on that axis is 
mfinitely long, so that the integer 
becomes zero. Thus if I = 0 , 

^ = 1, ^ = 1 so that a' = alQ 
= 00 , 6' == 6, c' = c, the face is 
parallel to the axis OA The 
indices k, K £oid I can he positive 
or negative integers or zero Any 
face of a crystal can therefore bo 
specified by giving the values of 3 

L k, and I for that; face. The 
numbers are usually put inside a 

bracket, thus (112) denotes the face with intercepts a, 6, and c/2. Negative 
values are indicated by a minus sign above the number thus (112). 

By properly selecting the axes and reference face (ill) it is usually possible 
to represent all principal faces by quite small values of A, 1% and L 

As an example, consider a cube (fig. 3 ) and let the origin be at its centre 
and the axes parallel to thiec of its edges which meet at one corner, in this 
case, if a = 6 = c, the six sides of 
the cube are (100), (100), (010), 

(010), (001), (001), since each side 
is perpendicular to one axis and 
parallel to the other two. The 
reference face EEG passes through 
the three points v'hero the positive 
directions of the axes cut the sur- 
face of the cube. It is not one 
of the faces of the cube, but is a 
possible face for a crystal having 
faces parallel to the sides of the 
cube. Eight possible faces are 
(111), (111), (111), (111), (ill), 

(lii), (ill), (ill). These eight 
faces are ehovii in fig, 4 They form an octahedron. 

The fact that the indices are positive or negative integers or zero for any fac‘e 
of a crystal is laiovn as the law of rational indices. This law, vliich was first 
discovered empirically, can be explained in a simple way on tlie atomic tlieor}’'. 
We suppose that crystals consist of a n^gular arrangement of atoms, the samc^ 
throughout the volume of the crystal. The atoms are arranged in groups or sets, 
all groups being similar and similarly orientated. In a crystal of a compound 


/b 


I 

1 



Fig 4 







b(>cl\ (cieli i^roup ^^111 usually consist of tiic atoms iormum caie muksailt' of the 
compound. In crystals of <in clement each linuip nun cf>iisist of a sinaii^ atom 
The position f)i a a:n)iip is ti\(‘d h\ the position ot .nu (h'fimte point in it, for 
example, the centie ot one o( the atoms in it We shall tor tin* piesi'iit sf>eaL 
oi each i^ioop as heino ioiattsi <it the point ii\mu its position TIu' moups imist 
be airaiieed in the <*r>stal m such a wav ttiat ei (Ty eroufi n lelaii^d to its neiuh- 
boiiriiia: oroiips in the same way Thus li .l^jand 1 1 art‘ twoi^roups in a ei\stal (fin; 
5) tlienthen* must also bi* groups at r,, on tiu‘ Inu' joiniim J_. and 

and tti( onaips must la* ''(|ual!\ 
sp.ussi alonu tins inu' it is 
another uioup msir dj, tlaai tluu'e 
innst also !k‘ uroiip.*. at />\, iij, 
iip &v , m such positions that 
AJB - dibV -lid, Ah/;,, .Ve 
In tiin \\<\\ li IS tasy to si'c that 
all the * 4 roups in .i er\sia! must 
Ih‘ airani'i'd at the int«‘rs(‘etiom' 
ol t}ir(‘e s(‘ts oi cHpially spaced 
par<ill(‘i phims Sii< h an arran 4 e- 
inent is called a spaei' lattice. 
Tiiree m'Is of ('(piali\ spaieii 
pandlel planes divide spaei* upintooipial paralU'k'pipcHis «is sfiown in iiut h, and 
there is one group of atoms at eaeli point where three* planes mt(‘rseei, The 
niimbei of gioiips of atoms is eepial to tlie mnniHT of the parall(‘!epipt‘ds 

if a plane is drawn through <iny three groups ot .itorns m the ^fiace lattice, 
the plane will contain groups of atoms arr.inmHl at the* mti rst'ciions of tw() sets 
of parallel lines, anei it is suppost'd that such <i plane is .i pos'-ilile iae<* of tlie 
crystal The laces usually observed are those detiTuuneil b^ pLuU's winch pass 
through three groups ot atoms which are ne<ir together in the* space lattiei* If 
tlu‘ec sides ol one of the parallelepipeds, meeting at a point, an' taken as the 

aves then an\ plane dniwii 
tinough three uroiips will 
lia\e intt'rei'pts on these 
axes wlm'h are multiples 
of the haigihs ol the sidi'S 
id the paralle!('pip(‘ds. Let 
thesi' hmgths be (/,, u.j so 
that till' inter<‘epts aie 

wiu're Uj, a,, Ug 
an* integers. For another 
plain* ihiough three oilier 
groups let ihc' intm'ia'pts 
he /Uj, in/Uj If 

we put : /yu, : 

a/Uj k : nffsMi . a/u-g/, 
we imve h k 

Ijh^ but the ids are all integers and therefore the ratios hjl: 

and l^h can he exprevssed as the ratios of integerH. Thus we see that the knv 
of rational itKiiees follows from the theory that er;\stals csinsist of groups of 
atoms <iiTang(‘d m space lattices and that the faiHvs are planes drawn throiigdi 
the groups The axes and reference face (III) are chosen for any particular crystal 
HO that the other faces are given by the simplest possdile sets of indices. Tlie 
principal facc'S of a crystal can usually be sp(*eitied without using integers gieattT 
than 2. It should be observed that there are many dilh'rent scTs of equally 
spaced parallel planes the intersections of which form any particular space lattice. 
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5. Biffraction Patterns. 

If we draw planes through every gronp in a crystal, all parallel t-o 
one of tlie faces, we get a set of equally spaced parallel planes. Since 
all tlie groups of atoms are supposed to be similar and siiiiilarly 
orientated it follows that the arrangement of atoms is rejieated at 
regular equal intervals measured from the face along an}^ normal to 
it. When X-rays are passed through matter tlicy are jiartly scalteriMl 
111 all directions. It is supposed that this scattering is jirodiiced by 
the electrons in the atoms. If the X-rays are a tram of waves of 
deliniie wave-length A, each electron is supposed to be made to vibrate 
witli the frequency c/A of the rays liy the electric field in the rays. The 
electron therefore emits radiation of the same wave-length as the rays 
falling on it. 

If a narrow beam of X-rays is 
passed through a crystal, then in 
certain directions the scattered rays 
from the regulaily arranged atoms are 
all in ])hase and together form a com- 
paratively intense scattered beam. 

The apparatus used 111 Lane’s original 
experiment is shown in fig. 7 . The 
rays from a tube T are passed through 
a senes of small holes in lead screens 
A, B, G, and the narrow pencil of 
rays falls on a crystalline plate P about 1 mm. thick A photo- 
graphic plate S IS put up a few centimetres behind the crystal. 
After an exposure of several hours to the X-rays, on developing the 
plate a symmetrical pattern of spots is found on it. These spots ar(‘ 
arranged round a central spot formed by the rays which pass siraiglii. 
through the crystal. Some of the diifracted rays may mak(‘ angh\s of 
40 ‘^ or more with the incident pencil. Fig. 8 shows reproductions of 
SLicli diffraction patterns. (See Plate.) 

G. W. L. Bragg’s Theory of Difeaction Patterns. 

The tlieoiy of these diffraction ])atterns was workinl out by Lane 
and was fouinl to agree exactly ujth the facts Lane’s theory was 
complicated, and a greatly simplified form of tlu‘ llieory was proposed 
by W. L. Bragg. Bragg’s theory gives the same results as Lane's and 
will be considered here. 

(bnsider a narrow beam of X-rays from a source N (fig. ff) falling 
on a plane and suppose that single atoms are distribnied over tins 
plane. Each atom scatters a iiiiniite fraction of tlie rays falling 011 it 
in all directions. Suppose that the scattered wav<‘s from two atoms 
at A and at A' which are near together arrive at a point P at t !i(‘ same 
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time so tliat the waves reinforce each other at P. For this to happen 
we must have 

SA + AP^-SA' + AT, 

Now if SA + AP = constant, A must be on the surface of an ellipsoid 
of revolution about SP with foci at S and P. If the plane EF is a 
tangent plane to this ellipsoid at /I, the scattered waves from 

all the atoms on the plane EF 
which arc very near A will 
arrive at P together, so that 
there will be regular reflection 
of a very small traction of the 
X-rays along the path SAP, 
If EF is a tangent plane to 
tlie ellipsoid, then SA, AP, 
and the normal xLN to EF at 
A lie in the same plane, and 
the angle SAN is ecpial to the 
angle NAP. 

Now suppose that the plane EF is on tin' face of a crystal As we 
have seen, the atoms in the crystal are regularly arranged in groups 
about equally spaced parallel planes of which the face is one. Let 
the distances between these equally spaced plane layers of atoms be 
d. Then each layer will regularly reflect a small fraction of the rays 
falling on it. If the rays reflected from all the layers are m tlie same 
phase and so reinforce each ocher a strong rt^flected beam will he 
obtained. In fig. 10 let S be the source of the rays and Aj, A^, /I a, &c., 




the equally spaced layers of atoms. Let the rays from S bo rc^flected 
at Ai, A2, /I3, &G., to P, and suppose that the reflected w-ave trams from 
each plane arrive at P in the same phase and so rcnnforcc each other 
at P. This requires that 

(SA2 + A^P) - (SA^ + A^P) ^ nX, 

(SA^ + A^P) - (SA2 + A^P) ^ i?A, 

(SA^ + A,P) (SA^ -h AsP) - 
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where n is a positive integer; that is, the path differences for the suc- 
cessive planes must be a multiple of the wave-length A. The distance 
d between the reflecting planes is very small compared with 8A and 
AP so that the rays near A are practically parallel The path differ- 
ences are therefore easily calculated. In fig. 11 lei p and be two 
successive reflecting planes so that AA'=^ d, and let the angles ANA' 
and AMA' be right angles. The path difference is NA' + A'M, wiiicli 
is equal to 2d siiid where 0 is the angle between the incident or the 
reflected rays and the reflecting planes. The condition for strong 
reflection from the crystal face is therefore 


2d sin 9 =■ nX, 

where n== 1, 2, 3 . . . . 

Such reflection of X-rays at a crystal face, of course, is not a reflec- 
tion at the surface of tlic crystal 
but is reflection by a very large 
number of the equally spaced 
layers of atoms. The distances be- 
tween the layers are of the order P 
of magnitude 10”® cm., so that 
there are a million layers in a 
thickness of the order of 
The angle 6 is usually called 
the glancing angle, and d is often called the crystal grating 
space. There is no appreciable reflection at angles differing even 
very slightly from the values given by 2dmx9=nX. For if the 

path difference is instead of nX, where m is a large whole 



number, then there is a path difference A(nm+ |) between the rays 
reflected from any plane and the wth plane below it. The number mn 
is an integer, so that the two wave trains interfere and destroy each 
other. The reflected wave trains therefore interfere in pairs and there 
is no appreciable reflection, unless m is comparable with the total num- 
ber of reflecting planes, wdiich is very large. "l^Tien a beam of X-rays 
is passed through a crystal as in Lane’s experiment, the rays may be 
reflected from all the sets of planes into which the groups of atoms can 
he supposed arranged. If the X-rays are not homogeneous but have 
a continuous spectrum so that all wave-lengths between certain limits 
are present, then each set of planes reflects the rays of wave-length A 

S'™” ’’7 2<isin8=»A. 


where d is the glancing angle between the set of planes and the incident 
beam. In this way the diffraction patterns obtained can be explained. 

The intensity of the reflection from any set of layers increases with 
the number of atoms per square centimetre in the layers, so that, other 
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tilings being equal, sets for wliieli (/ is small reflect Ieb< than those for 
wliicli d is large. The more intense spots in the patterns are those 
from sets of plant's nlueli can be drawn through three groii])s oi 
atoms Avhicli are dost' ttigt'ther in the crVvStal. 


7 . W. Bragg’s X-ray Spectrometer<. 

The reflection of X-rays from the faces of crystals enables the wave- 
lengths oi tlie rays to be found and also the arringenieut ot the atoms 
m the crystal ddiis method of studying X-rays and crystals is diu^ 
to W. 11. Eragg The instrument- U'<ed for nieasimng the glancing 

angles is called an X-ray spectro- 
meter. 

Fig. 12 shows the t'ssenlial 
])arts of an X-ray spectrometer 
used l)y \V. fl. I'ragg. The 
X-ravs from the anii-cathode K 
of a (bolidgt' tube pass ilirougli 
two slits A and B and fall on 
th(‘ face' of a crydal at V. The 
crystal is mount (s! on a talile 
which can Ik* ndati'd about an 
axis in the crystal face and the 
angles through whieh it is turned 
can be read olT on a seah' by the 
vernier V. The rehiaied rays 
pass through a slit ai- 1) and then 
through a thin aluminium win- 
iii<v 12 clow into an ionization chamher 

EEh The slit t) and chamber 
can bo turned about the same axis as the crystal and the angles read 
oil by the vernier V'. 

Tlic ionization chamber is a cylindrical lead box about 15 cm. 
long and 5 cm. in diameter. The narrow beam of rays passi's along the 
centre of the chamber and ionizes tli('. gas in it. The chamber contains 
an insulated eleetrcxh*, which is connected to some form of sensitive 
electrometer, C. T. R. Wilson’s tilted gold leaf electroscope is fre- 
quently used. The chamlx'r is charged to about H)0 volts by con- 
necting it to a battery, and the insulatiMl elei'trode. is kept near zt'ro 
potential. The conductivity produced in tlie cliamlxT by tlie X-rays 
can be measured with the electrometer. The chamber is usually filled 
with ethyl bromide vapour or some other gas w'lik*h absorbs the rays 
strongly. 

To study the reflection of the X-rays by the erysiah the <*hamber 
slit is set so as to receive the reflected rays. The angle between the 
chamber slit and the incident rays must be tvice the angle betAveeii the 
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ciystal face and tlie incident rays. If tlie ionization is measured for a 
series of glancing angles a curve may be drawn showing tlie variation 
of ionization with the angle. Fig 13 shovs such a curve olh^niied by 
Bragg with the X-iays from a rhodium aiitieai.hodc*, and a duiniond 
crystal The ionization shows two maxima at about SfeS'' ami 
which are due io two lines m tlie X-ray spectrum of rhodium. The 
small amount of ioniza- 
tion obtained at other 
angles is due to the con- 
tinuous part of the X-ray § 
sped rum. g A 

liislead of using an | I \ 

ionization chamber the j \ 

reflected rays may be — V. — ^ 

received on a ])hotogra“ 36*" 37 '' 

phic plate and the angles 
found by measuring the 

distances between the images on the jdatm The ionization method 
has the advantage that it gives tlie relative intensities of ihe lines 
accurately. xVny particular line is only reflected wlien the crystal 
IS set so that the glancing angle satisfies the equation 

7(X-=r- 2(1 sin0. 


To pliotograph all the lines which can be reflected from a crystal fact‘ 
it is therefore necessary to slowly rotate the crystal })aekwards and 
forwards during the exposure of the plate. In this way a ])hotograph 
of all the lines reflected in the range of angles covered can he ()])tauu‘d. 
Each line can be reflected at all the angles givini by /A 'Id siiifh 
with n=--^ ij 2, 3, 4, &c. /A of course must be less than 2(1 ^ since siiif/ 
cannot be greater than 1 . The lines are 
usually observed on botli sides of tlie 
incident beam, and half the angle be- 
tween the two positions is taken as 
the value of 6 so as to eliminate zero 
errors. 

8. Example 0! Use 0! X-ray Spectrometer. 

As a simple example of the use of the X-ray 
spectrometer to determine the structure of 
crystals and the wave-lengths of X-rays we 
will consider the reflection ot the X-rays from 
a palladiimi anticathode by crystals of sodium liu U 

and potassium clilorides A full account of tlie 

subject IS given 111 X~7a(js and Crystal Htni('1un\ by W. ii. and W". L Bra^g 

Kodmin chloride and potassium chloride can be obtained in <‘ubical crystals 
the faces of which are specified by the indices (lOO), (Old), fOOI) Besides tiirye 
faces the faces (110) and (111) often appear, Fig. 14 shovs these faces. 
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The (100) face of KCl ^ives strong linos at 5^ 23^ 10^ 49^ 10^ 20 \ Tlie sines 
of tlicse angles are as 1 ; 2 3, so that wc conclude that they correspond to the 
same wave-length X with ~ 1, 2, and 3 

With the (110) and (111) faces the angles for 7i~ 1 are 7^ 37' and 9° 23'. 
Now sm5° 23' . si]q 7'^ 37' siniC 23'^ I : \ 2 • a' 3 almost exactly It appears 
therefore that the grating .spaces for the faces (100), (110), and (111) are as 

I : ^ . This is what we should obtain if the space lattice of the crystal con- 

V2 Vs 

sasted of C(|ual cubes y ith an atom or group of atoms at each corner. The grating 
space for the (iOO) face would then be eipial to the edge of a cube, for the (ilO) 
face to hall the diagonal ot a face of tlie cube and for the (111) face to one-third 

1 1 

of the diagonal of the cube. These lengths are as 1 ^ . In agreement with 

^'2 \ 3 

the results obtained. We conclude that the crystals of KCl behave like a simple 
cubical space lattice 

The glancing angle for the same X-ray line from the (KKI) face of sodium 
chionde is 0' O'. The grating sp,U‘o tor this i.ice is therefore smaller than for 
potassium chloride in the ratio sin TV 23' sinb 0' — I , 1 115. if the NaCl 
and lv(1 crystals have the same structure, \^iuch v\e should expect to be the 
case, then the grating spaces should be proportional to the cube roots of the 
molecular volumes. 

The molecular volume of KCl is equal to the molecitiar weight 39*10 -i- 35 46 

= 74 56 divided !>y its density 1*99 or 37*5 and tliat of NaCl is 

/375\i8 x^‘lb3 

~ 27 02 and ( 1*115, which agrees with the ratio of the grating spaces 

exactly 

The glancing angle for the (110) face of NaC’l agrees with that for KC3 in the 
same way, but for the (111) face of NaCl the glancing angle is just one-half that 
to be expected from the angle for KCL In the case of NaCl the grating spaces 

for the faces (100), (110), and (111) are as 1 : ^ , instead of 1 : as with 

V2 \'3 V2 V3 

KCL The numbers of electrons in K, Cl, and Na atoms are 19, 17, and ] 1 respec- 
tively, so that K and Ci atoms should be nearly equally elHcient as scaiierers of 
X-ra^s but Na atoms little more than half as efficient. Thus in a KCl crystal 
all tlic atoms are nearly equal as regards X-ray scattering, so tliat it makes little 
ddlerenco whether a K atom or a CI atom is at any particular point. This sug- 
gests that in the simple cubical lattice of a KCl er^Nstal the group is either one 
K atom or one V\ atom, and that in a Na(T crystal the arrangement of the atom 
is the same a.s m a K(T crystal, but that the effect on X-rays is not the same 
because of the difference between the number of electrons in Na and Cl atoms. 

ISince the grating spaces foi' the (190) and (ll(^) faces correspond wi‘ ciuiclude 
that the planes parallel to these faces ei>nta!n e(j[ual numbers oi metal and (‘hlorme 
atoms in each case, whereas in the ease of the (111) faces the planes contain all 
metal atoms and all chlorine atoms alternately. In the ease of KCl the (111) 
grating spac‘e is the distance from a plane containing only K atoms to the next 
plane containing only (1 atoms, since these planes arc ]>ru<*tically (‘qual as scatterers, 
but in the ease of NaCl crystals the (111) grating space is the distance from a plane 
maintaining only Na atoms to tht* next plane containing only Na atoms and so 
IS twice that corresponding to the (111) face in KCL The arrangement of the 
atoms is tluTefore as shown in fig. 15, The black circles represent one sort of 
atom and the white circles the other sort. The atoms with equal numbers are 
all in the same (111) plane. Each sort of atom is arranged in a face-centred 
cubical lattice, that is, at the comers of cubes and in the middle of each face. 
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Tlic relative iniensities of the reileoted rays for diflereni values of n in tiie 
equation 7 i 7 .~ 2d sinO, or the relative intensities of the spectra of diikTcnt ordi'is, 
also give information about the arrangement of the atoms. I'^or c*xa!nph\ it 
is found that with the (111) face of sodium chloride the lines for wlii(‘h // - 2 
are stronger than those for which n = 1. The grating space 01 this case is the 
distance fiom a layer of Ci atoms to the next liycr oi ( 1 atoms. I’hc rays rcficct<‘d 
from the layers of Na atoms m betw een, w hen n — T arc hall a waie-lcaigih 
behind the wwes from the next layer of 
Cl atoms and so diminish the intensity 
of the reflected beam but, when ?? ~ 2, 
the rays from the Xa atoms are in phase 
wdth the rays from the Cl atoms and so 
a strong reflected beam is obtamed. In 
the case of potassium chloride the rays 
from the layers of K atoms are practi- 
cally equal to the ra^s from the layers 
of Cl atoms, so that if d is regarded as 
the distance from a Cl layer to the next 
Ci layer, then when w — 1 there is practi- 
cally no reflected beam, so that d is 
apparently the distance from a Cl lay er to 
a K layer, as we have seen. These con- 
siderations serve to support the assumed 
arrangement of the atoms in these crystals. 

When the arrangement of the atoms in a crystal has been decided, the abso- 
lute values of the grating spaces can be calculated from tlu* known masses of 
the atoms and the density of the crystal. The mass of a NaCl moii'iaile is 

^ 1-663 X 10”" 24 grams, since 1.663 X 10”" 2^ is the mass of one atom of 



hydrogen of atomic weight T0077. This gives 9-797 X 10 '”’ 2 :i grams. The* volume 
occupied by one atom of either sodium or chlorine in the (Tystai is thendorc 

^1922^^9 ^ z= 22 Q6 X 10-24 c. c. The grating space for the (100) face is 
M X 2*luo 

equal to the edge of the elementary cubes, of which there is one to each atom, 
so that 

c^(io()) = (22-65 X 10-24)1/3 == 2 83 X 10-^ cm. 


The wave-length of the X-ray spectral line for which 0 ~ 6'^ 0' when n I is 

therefore ^ 2 X 2-83 X lO-s X sm{6° O') = 0-502 X 10-'’ cm. 

When the grating space for a face of a crystal has been found, llie crystal can bo 
used to determine the wave-lengths of X-ray spectral lines. The crystals usually- 
employed are calcite (c?= 3*028 X 10-s cm.) or rock salt {d=^ 2*8W:V 10-"' cm.). 

9. Wave-lengtlis of Characteristic X-rays of the Eiements. Moseley^s 
Work 

The X-rays of any element arc obtained by using it or one of its 
compounds as the anti-cathode of an X-ray tube such as the (V)olidge 
tube. The elements can also be made to emit their chara(‘.teristic 
X-rays by exposing them to X-rays of sufficiently short wave- 
length. 

The wave-lengths of the lines in the X-ray spectra of many of the 
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elements were linst, measured by Moseley, who (liseovere,(i tii(‘ vtey 
impurtaiit fact that the frequencies vary in a n‘ii:ular wav Awth t!u‘ 
atomic iimnber. 

The X-rav spectral lin<*s ol any element can be arranf^uHl in series 
or groups of lines Tlie series liavmg the highest frecpieiieies is called 
the K serK‘S, that with the next highest freiiueiicies the L s(‘nes, and 
so on. Hie K senes usually contains four strong Iiiuvs known as 
/y, . and Ky. The following table gives the wa ve-haigihs 

ol iinwe K senes lines m Angstrom units ( - 10"“'' cm.) for sev^nal 
eliuneiits, and the atomic numbers of these elements. The atomic 
nuinber of an element, except m one or two eases, is tli(‘ nnm])er giving 
the position of tlie element in a list of the (dements arranged in the 
order cd increasing atomic weights. Thus the atoma* numbers of 
hydrogen, helium, and lithium are 1, 2, and d res]HTl!\(dv 


Element. 

Vloimc 


Wavc-kiwUlis ol K S( ms 


N umbel 

a« 

; 

n 

7 

Sodium i 

11 

_ 

1 i 8S3() 

11501 


Potassium . 

10 

3 738 

3 7330 

! 3 1464 


Iron. . 

26 

P932 

1 0321 

1 75 -! 0 

! 736 

P>ronuni* 

35 

I 040 

1 035 

0 020 

0 014 

U hod Him 

45 

0 OitH 

0 6121 

0 5453 

0 5312 

Pmsium 

55 ' 

0-402 

0 308 

0 352 


Tungsion 

74 

0-2131 

0 2086 

0 1842 

0 17001 


Mosidey found that if the square roots of tlie lr<*quen(d(*s of the 
linos are plotted against the atomic numlxws then a ciirvi^ is oldained 
wliich is very nearly straight. Approximatidy, if is the impieiiey, 


wliere N is the atomic iiumlier, a is a constant, and li is a constant 
wlucli IS equal to the Eydl)erg constant of the formuke tor optical 
spectral seri(\s. For example, the freijiiencicss cd’ tin* serws in the 

spectrum of atomic liydrogiui are given by r li ( \ ^ where n 

i nr 

and m are integers. For the str<jrig(‘vst line of the L series, the line, 

Aloseley found 

my 


Now 


3 1 _ I ,5 [ 1 

2**^ 3{r‘”2“ 






10. Quantum Theory o! Spectra, Energy Levels, K, L, M, and N 
Series. Quantum Miinihers. 

According to Ihdir's qnaniuni tlieorv. Hie fn^(|ucncif‘s ol th(‘ ^ptni ral 
lines of an atom consisting of a nucleus with a positive (*liarge iVc 
anil single electron are ghen (diap. V, s(‘(“1ion 1 1) by 



Moseley's fornmbn for /y, and //„ lines are elt'arly (‘lustily lelati d to 
this last equation, and it uas immediatelv s(‘en 1h<it JIom^IcvA li'sult^ 
indicate that, the atoinie numliers of tin* elcnunls me eepiai to the 
nuclear charges expn‘ss(Ml in terms of the protonu* ehaiai* e. Tins ha^ 
been confirmed l>y all sul»se(juent- work, and m particular by researelics 
on the scattering of a-rays. 

According to tlie quantum theory of spi'ctra lln‘ frequ(‘ne*u‘S ol tlu' 
lines are given by 

hv - ir,„— ir„, 


where /? is Planck’s constant, and IV and Ilh denote the energies of 
the atom in two ot its possible states. The radiation is emitted vlien 
the atom changes from a state with (uiergy IT,/, to one willi less tneigv 
TTA> the change being supposed to consist of an eltadrun dropping 
from an outer possible orbit to an inner vacant orlut. In tlie (‘usi* of 
an atom having only one electron outside llu^ nucdcuis we luiv<‘ 



so that 




For atoms with more than one electron outside tin* lUKhnis no iluM)- 
retical expression for the energies of the possible states or eiungy 
levels of the electrons has been worked out, but sinct^ many fr(H|iumiy 
emitted gives the difference between two energy levels it is possild'e 
to deduce the energy levels of an atom from the frc{|ueneies of tin* lines 
which it emits. 

The principal lines in the X-ray spectra of any element can be 
regarded as due to transitions of electrons betweiai (uiergy levels v hiidi 
are called the K, L, J/, and N levels. Th(‘ K serh‘s is due to transit ions 
from the L, 31, and N levels to the K level, the L serii\s to transitions 
from the 31 and N levels to the L level, and the 31 scries to traiisi 
tions from the N level to the 31 level. Each of th(^se levels leveept, 
the K level is really not a single level but a group of lcv<ds which 
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do not differ niiicli from each oilier. The niimber n in the equation 

h ” /r-' 


is called the quantum numho fixing the state of the atom, and the state 
is referred to as an i'^-quantum state, or an n-qiiaiitmii energy level, of 

the (‘lectron. This terminology is 
earrhid over to the more compli- 
cated atoms, and the Ji, Jf, and 
N states or energy levels are referred 
to as oiHs two, three, and four quan- 
tum states or energy levels respec- 
tively. 

The energy levels and the tran- 
sitions hidween them are shown dia- 
grammatiealiy in tig IG. The hori- 
zontal limvs represent the energy 
16 levels, ami the vertical distances 

between tliein tlie energy differences 
such as -- The vertical distance betwemi the K h^vel and 

the line at the top is supposes! to represent the energy required to 
remove an electron from the K level riglit out of the atom. The X-ray 
spectral lines are represented by the vert-ical lines, whieli show a transi- 
tion from the level at the top of the line to that at th(i bottom. We 
see at once that 



with other similar relations. It is found that these relations between 
the frequencies are accurately irue. 


11 . X-ray Absorption Spectra. Energy Levels. 

The absorption spectrum of an ehunent for X-rays can be observed 
with the X-ray spectrometer by passing the X-rays from a (^oolidge 
tube through a plate of the substance, and examining tlie speciruni 
of the transmitted rays either photographically or with the ionization 
chamber, ft is fouml that tln^re are certain critical wave-lengths at 
which the absorption suddenly increases as the wave-length diminishes. 
A critical absorption wave-length characteristic of an clement is a 
wave-length such that the element absorbs X-rays of shorter wave- 
length than the critical value more than it does wav<‘-leiigths longer 
than the critical value. If the element is present in a gas through 
which the X-rays are passed, the ionization of the gas is greater for 
X-rays with wave-lengths shorter than the critical value than for 
longer wave-lengths. The increased absorption is accompanied by 
increased ionization. According to the quantum theory, absorption 
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occurs when an electron in the atom is moved fioin ds ta’hii nr em tis 
level to the free state outside the atom. In a iioinia! atom al! iho 
energy levels are occupied hy (deelrons, so that it i.-* not pos-dT Im 
the radiation to move an electron from om^ lt‘Vtd to aiinthei. !i /p, 
denotes the energy required to move an <‘l(‘e(roii liom an // qiiantum 
level to a position outside the atom, tlnm the uu'idiiit latlsiiion can 
only move the electron if its fre(|U(mey e is at least as great as that 
given by When an electron dro{)H l)a(‘k from ju^t out'^ah 

into the vacant level the atom emits a quantum ol radial imi //r 
The critical absorption freifuencies of an el<‘menl iherelore gi\i^ the 
values of Bn for tlie element. The K stales, for e\am[4i\ is <lut^ to 
electrons falling from the L, A/, jV, le\tds intt> the A !e\fl dim 
frequency of the line in the K stnies of highest foMjutuiev hluadd t heir- 
fore be practically identical with ih(‘ critical abHa[)ti(jn jreqmaie\* 
corresponding to the K level, for the highest energy levtd mu-t maiiy 
correspond to a point just outside the atom. It is found in fa<d that 
the K critical absorption freqiienci(\s ar<^ only a fraction of one pvr 
cent greater than the frequencies found for the K liiu‘s ol higlieA Ire- 
quency. 

The critical absorption frequencies therefore give \alual)li‘ infonua 
tion abont the energy levels in tlie atom. 

If Wq denotes the energy of a normal neutral atom winch lias all 
its energy levels occupied by electrons, and the energy of the atom 
when one w-qaantiim level is vacant, then 




If now an electron drops from an ??--qiiantiim level to the vacant ///- 
quantum level the energy of the atom diminishes by 

Wn - PF,, == (Fo + En) - (Fo + End - - E^. 


where v is the frequency of the radiation emitted. Kinia* ve are uidy 
concerned with energy differences, 'we may if w(‘ like take to be 
zero and the energy ol an atom with one 'n^qiuuituui li‘Vid vacant as 
equal to the work required to move an electron from an iz/ojuantum 
level in the normal atom to just outside the atom. It is found fiiaf 
there is only one one-quantum or K level, but tliat there may be tliree 
L levels, five M levels, seven N levels, five 0 hovels, and P hu el.. 
These levels are found from the critical absorption fn*qiiuiKm*s when 
these have been observed, or from the frequencies of tlm liius in ihe 
different series. It is supposed, for example, that the three A 
correspond to electron orbits of different shapes but about the saino 
size. The three A levels are numbered 2 ( 1 , 1), 2 ( 2 , 1), 2(2, 2) re^j»eet !\ elr 
The electrons in the normal atom are sujiposed therefore to arranged 
m groups or sets corresponding to the groups of levels. This i|iii‘H|iou 
is discussed at p. 107. 
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12. Energy oi Electrons and Fretueney o! Rays. Be Broglie’s Ap- 
paratus. 

As A \(3 have seen, an eleineiii may be caused to emit its characteristic 
X~iav vspeclium l)y bombarding it vitli electrons, as when it iorms the 
aiitncaihode of a, (bolidge tube. The bombardmg idectrons do not 
excite a particular spectral line unless tluy liave taioiigli energy. 
Ft>r example to caiisi^ the antbcatliode to emit, its K senes lines the 
bumbaidmg electrons must have at least as mucb energy as is required 
to nanove. an electron from the E level outside tlu‘ atom. When the 
K level IS vacant, electrons may fall into it from any of tlu' higlna* hwels, 
so that all tlie K lines ap[»ear iogetlier as the energy of t h(‘ bombarding 
electrons is gradii<illy increased. If the potential diherenee l)ei\\ecn 
the cathode and anti-cathode is V, the energy ol tlic bombarding 

eh'ctrons is IV, so that to 
excite a siu’ies of lnH\s due 
to electrons lulling mto a 
va(‘aiit n-quantum lev<d re- 
(juires that Fc It is 

lound tliat these conclusions 
from the tlu‘ory are m 
agreement with the facts. 

The anti-Ctithode always 
emits a contmuous X-ray 
spectrum as well as the spectral lines. It is found that this con- 
tinuous spectrum ends sliarply at a delinito fnapicncy, and no rays 
vith a greater frequency than this limit are obsiTved. The fre- 
quency at the limit is given by IV - hv. This equation was slumn 
to be aemirutely true by Duane and Hunt for values of V from tout) 
to 170.000 volts. 

Wlnm X-rays are passed tlirougli matter they cause the atoms to 
emit electrons. A (|uanium hv of the incident rays is absorbed by an 
electrc)!!. If is the energy nvpiired to remove ili(‘ eh'ciron just 
outside the atom from its energy level the electron is shot, out of tli(‘. 
atom with kinetic energy eipial to /m-— AV. By measuring the kinetic 
energies of the electrons shot out by rays of known frecpiencies the 
eiKTgy lev(‘ls of the atoms can lie determined The results obtaiiicHi 
in this way agree with tbos<* obtained by the other methuiis. 

The apparatus used bv De Brogli(‘ for measuring the energies of the 
electrons emittiai hy matter when acti'd on by X-rays is sliown in lig. 
17. DD is a heaev metal block into wliieh a small piece of the sub- 
stance to be investigated is put at A, A narrinv beam of X-ra.ys is 
allowed to fall on tlu‘ substance at A as sbowin Home of tlu^ (dcctrons 
from A pass tlirougb a slit at B and are deflected by a uniform magnetic 
field perpendicular to tlie plane of the paper so that they describe 



17 



SCATTERING OF X-R \VS 


ViLj 


l(}i) 


circular paths and tail on a pliotograidiic plat(‘ TP' at V. The \tliola 
apparatus is contained in a l)ox winch is {‘xliausled, and the tPadrotis 
are consequently not deflected ])y collisions witli .uas iiinl(‘ciih‘S. It 
m IS the mass of an electron and r its velocity, ilnai the radius if ol its 


iHV^ 


circular path is given l)y 

j ^ 

magnetic field. We have also • 


IIei\ when' IF is ih(‘ strength ol the 




where )ii^^ is tlu' mass 


'A^LJLS^V'^J XX’OXWl. If T XXVV V V/ fit i 

VI — Eye 

wdicn u = 0. By means of these equations r can he found witli the 
help of the known value of The kinetic energy oi ilie rays is 

equal to f 1 1 

, ~ I r , 


and so can he calculated. 

It is found that a vseries of lines is olhained on the photogruplnc 
plate, showuiig that tlie electrons come olT wnth diTimic' velocitUNs in 
accordance wirh the quantum theory* The energii's of tlu‘ elections 
are ahvays equal to hv — wdiere x' is a fre(|neney of tin* mcidiait 
X-rays and E^ is the energy required lo remove' an electron fioui one 
of the energy levels in the atoms of the substance* at A. 


13. Scattering o! X-rays. Classical Theory. 

When a narrow beam of X-ravs is passed through a thin plate of 
a substance of small atomic wnight, in winch the' rays do not, ewlU) 
the characteristic X-rays of the substance, scattered X-rays are e*!ni1te‘d 
by the plate in all directions. The intensity of these seaitere'd rays 
m any direction can be measiirexl by passing a narrow beam eif liiem 
into an ionization chamber and measuring ihc eonduetivity tiny 
produce in it 

It IS tound that the intensity of the scattered rays varies with tin* 
angle between their direction <nid that of tin* naadent licam 1| is 
greatest when this angle is small, least at 90 , and gnaiti'r near bSiF 
than at If the mtensitv at is taken as unity then tlial at 180 
is about 2 and near 0 ' about 6. 

If we assume the radiation to }>e scattered by free electrons according 
to the classical tiectromagnetie theory, it is easy to calculait* ilic* lotal 
energy of tin* scattered raws. On the classical theory (p IH), an Oect nai 

moving Avith an acceleration / radiates energy at the rate ol } 

f>rr 

ergs per second. If F denotes the electric (iiid strength in the incident 
X-rays then ////^ ™ Fe wiierc }h is the mass and c tin* charge of the* ele(*. 

tron. The rate of radiation is tliendore , Tin* eiH*r‘n^ (h*iidtv 

()7r(‘'h/P 

in the incident rays is 1{F- 1 //-), wliere II is tin* sfrenulli of tin* 
magnetic field. But F -11, and i!ie mevgy density is i!u*refore iA 
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Hence the energy Howmg ihroxigli -unit area in unit time is where 
denotes the average value of in the incident rays, and the energy 

. fF- 

scattered by the electron in unit time ivS 

hiTC'^nr 


If a piece of matter containing N electrons is placed in the incident 
beam, tlie total cuiergy of the rays scattered by it will be ecpial to 

^ The ratio of the scattered energy to the energy flow ing through 
unit area in lire incident beam is therefore - ,, This ratio can be 

07T//rC^ 

determined approximately by measuring the ionizations jiroduced liy 
the iiiculeiit and S(*attere(l rays, and thus N can Ix^ found. In this waiy 
Barkla sliowed that the numlier of eleidrons m atoms of small atomic 
■weight lik(‘ carbon is not far from the atomic number. The classical 
theory tluis appears to give n^sults for light elements wliich agree at 
any rate roughly AVitli the oliserved scattering. 


1 f. A. H. Compton’s Quantum Theory 0 ! Scattering. 

It IS found that 1 }h‘ waive-length of the scatt<aHHl rays is not ecjual 
to that of the incidmit rays, as it should Ix' accamhng to the classical 
theory. This change ot W'avi^dength iiy scattering has been investi- 
gated by A. H. Chmpton, wdio has shown that it can be explained on 
the quantum theory in a simple way. 

We suppose that, tln^ electron rectuves a quantum of energy hv 
from the incident rays and emits a (piantum hv of scaitereil rays in a 
direction making an angle 6 with the direction of tlie incident rays. 
The momentum of the in<‘i<lent ((uantum ln hvjc and that of the scattered 
quaniiiiii is hv je, so that the ilectron receivt*s an impulst* and starts 
oil with a velocity c in a direction making an angh* <j) with the direction 
of the incident rays. Compton sujiposes that, eiuugy and momentum 
are conserved, so that 

hv hv' d* [ ' / , .w ^ 1 ’ 

I — rye- J 


hv 

c 







0- : sint?- 

e 


• sin (fi . 


r 






where m is the mass of an electron at rest^ Thus we have three equa- 
tions to dei.ermine v', i\ aiul ({>. Eliminating from the last two 
equations we gc‘t 


v^ — 2vv' cost? d- 
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wliicli with the first eciuatioii }j:n<‘s 

!>' - I'/ \ l i a{l — 

where a-— /iv/wc". 

If A is the wave-length of the ineideiit niys and A' that ol the 
scEittered rays, su that vX - v'X' e, tlieii 

- l-j- a(! --cosd) 

A 

or A' — A " - (h hue) ( { - (0- 


Tlius tills theory indicates that A' is nnsitia* than A uiilt^ss 0 (I d ii^ 
difference A' — A is mdependent nf A. and tlip percriila^a* (‘lianiie i- 
therefore large for small w a lis hut small !hi ia!g<‘om^^. Futlinix 
mtlie known values of /g m, and e we g(‘l 

A' --A -(H)2i2(l- ros/^h 


where A' — A is in Angstrom units (1 Id’ cm.), 
tions for the angle (f), we get 

cot (d/2) 

- - 5 

1 ! a 


tan^- 


Holving the tH|ua- 


and for the kinetic energy of the electron we ged 

2/«cV cos m(l 'I 2a ~ 1 - a- siifA/^). 

The electrons which receive otn^rgy from tlu‘ X-rays in I Ins way nre 
called recoil electrons to distinguish them from photo-electrons, which 
receive energy hv, 

A. H. Compton in 1923 scattered X-rays from a molylHhmum anti- 
cathode by a carbon plate and measun‘d tin* \\a\c‘denglhs of liie 
scattered rays with a Bragg spectionnder. It W'as ruiiiu! that tlie 
lines in the spectrum of the scattered rays were usually dnuhhds, ea<h 
doublet consisting of an unmodified lineof wavedmiulh A and a modified 
line of wave-length A'. The diJIcrence A' — A was apfiroximately etpial 
to 0-0242(1 — cos 6) in agreement with tlie quantum thcorv. Tfii^ 
result has since been confirmed by sev<*ral other ihstaw ti’s. 

15. Experiments supporting Quantum Theory of X-rays. 

The quantum theory of the scattering of X-rays simuus Iu require 
that the X-rays consist of particles having <*iHa'uy da and moment tini 
hvlc. We may suppose that these particles execaiie kind of 

oscillation of frequency v as they move along w ith fiie veioeit\ ol IimIiI 
c. It is difficult to see how phenomena sucli as chiTraetimi of X rays 
by crystals, which apparently depend on interhasmee ludweeii trains 
of waves, can be explained on this theory. 
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Sump ver\ iiiturpsi ihu ha\e Lui u hv BuUk* and 

(lui^pimiiul 1)V < Yiuptuu <ui(! Suuuii, \\ lucli slrcanj^h" Mippurt the* partiuie 
or (juaid iini llieonm)! X r<5ys J>o[lu‘ aini |)«i,sm‘(! a narrow beam 

oi X~ra\^s t]irou'i1> hydrogen Two < hambms \\< arranged 

on (Mtlnn' sidi^ (d Ihe beam m siudi a wav that if a seatiered qiiaiitiiiii 
eider* (1 one elaiinbta’ iln seatlermg eleedron aeeording to ihe theory 
would eiilca* the oilier. dlH‘ ionization in the chanilaas w<is greatly 
iiureasiMl b\’ ionization bv <‘ollisions so that the elfei i due io a single 
fjuanluiii or (^leetron eould be dideeied. According io tin' iheorv \ee 
should (‘xpect tliai- when ionization was protluced lu oih‘ clniniber 
lonizalioii would piodiiced at the same msiant m tlH‘ other. It 
was foiiiul that simultaneous ionizations oeeurnnl in alxait H) pen* cent 
(d tlu‘ obsiTved eases, whadi Bothe and (bugan* ('onsntered to be ('om 
sideraldy mori^ ilian could lie explained by cIkiikh* (’oincidenees. 

(Ympion and Simon passinl a nairow bixim oJ X-rays ol vtay short 
wave hmgtli into a i\ T. B. Wilson cloud chamber, <md examined 
the idixdioti traeks produ(‘ed. The ns'oil elisdroiis produce^ short 
tracks and ilie plioto ehrironsor /5 rays iamtlei! Iw atoms with energy 
ap[)Tox!maiely hv produce mueh longer tmeks, so that d is e<ssy io 
distinguish bitweeii the two. It w<is lound that ot't'asionally a lecoil 
tiack started from the path oi the X-mv htMiii and simuliamHiusly a 
l^-iwy track from a mnghboiinng fiomt outside the i)(\nn Tlu‘ /J-iay 
track was assumed io be pro(!uc(‘d bv an ehadron shot out ol an atom 
by ihe scattered tfuantum which produced tln^ recoil track The 
angle 9!> betwtam tlie initial direction of the ivcoil track and ilie X-rays 
was observed, and also the angh^ 0 Ixdwiam tlie X~ray beam and the 
direidion from the beginning of tiie nn'oii track to the beginning of the 
^-rav track. It. was found that the valiums of olmu'ved agreed ap- 
praxiiiiately wdtli those caleulattxl by im\ms oi Ihe equation 


taiK^ 


cot {0 AO 
1 I a 


These results and those of i)otla‘ and (ieigm* secaii to support very 
stroiiglv the particle theory of X-ravs and to be ijuite inexplicable on 
the wMve tlieory. It appears tbat there is a large number of faets 
wdiicli agree wH!i the classical wavi‘ theory of light and X-ratxs and 
also a iargt‘. number oi fmds whicli agree with a parfieh* or (|iiantiini 
theory. Each set- of faets agrees with one tln'ory and seems detinitely 
inconsistent with the other t lieory. Since ugremnent between a theory 
and a set of facts does not prove the theory true, whereas disagreement 
dot's prove the tlnwy iinirue or at hxast inadi'quaf e, tlie imqier con- 
clusion to be drawn is cli'arly that both theoru's are inadeciuute or 
iiiitrua. Presumalily a mwv theory will eventually fa* discovered 
which will be capable of explaining all the facts. 
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1(5. y-rays* 

Tlie inoht poiiriral lav^ enniitMl i.muocH i n < Ihh.h 
y-ravh and are Ininal to ha\o lo tho'*‘ *» in ji- i* 

tratiiiu X-iMVs. ddiov <nt‘ not didoiltMi h\ ♦ 1<“ ifu «»! fi*. ’_m ^ ^ » 

and aany lui oliari^o ot oloctncit} 11 h \ <) piit m*' n-aa 

and ionize i!;a^c‘N hke X-ia\"^ 1 lie y !a\' i{n.!i iiten r -d’ i t 

can be delectiaL ali<'r i>a-snii> thruueli dan in (d n<a,Jy de '‘a- ad o 

tlicy ])ro(liieo. yia\s Ui‘e nnl\ oioMt'd b\ moauN tiu bmi ^ \da M» 
albo emit /5-iay.s. Tliis that y u\\ - i?» lanouMd d\ <i , \ 

vice veisa. It has been th.ii ilu\' jaiu^’a' y ’.t\ .Mae t*'* 

are stop])t‘d by lead, a"> X fax'* a!e [aoduepd bv fie o , jnM < a ! edi 
velocity electroiM o!i 1 Ih‘ anticattiode oj an \ or. dn**. I' d c 
found "that y-ruvs pnaluee /i lay when tlie\ an* ab*<>j!nu i>\ oj riM 
jiiBt as X~ra YN eaiLse I he (‘tHM^ion ul H ! a \ Uuth' dta«l lita\Mi d. n 
when jS-raVvS are prodiieed by y taV'. wba h veie jatHluw'd h\ J i, 
from a radioacdue bo<ly, then tin* fJ raw |audneed b^ th‘ y fa\ o .e 
the sam(‘ energy as the ft ravs which [produced tin* y !a\ 

The spectra oi theyra\s lotni jadio,Hl!\e IhkIcs h,i\r lu m. ♦x 
amined by nK\ans of th(* Bragg ei v-t<i! sjx'clrona o roi un jjai apin m f e 
and li is found that tln^ s[H‘e(ra contain Inn*" iajMiic \\a\eh! iic 
characteristic of the elements eiuittmu tin* raV'. Tb* \\t\< !Mi**b 
range from (b07 d' 10"“'' i*m. to tnl py* dhf*y i !\ «i»af m 

radioactive !)odies apjHau* to bi'lonu to tlie K ui A ♦ fe* <n \ t,', 
and so must be due to an (‘hu'lron fallmu from an im,im ie\ d m fin 
atom into the l\ or L level. The /j ra\s imntted b\' the } rlh*'* ^ 
nucleus may be supposed to kmH*k an eleetron oiu tin A oi /. !< » 1 
and tlie y-rays to be emitted wiieii an ehsUion iidb into liit pin e ! y 
vacant. 

When y-rays are scat4(‘r<Hl by liglit i*hmit*iid hkr eailH»n niofi n« d 
rays having a longer iva\edengfh ctre ot>taHn‘d a* wifii \ ra\ . Tiic 
change of wave-length apfiears to agn*e with that calidafcfl on 
Comptonls tlieory of X-ray scatit'ring. 

Tlie y-rays emitted by the nucleus may give I heir tmamv fo tin* 
extra-nuclear electrons^ as in the photcnehadric efiVtd. so that lie* 
atom emits electrons with definite energies. Thesf* sceoiidary el^s 
tronSj Imocked out by the y-rays from the nueleus, may be .tiidiM! 
with the apparatus shown in fig. 17 on p. Ifld. A lute uirf' t*otfrd 
with the radioactive body is placed at A, and iht* eh < frons are focuMt d 
by the magnetic field on the photographic plait* PPb 

It is found that some radioactive^ Itodicss givt* a many !iie*d 
trum of secondary electrons on the plate. Tia* tan*oii, d 
trons for a few of the most intcn.se lines an* gi\”Mi ui the follnttifiv 
ta.ble. Those electrons with discrete ent'rgies an‘olion caihe! sscftcdaiw 
jS-rays. 
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Elomrafc. Eneraries m Electron Volta. 

RaB 0 37, 1 50. 2-030, 2 600. 

RnC' 5 14, 13 23, 16-07, 21 04. 

EdAc 0-425, 0-4,54, 0-507, 1-305, 1-501. 

AoX U 45.5. 0 559, 1-708. 



If tlie y-ray from tlie nucleus lias 
eneigy and the energy it gives 
to the electronic system is E^, 
then the energy of the electron 
Ep is given by Ep = Ey — E^. 
Frequently the y-ray appears to 
merely knock a L or M 
electron out, so that for example 
Ep Ey— E^, where E^ is the 
energy K^quired to remove a K 
electron from the atom. The 
energies E^, E^, Ej^^, . . ^ are 
Imovm accurately from the X-ray 
energi(\s, so that the energy of 
the y-rays may be deduced from 
the observed secondary electron 
energies. 

It is found that there are a 
great many pairs of secondary 
^-ray and y-ray energies with 
equal sums. For example, the 
secondary jS-rays of radium G' 
give the following pairs. The 
unit is 10"^ electron volts. 


5-14 -i- 21-81 -= 26-05 
8*98 -!- 17-89 =-.= 26-87 
12-86 4- 14-11 = 26-97 
16 67 -F 10-28 = 26 05 


5-14+ 14-11 -- 19-25 
8-98 •+ 10-28 - 19-26 
16*67 + 2*54 '- 19-21 

5-14 + 10-28 -- 15-42 
12*80+ 2*51=15*40 


The sums of those pairs arc found to be approximately equal to mul- 
tiples of 3-85. Thus 3-85 x 7 = 26-95, 3-85 X 5 -= 19*25, and 
3-85 X 4 = 15*40. It a})pears, therefore, that the y-ray and secondary 
^-ray energies are equal to 3-85>2. + where n is a positive integer 
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and ^ constant wHcli lias the same value for a iniiiiher of tlic^ ray 
energies. Thus is equal to 1-29 lor all the energies in the list of 
pairs just given. These facts suggest the energy levels and transitions 
shown in fig. 18. 

It was suggested by the WTiter that the enorgv levels which are 
multiples of 3*85 belong to the nucleus and that the small levels +C^ 
represent energy received from or given to the electronic system. Thus 
a ray with energy 3*859^ may be due to a y-ray with energy 

3*85?i emitted by the nucleus which has given energy Cm to the elec- 
tronic system or has given all its energy to an electron which has thcB 



given energy to the other electrons. It may be, however, that the 
levels +Cm really belong to the nucleus. 

Other systems of energy levels have been proposed. For example, 
the levels shown in fig, 19, due to Rutherford, Lewis and Bowden, 
give the principal y-ray energies of RaO'. 

The energies of the three most intense secondary beta rays from 
radium B have been very accurately measured by Bcott and Rogers. 
The magnetic field was produced by a permanent cobalt steel inagiiel , 
and was measured to one part in 10,000 *with an imjuoved lonii of 
Cotton balance. The energies found m electron volts arc I *513 X 10*\ 
2*045 X 10^ and 2*612 X 10^. 





r/() X4^AVS AND }*RAVS 

17. The I PlieEomeiiioa. 

Tlii‘ Biiattciiiig ol X-rviys liiiB been studied very extensively by 
Biirkla. wlio liiicls results winch apparently arc not in agreement vdtli 
Comploirs quantum ilicoiy. The followiiig summary of llirkla's 
results is (|iiotcd from one of luh recent* pa])ers. (1) When a. hetero- 
geiit'Oiis X-radiation is scattered, the scattered radiation has cither 
preidsely the saiiie absorbability as tlie primary, or there is a well- 
iiiarkcHi (iitlcrence between the al>sorbahilities when measiued in any 
one substance. (2) Wlien scattered radiation is flilleroiit from the 
primary when measured in certain siihstances, its absorbability may 
be, and frequeniiy is, precis(dy like that of the primary when measured 
in certain other siibbtanccs. (3) Even after transmission through 
substances which show'' diilermices hetweem primary and secondary 
radiations, there is still no dillerencc bet'weon the two when measured 
in certain other substances. (4) 'Wlien the se<ittered radiation is 
observed in diilerent directions making ang](\s of 30"^, and 90® 
with the primary beam, and when tlu‘St‘ radiations ifiher from the 
primary in their absorbability in a (‘ert<un substance, they in general 
diftec by precisely the same camount. When a dilhi'ence appears 
with increasing angle of scattering, it talons pLua^ abruptly by a 
jiirnp. 

The changes in absorbability arc referred to by Barkla* as the J 
phenomenon. He considers that a. lieterogcncoiis beam of X-rays has 
properties depending on the distribution of energy in its spectrum 
w’liieh cannot be deduced from the ]>roperties of the beams of homo- 
geneous rays of which tlic lietemgeneous beam may bo regarded as 
coiiijiosed. He considers that his r(‘sults do not agnaj with either the 
classical w'ave tlumry or tlie quantum particle theory of X-rays. 

Barkla’s results seem to show that absorbability docs not define 
the properties of a heierogtmeous bieam of X-rajxs, The absorbabilities 
of two beams may be the same in seme diilerent substances and different 
in other substances. 

18. Cosmic Rays. 

It has been knowm for a long time that air in a closed vessel is 
slightly ionizf'd even in the absence of any radioactive or other source 
of ionizing radiations, hhhst of this ionization disa])pears wdieii the 
closed vessed is surrounded by thick scn'cns of lead or w'ater, and so 
it was supposed Lo lie duo to traces of radioactive bodies in the ground 
or other bodic'S in the neighbourhood. 

Biiring the years 1911-1 i Hess and Kolhoers-fer found that the 
ionization increases when the closed vessel is carricai up in a balloon 
fco high altitudes. At 9000 metres it became about forty tinaes greater 



COSMIC RAYS 


VIL] 

than KolluH'ivtor thi-*!' ihi.i hi* 

due to poiielratiiig radiaiion falling on 1ho (‘orfh iroiii onLsiiit* \diirli 
is absorbed os it passes down fhrouLdi tln^ air. 

Ill recent yivirs this peneindiiu!; nulLition lias lanm careful!} 
studied by nuuiy iiiveei iu,iiors, nolalily MdhLan and A IL (tanpiiOi 
ill America, and by ila}, Kollioerster and Rok^i In isurope. The 
radiation is now usually lulled vos/mc m/yv. The luinzaiion in idos*M! 
vessels due to the cosinh* r<iys, at sea-levO, iias lu^ui measured af- nia’^y 
points all oiuw tb(‘ (urilihs snrfac<y and it is found lo depend on tie 
eartlTs magmuic field. The magiedic (apiator whole iLe oarlliVi ‘(eld o 
horizontal does not (‘onuido willi tlie u«‘Oiirapiiiea! ^pu.dor, bin n 
approximately lialf-vay beiwnen 1lu‘ inaanelie poh\n niannelie 

latitude vanes from zcuo at the magnet io equal or lo dO a!, I he mau'- 
nctic poles and is deiiumiiied by tlie earlhh^ f’eld. 

It is found that the eosniio ray .-^ea-hutd nuen b)' praCeallv 
constant from magnetie lati1u<h‘ ThC to iH)\ but, <!rop*i lioni 1*7 loU'* 
per cm.^ per sec. at rKy”" to 1*5 ions per (*mT per s(*e. at tie* imem* tie 
equator. The value at 25® is 1*5 1, At hitxh altitudes the I.iiitade eil« id 
is much greater than at sea-level, ami at the hiubesl nliitude™, p ha , 
been siatt'd that the intensity at the eijualor is ie.-s than 5 pt‘r leut 
of that at the poles. The lowest iniemsit y at sea h‘\el oeeun in daxa, 
where the earth’s magnetic field is grc^atest. Thmu is a smal! huigd u h* 
effect corresponding to the variation of the. magnetie, field with longi- 
tude. 

These results show clearly that ilic cosmic rays whidi enter tie* 
earth’s atmosphere from outside arc chargiul pariicdces, lueausa un- 
charged particles such as photons or muitrons would not, bt* ailVidtd 
by the earth’s magnetic fudd. 

In order that an electron or proton may he abh‘ to pencdrafe the 
earth’s atmosphere and get to the earth’s surface it, must iiavt* about 
3 X 10^ electron volts energy. At latitmh^s greater than 5ib clecdrous 
with this energy are not sufficiently deflected by ihi‘ earl ids inagmdii^ 
field to be prevented from reaching the top of the atiuospluuau At, 
latitudes less than 50^^ some of the clectroiiB wiik emu’uy only 
3 X 10^A?F are deflected away from the earth by its magnetic field, so 
the ionization at sea-level is less. At the equator only cdecdroiis willi 
about 20 X lO^A'F can got to the earth. The drop from i*7 ions por 
cm.^ at 50® to 1*5 at the equator is therefore due to the iffiminatioii of 
the primary rays, with energies between 3 X 10^ and 20 X OdAF, by 
the earth’s field. It appears, therefore, that a large fraeiiou of tht‘ 
primary rays have energies greater than 20 X JO'^AF. 

The variation of the ionization due to cosnne rays in a 
chamber with height above the earth’s surface has been invest igatiHl 
by means of observations on mountains and in balloons and aero- 
planes, and also with automatic recording iiistriiments carried liy 

7 (llHU) 
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small umiianiied balloons. Fig. 20 sliows the relation between ioniza- 
tion and baroinciric presbiire at about 45® magnetic latitude. Tlie 
ionization increases rapidly mth. elevation until tiie pressure is about 
15 cm. of ineroiiry and then falls rapidly. It is supposed tliat tlie 
primary rays wbich come in from oiilside produce sec^ondary rays by 
collisions viiii the air molecules, so that ilic maximum ionization due 
to fclic primary and secondary rays is not attained until tlio primary 
rays have p<isse(l tbrougli a considerable amount of air. The absorp- 
tion of the primary and secondary rays by tbe air then causes the 
ionization to fall with decreasing altitude. 



Fir. 20 

The cosmic rays may be detected with a Geiger counter, which 
consists of a fine wire mounted along the axis of a thin metal cylinder. 
The cylinder and wire are usually put in a glass tube containing air 
or argon at a few centimetres pressure. The cylinder is charged 
negatively to about 1000 volt^^, and the vire is grounded through a 
very high resistance. The potimiial dillerenco is adjusted so that when 
an ionizing particle passes across the cylitnlcr a momentary discharge 
betwecni the wire and cylinder takes place. The potential difference 
must be only slightly too small to produce a continuous discharge. 
The wire is conii(*cted tlirough an amplitier to an oscillograph or an 
impulse counter so that the particles which pass through the counter 
are recorded or counted. In this way it is found that there is about 
one particle per minute per at sea-leveL 

If two Geiger count-ers are placed with tkeir axes parallel at a 
distance of, say, 50 cm. apart and are connected to an amplifier and 
impulse counter so that only simultaneous discharges in the two 
counters are counted, the number of rays which pass through both 
counters can be determined. It is found that tins number is greatest 
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when the axes of the two counters are horizontal and in a vertical 
plane, and that it falls oJI rapidly when the plane containing the 
counters is inclined to the vertical, showing that most of the particles 
come down nearly vertically. If thick plates of lead or other materials 
are put between the two counters, the number of coincident discharges 
is diminished, and the mass absorption coefficients deternmied in this 
way are about the same as those found by measuring the ionization 
in a closed vessel at different depths in water or at diflerent heights 
in the atmosphere. The ionization (I) in a closed chamber diminishes 
with the tliiclmess of matter traversed by the rays approximately 
according to the equation I == whore x is tlie thickness traversed 

and /X the absorption coefficient. The mass absorption coefficient is 
/x/p, where p is the density of the matter, so that if M is the mass per 
cm.^ traversed then I ~ It is found that /x/p is not constant 

but diminishes as M increases, so that /x/p is about 5 X lO""^ cm,^ 
in the atmosphere, but only about 0*2 X 10~^ at a depth of 230 metres 
of water. 

19. Cosmic Ray Showers. 

It was found by Rossi that if several Geiger counters are placed 
below a sheet of lead then simultaneous discharges of the counters 
occur, showing that the lead 
emits several particles simul- 
taneously in difierent direc- 
tions. It is supposed that a 
cosmic ray particle collides 
with an atom in the lead and 

© 


Fig. 21 ng 22 

causes it to emit several particles. The arrangement shown in fig. 21 
was used by Sawyer to study this emission of showers of rays. Three 
Geiger counters ABC were connected through an amplifier to an 
impulse counter so that only simultaneous discharges of all three were 
counted. A plate of lead D was placed below the upper counter, and 
fche number of coincident discharges was measured for diCerent thick- 
nesses of the lead plate. Rig. 22 shows the relation between the 
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tiiimber n of coincidences per hour and the lead thiclaiess d. The 
dotted line shows the number of coincidences observed without the 
lead plate. These coincidences are accidental^ due to rays from 
(liftcreni bodies near. 

The sliower“j)i'oduciog rays (s.p.r.) arc not the primary rays, but 
are secondary rays produ(‘cd by (he primary rays from the air or other 
material. The s.p.r. set of! the counter A and enter the lead plate D 
111 wliicli they are absorbed, producing showers of rays AAhich are also 
al)soil)«‘d in the lead. If is the absorption coehicieiii of the s.p.r. and 
/X 2 that of iJiC shower rays in lead, then the number of showi^rs (n) 
should vary with the tliickness {d) of the lead plate according to the 
ecpiation 

where A is a const ant. The obsiuved values ol n with the accidental 
coincidences subtracted agree well with this expression, and the values 
oi fii and can l)f‘ obtained from them. The maximum occurs when 

d — ™ log This value of d was about 1*3 cm., and the values 

— ' 1^1 

of /X|_ and fi 2 wer(‘ 0*50 and 2*58. 

li a block of lead, thick <mongh to absorb the air s.p.r. completely, 
is put above A, then the priimiry niys produce l(‘ad s.p.r. in the block, 
and these produce showers hi the hard plitc Ivdow A. Tt is found that 
the absorption coefficicnls of tlic s.p.r. produced in lead and other 
materials are diilbreiit from the air s.p.r. 

If plates of difiereni. matiiuids are placed above the large lead 
block, the intensity of the primary rays is reduced and so the number 
of showers is reduced. In i Ms tvay the absorption of the primary rays 
can be obtained. Sawytu* found tbat the coefliiTmt of absorption of 
the primary rays which produce the s.p.r. is considerably greater than 
the cosniic ray absorption coetllcients as found from the ionization in 
closed vessels. This shoves that the s.p.r. are, produced by the more 
easily absorbed coiistitueni s of the cosmic, rays. It is found that the 
number of showers increases with altitude much more rapitUy than 
the ionizatioii in (dosed vessels. 

Hoflmann has obseTV(M extraordinarily large showers in closed 
vessels. These bursts of ionization occur much l(\ss frequently than 
ordinary small showers. The lotal energy to produce such bursts is 
sometimes as miadi as 10^^ BV, 

Very interesting results have been obtained by observing the 
tracks of ilie cosmic ray primary and secondary particles in (1 T. 
B. Wilson cloud expansion ebamlicrs. Skolxdzyn first observed 
straight nearly vertical tracks due to the (*osmi(j rays. Mtdi-Sinith 
and Lo(*her placed a Geiger coimtcu* above the expansion chamber 
and showed that when a tra<jk was obtained, which when produced 
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passed tliroiigli the counter, then the counter was discliargi'd. 

Anderson placed the cloud chamber in a strong magnetic field 
and measured the ciiivature of the primary cosmic ray particle tracks 
and also that of the showier particle tracks. He found that about lialf 
the tracks are bent as for negatively charged particles, and the other 
half as for positively charged particles. Moreover, the tracks of posi- 
tively charged particles are thin tracks just like negative electron 
tracks, and not like the thicker tracks of protons and alpha rays. He 
therefore concluded that the cosmic ray tracks due to positively 
charged particles are due to particles with about the same mass as 
elections. These new particles are called positrons Anderson found 
that the shower particles are about half positrons and half electrons 
Positrons have since been obtained from radioactive bodies, and it 
has been shown that ejm for positrons is equal to —ejjn for elec- 
trons. The discovery of positrons is the most interesting result so 
far obtained by the study of cosmic rays. 

20. Mesons. 

In 1930 x4nderson and Neddermyer found a track made by a cosmic ray par- 
ticle in a cloud chamber, in a magnetic field, which could not be explained as 
being due to either a proton or an electron. The product of the magnetic field 
strength E and the track radius of curvature p is proportional to the momentum 
of the particle. It was found that the new track had fewer droplets per centi- 
metre than a proton track of the same curvatuie. This suggested that the j)ar- 
ticle had a higher velocity than a proton with the same momentum, and there- 
fore a smaller mass. Many such tracks have since been obsei ved and it is found 
that they are due to particles with masses about 200 tunes that of an ejection. 
These particles arc called mesons. Some mesons have a charge e and about 
as many a charge At high altitudes the number of mesons is much greater 
than at sea level. 

It IS found that mesons are unstable and disintegrate into electrons and 
neutrinos or photons. The average half-life of a meson is about 2 x 10”® second. 

The primary cosmic rays which enter the cartlfs atmosphere fiom onthide 
appear to be mainly protons with energies up to several thousand million ejection 
volts. These protons collide with the nitrogen and oxygen atoms pioducing 
neutrons, mesons, electrons and photons.' All these paiiicles pioduce other 
particles as they move down through the atmosphere. For I'xample, a 
photon may produce a pair of electrons, one positive and one negative. Ek*ctron« 
knock electrons out of atoms and produce photons. The ]>hotons prodiue c!cv- 
trons and so on. At sea level cosmic rays consist of a very penetrating component , 
probably mainly protons, and much less penetrating components piobabiy 
mainly electrons and photons. 
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CHAPTER VIII 


Optical Spectra 

1. Principal, Sharp, Diffuse, and Fundamental Series. 

Tile specira of atomic* liyclro^cai an<l of iohizcmI lu-iiuin arc (iihcusscd 
ill the cliapter on quantinn IIk^oit, and X-iay sfiindni in the eliapier 
on X-rays. In tin* jiresenl eliapier tlie smaes ol speciial lines found 
in the optical spectra of many chanents will he considcrisl. 

About 1890 Kayser and Jhin^c* dis(*ovT‘rtHl scTit‘s of lines m the 
spectra of the alkali metals, and soon a flea’ this Hydlierg show(‘d ihat 
the frecjueneies ^ of these Ihh‘s could he (‘Xfiressed approximately as 
the differences of tivo ler/ns. each term hein[> of the loriii 

W+af' 

w'here N is a constant liavinj^^ the same value m all the series, a a small 
constant, and a an mte<rer. KydlxTg’s h/nnnla is analo^i^oiis to Balmehs 
formula for the frequencies in the sptahriim of atomic* hydro, i»cm, whicli 
are e({ual to the diUVrcmec^s helwcam tw*o tmans cnieh of whi(*li is A/a-, 
liitz showed that a more* exact cexpre.ssion for the* fnK[utmcies is got 

. A ' 

by taking the difference between two tcu’ms of the form , , , - 

' (H+a + p/ny 

0 ]; — „ where a and B are small cunstaiils. 

{R~\-a + p/n-y 

A particular serAs is represcaited by 

P- vf I 1 I, 

" \{}i' + af (a i afl 

wlicn-^ a' lias the same* inlc^gral value m ul! the lines of tin* sc*ries and 
id k 1, id ' 2, a'-| 2 , When a is very large* (a 0, 

and we get as the limit of the heri<\s -r nf . The lines in a series 

^ In ptMctical ►^pectrnsiMipy, Iho fuijitnici/ is halntually usm! ui the .-'<'nsc of 

“■number of vvave-leni»thB ]irr ct ntiiint tie The %ierd udve-nuiuiht v iv noiu* tiuie-'t um‘< 1 
wirh the .same meanmu. To pr<\<*nfc rlie* possibilitv of eoufusioii, frequency m tins 
conventional seime whl he <l(*uott(l lure hy th<* sMiibol i?, an<l freqinuu'y in the strn't 
sense by r as hilheito. The constant X, ealleU the Ky<ib<*ru constant, iw'i. flic vilue 
109732 cmw^. The constant %7Thm^jk^ of Chap. V, §14, is nearly cHjuai to AV and v~ (¥. 

1H2 
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get fainter as tlie limit is approached. Four such series have been 
found in the arc spectra of the alkali metals and alkaline earth metals. 
These series are known as the principal series^ the sharp senes, the 
diffuse series, and the fundamental series. The formnlfe usually used 
for the frequencies in these fom series are. 

Principal- P(n) = P(qo ) — Nj{n + P)^ n = 2, 3, 4 . . . ^ 

Sharp: S{n) == >S ) - N/{n + S)\ = 2, 3, 4 . . . , 

Diffuse: D{n) = D(co ) — 4- = 3, 4, 5 . . . , 

Fundamental. P(m) = P(oo ) _ + F)^, n= i, 5, 6 , , 


where e.g. F(/i) is the frequency of a line in the P scries, and P, 
S, D, F are the values of the constant a in the respect ive series. In 
many cases each Ime of a series is not a single line but a doublet or 
triplet. Each senes according to the above formulas is determined 
by two constants, such as P(oo) and P, which are different in different 
series. It was shown by Rydberg that these constants for different 
series are related in a simple way. He found that 

= -0(00)= (2-^2’ 


and also that 


P(co) = 


N 


From this it follows that P(°o ) — 'S(oo) is equal to 


P(CO). 


N 

{2+pr'- 


:P(2). 


or 


Eunge pointed out that D{oo ) — P(co) == Z)(3), 

r./ % N 

^ > (3-hPr 

The four series may therefore bo represented by 


S{n) = 
D{n) ^ 
P(tt) = 


N 

N 

{r+sf 

" (« 4- Pf 

N 

N 

(2 + P)2 

~{n+syp 

N 

N 

(2+pr“ 

(n + Pr 

N 

N 

(3 + -D)^" 

(n + If 


, n=^2, 3 , 4 . . . , 

. h=-- 3,4,5... , 
, w -J , 5, G . . . , 


so that only four constants S, P, D, and P are required besides N. 



iH4 OPTICAL SPFATRA lCiiAr„ 

The.^e fonuiiko aro iiMially ssvhxni in uii ahlTaviatad fnnn as tallows: 

P{u) IS 
A'(a) 2 P-nS. 

1){h} - 2P — til), 

P{H) M) hF, 


Tliiis DV?)) lucMjis iTa s|H‘(tral lii)t‘ ui t1a‘ D smas Jar ^\luCi 

Imf slaiifls lorlluMtiin / 

(.)-[ i)y 

2, file Coiiil 3 iiiatioa Frincipie. 

P\dl>aru and Pit/ [)oin{ad <ail that sjKH’tral with fraqinaieia^ 
p;ivan hv (ha diffaran<‘(^'. Pol warn any [H>s>ihir [Kur ol iha tcniiirt tJ\ 
JiS, til), iUni ti F inialii hr t‘\[)rriad (o apprar. Ida* a\«jin[»la, - liP, 
2S - tiP, and so on A aiMnd uninv suah linas inist* hiaai disaovarad, 
so that iiacordiini lo thi'. pnncipha knowsi as lh(‘ (‘onihinaf ion princapka 
linas nia\^ ocaiir with haqiididas nivtai by ilia abhraviatt'd a\'pn‘sMou 
tiX ~ - ti2V\ wlaaa // and /d ara inta^Lns's, and A" and A" sland for P, 
Sy i), or F, 11ns may la* aomparad witii Iha formula for 

ilic fnajuancms of iha hnas in iha spatarum of atomic liydrogan, 

i“ ^ , ■“ \\hrn‘ n and a' art* int(‘ra^‘^* 

i/- ti “ 

it appaaiN a-^ lliounf) spfwiral lint's ronid be arran^t'd in an inlinita 
niimhar of s(*ri(‘s (‘aah iia\ mr an mliniit* numlxu' of itTins. Of eoursa 
only a aomparatixtdy snndl numlH'r of iha linas induadtMl by t!u‘sc 
lornmhe hava ht‘an aaiually obstawad, 

Aaaonliiii* to iln* tjuanfum tlnsay tin* iarms likt^ nPj }iS, tkc., 
rt^presmi. (aitnyy h‘vrls lu tin* atom^. Wlian an Otslron falls 
tr<an oiia cnua’iiv lavtl i<) anolht*r havmu k'^s (Uhtuv, radiation is 
tmiiiitsi of fraqmaiay r in\an by Itv /t\ /C. Ilia line* P(2) aivtni 

;Y ' * 

by P(b) -ryy •““ b)r axampk*, is suppOhtnlio ba (‘luitled 

wlnm an atom (‘hani»a^ from a stationary stab* Iiuvini^ amwity 
(J -- \ \\h(*rt* is a constant 

(f> j I )“ 

A7/a 

C — so lliat i!n‘ lrc(|ii(‘iicy oF tlu‘ radial ion aniilicd is yivan Fiy 
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SPECTRA OF ATOMS 
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3. Spectra of Atoms wMch have lost Electrons. 

By using sparks between electrodes very near togetlier in a very 
perfect vacutini and working with very large potential diderences, 
Millikan and Bowen have obtained the spectra of many atoms wliicli 
have lost one or more electrons, thus extending work of tins kind 
initiated by Fowler, Paschen, and others. 

We should expect atoms containing the same number of electrons 
but different nuclear charges to give similar spectra. Iiicreasiug the 
nuclear charge must diminish the distance of the electrons from tlie 
nucleus and so increase the energy of the atom, but it should not alter 
the arrangement of the electrons or the relative sizes of their orbits. 
Thus increasing the nuclear charge, keeping the number of electrons 
in the atom constant, should shift the whole spectrum towards sliorter 
waAT'e-lengths without altering the arrangement of the lines in it. In 
the case of atoms having only one electron wc should expect the 
frequencies to be given by 



where Z is equal to the number of ionic charges in the nucleus, or the 
atomic number, as in the cases of atomic hydrogen and ionized helium. 

4, Spectra o! Atoms containing 1, 2 , 3, and 4 Electrons. 

If we indicate the number of electrons lost by an atom by a suffix, 
so that, for example, Out indicates an oxygen atom which has lost 
three electrons, then the atoms 

H, He|, Liju Ovn? 

wliich all contain only o?w electron, should all give spectra represented 
by the above equation with Z = 1 for H, Z = 2 for Hci, Z ^ - 3 for Li^,, 

and so on. Lines given by ZW(^~ — have so far only been 

observed in the spectra of H, He, and Li. 

The following atoms all contain two electrons* He, Ljj, Be^^ Bjjj, 
Cjv, Ny, Oyij Fvii. Tlie spectra of these atoms should contain series 
represented approximately by 

-™72Ar( 1 11 

where Z is equal to the atomic number, since such series have been 
found in the spectra of helium and Bcip 

The following atoms all contain three electrons* Li, Bej, En, 

N|VJ Oy, Fyj, 

7« 
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The F>pectiiim of Li hories r(‘|)n\^(‘ntc4 by 

T __ N 

{>/-. a')- {u 1 a)- 

so we bliuiih! expect similar senes, w ith ZwV uisleud of iV, lii the speelra 
ot the otlier <itonis \\ ith electrons. Such ^erH's have been found 

!>y Fowler, Pasciiem Ahllikan and J>owi‘n, and othtas. 

The iollowini* ial)le by iMillikun <ind Bowen ji;i\a\s the values 

of the seri(‘s terms for IjK Bcj, 1>ji, cunl (\jp Tlu‘ diHVreiict' betAveeii 
two such terms for the same ehmient gives the i!e((iuaic\ oi a sp(‘clial 
line. 
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The second ro^v of this iaide gives the values ol X ld9J32 
divided hy J, 9, Id, or 25. These an* tin* values of tlie teams in 

N N 

the equation e ■ gives the fr(‘queiieies of the sfiectral 

lines of atomic liydrogem 

The rcaiiaining rows give tin* va]u(‘s of the stTh‘s terms deduced 
from the obscTved frequencies of the liiuss of Li, Ih% JL and V atoms. 
TIi( 3 terms attribute^l to Jhq are divid(*d by 1, those attributed to Bn 
by 9, and those attributed to (\jj ]>y Hh 

We see that the resulting quoiiiaits ar<3 nearly (‘cjual to the values 
of Njn^ and are nearly the same for the iliftVrcad atoms. Thus, for 
example, tlie specirnm of contains lin(‘S ha'^ing mno’ly iiine times 
the frequencies of lines in the spectrum of Li. 

It is supposed that in thefie atoms, which contain three* idectrons, 
two electrons describe vsmall orbits near the nucleus and tiu* third a 
^much larger orbit. The outer electron has a nimiber of possible orbits 
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according to the Bohr theory, and lines with frequencies nearly equal 

to — -4") are emitted when the outer electron drops from one 

\n^ n^J 

outer orbit to another farther in. The nucleus and the two inner 
electrons form a small group having a total charge {Z — 2)e where Z 
is the atomic number, so that so long as the orbits of the outer electron 
do not come near this group the orbits are very similar to those of a 
single electron moving near a nucleus with charge (Z — 2)e. 


For Li, Z = 3, so that (Z — 2)e = e; 

for Be, Z — 4, so that (Z — 2)e = 2e; 

for B, Z = 5, so that (Z — 2)e = 3c, 

and for C, Z = 6, so that (Z — 2)e = 4c. 


Thus the appropriate constants for Li, Be^, and are N, iN, 
9N, and 16Ah 

The following atoms all contain four electrons: 

Be, Bj, C|X5 hfm, 0|vj 


These atoms have two outer electrons and should therefore give series 
represented by 

zm zm 

{nf + a)^ {n + a)^’ 

since such series are found in the spectra of Ca, Sr, Ba, and Ra, which 
all have two outer electrons. 


5. Spectra of Atoms with 11 Electrons. 

The following atoms all contain 11 electrons: 

Is a, Mgx, Al^x, Sijru, Sy. 

Sodium is supposed to have 2 electrons very near the nucleus, 8 farther 
out, and 1 outer electron which describes orbits usually well outride 
the inner group consisting of the nucleus and K) electrons. The 
electrons in the other atoms with 11 electrons should b<3 arranged in 
the same way, so that we should expect all these atoms to give series 
containing lines represented by 

Z W ^ ^ \ 

V(n' + a')- {n+afr 

This is found to be the case. The following table gives the term values 
for these atoms divided in each case by (Z ~ 10)“, Z being the atomic 
number. 
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NAr ~ 
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Na 1 

■ll.l'.liM) 

15,709 5 

s,2is :! 

.'1.077 ;s 


AC 1 

3tai5)9 

12,«(m (i 

7,120 3 

4,517 3 

X' 

A1 9 

25,49 1 89 

11,475 82 

2'» 

. 

Si, 15 

22,755 S3 

10,533 55 

5,158 72 



P 27) 

20,979 55 

10,051 53 

5,914 35 

— 


s :ii\ 

19,729 55 

9545 22 




Na 1 

24,475 7 

11,175 1 

5,4 (K) 3 

4,151-3 


Ail'd 

21,375 5 

10,154 0 

5,949 5 

3,lK)0-2 

p 

Al,9 

P9,501 01 

(8525 85 

5,554 93 

- 

Si, 15 

1 8,272 52 

(8105 53 

5,471 15 



P 25 

17,401 88 

S.802 2(> 


~ 


S 35 

ir>,753 54 


- 

“ 


XaA 

12,275 2 

5,9004 

1,412 5 

3,0()l 9 


AIl^ I 

12,441 3 

5,988 8 

4,451 5 

3,091 5 

i) 

Al,9 

I2.(il i 0 

7,074 3 

4,. ">08 72 

3,119 95 

Si / 15 

12,733 55 

7,13P84 

1,539 22 



P 25 ' 

12,811 8 

7,154 01 


- 


‘S,35 

12,855 59 

- 




, Na /] 


(8850 4 

4,390 4 

3,013 0 


Mu 4 


5,855 8 

4 394-3 

3,051 2 


At 9 

__ 

(8871 28 

4,397 51 

3,053 83 


Si/ 15 


5,874- 19 

4,399 97 

3,055-97 


1825 


5,875-38 

4,401-U) 



^sy]G 


5,878-11 




^X.i 1 

™ _ 


4,388-8 



Mu 4 




3,048 7 


Al;'9 



4,391 so 

3,050 30 

r 

Si/ 15 


— 

4,392 31 

3,050 8 4 


P 25 



1,392 74 

3,051-14 


nS;:]5 

— 

— 

4,393 32 

- 



, 

. 

- 

3,015 3 


Mu 1 

- 




r 

Al 9 

- 


. 

3,019-54 


So 15 




3,0 49-81 


' F25 




3,050 2! 


! 


This ial)h‘ is tabai from a })ai)cr by Bowfai and Jlilhkan (Phj/.snnl 
ReneuK Maixdi^ 19 ' 2 n). Tlu' valuns of tha serins terms in it are due to 
Fowler Paselnm, and Millikan and Bowem 

Jt will be s(‘en that the quotients of tin* J) and F terms an‘ nearly 
eijual to the correspondinjjj values of A'/a-. Tliis is intc^rpretc'd, as 
before, to mean that the orbits of tbe outer ek^etron involved ar<‘ well 
outside the inmu’ (wbits. v^iinilar results to the above hawe been ob- 
tained with several other sets of atoms. We may remark, for example, 
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that potassiiiiii can be made to give a spectrum very similar to tliat of 
argon. Tlie normal K atom has 19 electrons and the argon atom 18„ 
It is tlierefore supposed that the K spectrum which resembles that of 
argon is due to K atoms which have lost one electron. 

6. Analogy with Moseley’s Law. Second Quantum Numbers. 

These results on optical spectra are closely analogous to Moseley’s 
law for X-rays. Moseley found that the frequencies of the lines 
in X-ray spectra are given by 

y=(l-.^^N(z~a)\ 


so that \/v is proportional to Z — a, where Z is the atomic nimiber 
and a is a constant. The square roots of the values of the series terms 
of which the quotients by (Z — 10)- are given in the above tal)le arc 
nearly proportional to Z — 10, except in the cases of the terms near 
the top of the table. This result is analogous to Moseley’s law with 
a= 10. 

Millikan and Bowen have pointed out that Moseley’s law applies 
to the optical spectra of many other similar series of atoms. 

In the quantum mechanics theory of atoms containing only one 
electron, lil^e hydrogen and ionized helium, it was found that the 
possible energies are equal to — 27r%ZV/n%^ and that the atoms are 
degenerate, that is to say, there may be several different proper 
functions or solutions of Schrodinger’s equation for each energy proper 
value, I and m having various values for a given n (p. 106). 

The average value of the distance r between the nucleus and the 
electron for an atom with one electron and proper function is given by 


= JwnTWndxdydz, 


On evaluating this integral it is found that 


: ____ an^ ( 


1 + 


i{i -f- 1) 


where a == Thus r depends on the quantum niiinbers n 

and t It increases rapidly with n and decreases as I increases, 
es|)ccially when n is small. 

The following are some values of n, I and r. 


r 

n 

i 

f 

3 a 

3 

0 

21a 

2Z 


2 ^ 

p a 

S 

3 

1 

25 a 
2 Z 

C 

3 

2 

21 a 




2 Z 


2 


1 
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The aionis coniaiiiiiig, for cxamploj eleven electrons are siippoftcd to 
have ten electrons near the nucieiis, and one usually farther out which 
therefore moves in a iield which at relatively great distances froro 
the nucleus is roughly the same as that due to a charge {Z — I())e, 
The possible eneigies of this electron are therefore roughly equal to 
the energies of an atom with a mieleiis having a charge (Z — l(})e and 
one electron. This is true when the electron is unlikely to be found 
near ilic nucleus and the group of ten electrons near it. When n is 
small f is smalls so the possible energies diller cousid(*rably from 
--27Thne\Z~-10f Also, since r depends on I as well as w, the possible 
energies also depend on I, so that the atom is not degenerate with 
rc^spect to i but has different energies for each value of I with the same 
value of n. For example, with n = 3 w^e get three possible taiergies 
corresponding to the three values of 0, 1 and 2 instead of the single 
value — 10)^/9/i^ for an atom with one electron and a 

nucleus with charge (Z — 10)e. In general, corresponding to any value 
of n there are n values of I and so n different possible energic'S. 

The selection rule for I is that it can only change by jzl, so that, 
for example, if the electron is in a state with ?^ ==- 3 and I -- 2, then 
it cannot change to a state with 1=0, The quantum numbers used 
by clilltTont waiters to designate the dilTerent possible energies, or 
series term values, arc not ahvays n and L They may be ti + 1 
n + 2 and % = ? -j- 1 for example. 

If the potential F of the outer electron is equal to (Z— l())c^/f +/(f), 
where /(f) is the effect of the ten inner electrons, then /(r) will be 
small unless r is very small. W(‘, may regard /(/) as a periuihatioii, 
so that the differences beiwaam the eiuu'gies and the values of 
— 27T‘*^wic^(Z — will be determined by the matrix elements of 

/(f) or J*w«/(f)w^m^^^'** The proper functions depend on the quantum 

numbers I and w, and as I increases the value of near the origin 
diminishes. Tims, since /(f) is small, ex(*ept near the origin, the 
energy changes due to the perturbation will diminish as I increases. 
The energies with 1=0 differ considerably from the hydrogen-like 
energies, but those with I = 2, or more, are nearly equal to hydrogen- 
lilce energies. 

The series terms S(n), P(n), D{n) and F{n) are supposed to have 
1= 0, 1, 2, 3 respectively. The selection rale, that I must change by 
+ 1, then explains why series due to transitions between F and 
P and I), D and F terms, but not S and D or P and F terms, are 
observed. 

The I) and F terms are nearly equal to hydrogen-like terms, but 
the P and especially the S terms differ greatly from hydiogen-like 
terms. 


* See p. rxi 
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7. The Series Terms for Sodium. 

Tlie values of the scries terms for sodium are shown grapliically in 

the acconipaiiying ligiire dii(‘ I0 
Bohr (fig. I). The (Ijstaiices of 
the black dots from the vertical 
line on the right are propor- 
tional to the valuer of the senes 
terms. The S terms are in the 
top row, the P terms in t!ie 
second row, and so on The 
curved lin(*s are drawn through 
terms having the same principal 
quantum number, and the dis- 
tances of these hues from the 
vertical line on the line for 
^ 3^=5 are proporiional to the 
corresponding terms of a hydrogen atom. 

We see that the D, and = 5 terms are nearly equal to the 
hydrogen terms but the S and P terms are much larger. It is su]>posed 
that the S and P electron orbits penetrate into the group of 10 elec- 
trons around the nucleus and so are acted on by the strong field of tlio 
nucleus, which increases the energy of the orbits. All these terms are 
for a neutral sodium atom, and correspond to the dificrent possible 
orbits of the outer electron. The first term of the principal senCvS 
according to this diagram is due to a transition from the orbit with 
principal number 3 and second number 1 to the orbit with principal 
number 3 and the second number 2. This series is represented by 
P(^n) =: IS — nP, so that in this case the principal quantum number 
is equal to + 1 since n = 2 for the first line of the priiicqial series. 

The possible transitions, with emission of light, on the diagram are 
from any dot to another dot which lies to the left on the next line above 
or the next line below, and so corresponds to less energy, because the 
energy is proportional to a constant minus the term values. 

If n is the principal and the second quantum number of an 
orbit or atomic energy level, then the level may be designated by n 
with a suffix rq. Thus 3j denotes the lowest energy level of the neutral 
sodium atom according to the diagram. 

8. Senes Lines and Absorption. 

The normal state of an atom is the state of smallest energy. An 
atom m a given state can only absorb light the quanta of which are 
equal to the quanta which the atom emits when it clianges from anotlun* 
state of greater energy to its actual state. Thus, according to llie 
quantum theory, sodium vapour at comparatively low temperatures 
at which all the atoms are in the normal 3^ state should absorb light 
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wiili ilie frpquoneicss of ilie liiioK of the Thin is hanifl 

io 1 h^ tlie case. Wlmi wlnle ligiit is passed tliroii^di sodiuiii vapour 
t!ie ahsorpiioii spinel ruoi obiaiiied shows the pniuapa! serais liiU'S only. 
The s:mi(‘ thing is tine of other elemeiiis. tl the ri(‘(|!ieiu‘v of tlic 
iiieideiil light is greater than that of the litnii of tlie pnneipal scah^s, 
the outer ehadrun iiuiy he removed right out of the atom hy a cfuaiituin 
ot ilie iiuadenl liglitu Th(‘ light is al)sorl)efi m this case and the vapour 
!s ioniy.cal ft is found that the al)sf>rption sped rum shows eontmiioiis 
al)sor[)i.ioii ol treqmmcies greater tliaii the limit of the principal seih's, 
exactly m agreement \Mth this deduction from the (jiuuilum theory. 

9. Douhiets and Triplets, 

dlio lines many seik‘s ai(‘ not sinde hues hut doul>k‘ls, tnpk‘ts, or more 
comfiliealt'd vioups of lines The terms are tiouhle or lupk^ and th(‘ difna'ent 
\aiues mav h(‘ Hidieated h\ a sulliv thus, uiF,, ^vhen^ i I oi 2 tor a st'ru's of 
doubkds, au(d 1,2, orli tor a serH‘s of tripk'ts. it the /Menus aie douhie, then 
the S and D s(aies hn(‘s are douhlets 'with <*oustant inMjiuauo ddteienei'S, since 
^9^0 2P hH and J){n) 2P-~)il>, 'j'lie eonstant fiequencv ddlerem'e is 

2i\ - - 2JP In this easiMlie P s(‘ri(.‘s lines tiu* doublets with iri^ipaaKy diihaeuce 
— }i!\. This diftVieiua' (IuuiiusIk's to ztTo as )} inen'ases, sinei' hotli id\ and 
ttaid to 7.ero. 

On the quantum mechanics theory the doubling of a term is supposed to 
bo duo to the series electron having two possihki states with slightly diflerent 
energies for each set of values of the principal quanl^um nnmbcir n, the second 
quantum number I or and the quantum number It is supposed that the 
electron has angular momiuitimi and a niagnetac moment as if it was spinning 
about an axis tlirough its centre. The component of the spin angular momentum 
along any axis like 0;: may be either positive or iK^gatlve with magiutudo Ii/ 47 i:, 
and the magnetic moment component is The. two ditrerent states 

have quantum nuiiii»ers n. h and a spin <|uanlum number s :bl. 

According to Paulks exclusion priinuplc, not moio than one ('leetron in an 
atom (‘an be in the same state or have the same set of (|uantuin numbers w, 
m and 6\ 

Tile liiu's of Ihe pruicifial s<*rie.s of th(‘ alkali fiudals an* (luubk‘ts. I'lu* veil- 
known I) lines of sodium an* the (Irsi douiik't m the sodium siaitw Millikan 
and Howeu havt* observed thi* first douhk't of the pnneipal seru's of tin* atoms 
Lu Ikq, r>n, (-jy, and <>^, which all contain three eleetrous. If Av denotes 
tlH‘ fnN|U(aiey diiTerenee of one of tlu’se doublets tht'U they fiiul tliat \ Av/ft^bo 
IS neaily eipial in Z ~ 2 in (‘ach easix For (‘\ample, for btluumJ^ --2 I 
and \Avdi3b5 OdKSf, and for oxwtren Z—2 fi and Av,0*2br> ■ (>184. 
A<‘eording io SommeiiMdM theoi^S of thi‘ }iiu‘ hfru(*fur(‘ of the spivtral liiu‘s of 
H, Ibq, Lin dismissed in tin* ehapter on the (|uantum theory, Av for thi‘ //„ line, 
the liivt line in the Ikilmcr serms, is and for othca* similar donbkis should 

be proportional to the fourth power oi th<* nueltMr charge* Zr. In tiu* ease of the 
atcmis ii, Ikq, Bjo Pjii^ N^mnid the charm* on the iiu(*!eus and group of 
tw'o eleetroiH lunr the iiuckms is {Z — 2)c, so that on SomnuahPrs tluniry we 
should expcii Av to lie nearly equal to 0 B()5(Z — 2)k which is just what 3!illikan 
and Bowen hnd. Similar doublets wath separat ions givmi by al)out 0 *Mm{Z - s‘)k 
w!ht(‘ s‘ is about 3 5, have b(‘en found in the X-ray spectra of practically all the 
elements. 
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10. Band Spectra. Quantum Theory. 

The speetia of many compounds and of diatomic elements contain yroupa 
of lines yliieh are called !>ands. in these bands the lines get closer togethc'r from 
one Side of tiu band to the other, so that one side ol the !)and has a uell-dehnc'd 
edge cailtnl the hea<l of the band where the lines are very close together. Sueh 
spectra ire(|ueiii!y contain a series of sucdi hands, all with iieads on tht‘ same 
side A good example of such a hand spectrum is the spectrum of the light from 
the inner cone oi a Ihinsen llame, which is usually attohuted to carbon monoxide. 
(Vanogeii and h^^ drocliloi ic acid also give band spectra. Many chanents m\e 
so-c<dled main dined spectra, which art‘ ])rohahly hand spectra in winch the* dif- 
ferent bands oveilap and so become confused. An example of sueh a spectrum 
is the manydincd speciium of hydrogen, whuii is attii!)uted to 11^ Siwaaal 
bands have been local ( hI in this spectrum by i) W Buii.irdson and others. 

According to tli(‘ (|uantiim theory the hands arc emitted hy roiatang mok'cules. 
The rotating molc(niles arc supposed to be only alilc to exist m a mimlHr of 
definite states characterized by diiinite lotatiomil eneigu^s, and to emit ligtit 
when they change from one sueh state to another with l{‘ss energy freipicney 
of the light emitted is given by the usual equation hv ^ h<’t K denoti^ 

the moment of ineiiia of a moleeule about its axis of rotation, and 0 th(^ angle 
through winch it has turned. Then according to the cpiantum tlunwy wa‘ have 

/ KMO ™ )iJi, wiiere n is an integer. Hence, since 0 is constant, AO = nh/2K. 

J 0 

The kinetic energy ot the molecule is therefore given by 


k' 


We assume that n can only change by one unit at a time, so that wiien it is 
+ it can change to — I, and when — to + 1. The frequency of the light emitted 
is then 


when is and v = 


h 

%TrK 


(2yi 1), w^hen is — . 


The frequencies emitted arc theiefore 


n 


+ 4 


-}- 3 

5v, 

+ 2 

3v„ 

+ 1 

Vo 

0 

•• -Vo 

- 1 

Vq 

-2 

■ ■ '^Vq 

~4 

7vo 


where The frequency — for «=:0 indicates an absorption of 

energy by the molecule. The spectrum should therefore consist ol lines with 
treqiiencK‘s 3vy, 5 vq, &c. Such spectra have been observed far in the infia- 
red, notably for water vapour, by Rubens and Bahr. 

If w c suppose that the molecule also vibrates w lili a frecjuiuuw' then aecortl- 
ing to the quantum theory its vibrational energy can only changes by /cq, so 
that the frequencies winch will be cimtted when the vibrational and rotational 
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energies boiJi cLingo ■nili be given by 

v-= vj ; A 

brz^'A 

or V - ^ 2 n - 1). 

In tins case, when <j:reater than as js iisu.ilh the ease, )i van change 

to n I or to — I, With eiuihsion o{ light. 1’he frequencies emitted are 

V 

V, I ilv,, V, - 7V(, 

Vi I :iv,> vi - 5v,) 

vj 1 v„ V, - :ivo 

Vi-Vo Vj - Vu 

'rhus a band is obiaimsi wiHi lre([uencj(‘S Vj i v,|, Vj - Vy, Vj ' 3v,), Vj - 3v,), 
ani so on, but not willi ireqiK'uev Vj. Such b<in(ts aie o})s« r\c‘d in tlie infra-od 
spectra ol £iCl, ilBr, and other diatomic inoleeuk'S. The Iim^ j is usually 
absent. 




80 far we ha'se supposed that the moment of nuTtia of the niolemde is a con- 
stant indt‘p<‘ndent of its rotiitional and vilirational energH*s, and that th(‘ internal 
enemy of the niolfHUile doe- not chance hi tlu^ <‘ase of fniiids in \usibk- or 
ultra~\iolet ix^gions it i.s necessary to suppose that the inhamal cTiercy <‘f tla^ mole- 
cule ehamres <is well as tht‘ rotational and vibrational enerme^*. d'he dmnge in 
the mtiTiml energy, howeviax may be supposed to iinadve a ehaiice in the moment 
of inertia and so of The freifueneies miutted are thendori" giv'en liy 

V -Vi I V. I v^^'(n L 1)'^ 

where is the new value of v^, and corresponds to the cthangi^ in the internal 
energy. 
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This giveB V ~A 1 I in \~ 

where A = H Vo — Vq', Ji - (J * — Vg, 

It iS found that mam l)<itids ran ho ropn'scaited \ery au‘ 1I hy this oxjireshion. 
The frequencies given by A — lin Cn^ me said to form the lU'eainc' 
branch of the band, and those given by v^~ A i /bmj fVr the posit i\(‘ 
branch 

The head of the band is at the nnniinum vaiu<‘ of v on tlu' negative binneh, 
and IS given by ~ — B | 2Cn 0, or ii -- so tiiat 


V 


B 



B^ 

4(f 


If B/2C is not equal to an integer then the head is at the vahie of v given hy 
the integer nearest to B/2C, The relation betw een v and n can be made \ery et^ar 
graphically, as shown in fig. 2 

The curves represent n as a function of v, and honzonlai lines are diaun to 
represent the positive mtegral values oi n. The valiuss of v in the band ar<' then 
indicated by the intersections of the liorizontal lines and the eurvt‘s I'he 
of the band is at H. 
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CHAPTER IX 


Cathode Rays, p-Rays, and a- Rays 

('A'l’l[()t)K HAYS 

L Crookes’ Experiments. 

(^atliodc rays were discovenMl hy Pliiekia' in 1859; lie (d>stTved iliat 
when an (4ecinc dlscliarge was passed lietwecn two elect rodtss through 
a tube and the f>,as pressure wais riKluccd to a sullicieidly suiail \^alu(\ 
the p;lass walls of the tube near the 
cathodt^ cunitti^d a greenish-colourial 
liglit This li<,dit could be moved 
about by briihi^in^ a inagntd near the 
tube, an<l appeared to b(‘ ]u‘odiiced 
by soinetlun^ coming from tlie 
cathode and striking the glass. 

Cathode rays wtTC later investigated 
by llittorf and (Joldstem and iii 
1879 by (Vookes, whose beautiful 
experiments made clear many of 
the properties of the rays in a 
striking way. 

As the pressure in a discharge tube is reduced ilu^ di.danee bidween 
the negative glow and the caiho<le increas(\s, and winm the Crookes 
dark space reaches the walls of the tube llie gn‘en liglit oI)ser\ed liy 
Plucker becomes very bright. 

If a solid btaiy is put up betwawn the cathodt* and the walls of the 
tube a sharply dtdined shadow it appears iu the green light emitted 
by t!ie walk Tliis was clearly shown by (Vookes with the famous 
‘Hl’ookes tube'’ shown in tig. L The glass tube conical in shape 
with a nearly flat end at K. At V a small aluminium tlise support isl 
by a wire sealed through the glass serves as ilie eatluHlc*. Tlie anodt* is 
a wire A hi a side tube. At X a pi(H‘e of miea or aluminium sheet in 
the form of a cross is supported on a lunge so that by tilting the tulie 
it can be put in either a horizontal or vertical posit iom Tlu^ gas pres- 
sure in the tube is re(lu<*ed to aliout 0*01 mm., so that the (Vookt^s 

dark space iilis the tube and the greenish light is emitti^d by the fiat 
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end wlieii ih(^ catliode and anode are connected to an induction cuil 
Wlieii the cross is uji it throws a sharp shadow on the end of the tiibCj 
8ho\”\]iig el(*arly that something is omitted by the cathode which is 
stop}5ed ])y the <‘ross. Also th(i shadow is sharp although the source^. 
IS ol eonsi<lerabl(‘ size, showing that the rays are not emitted in all 
directions from e\'eiy point on the cathode but m only one direction 
ft is found that the rays are emitted m a direction perpendicular to the 
surface of the cathode (dosi^ to its suface. Thus Crookes showed that 
by using a concave^ cathode the rays could be focused on to a small 
area, and if a ])iece of platinum foil was put up at tfie focus the foil 
became very hot and could even be melted. The cathode rays are 
deflected by a magnetic held as we should expect ii(‘gatively chargiid 
particles io be deflected, A Crookes tube for showing this is sliown 

in lig :2. 

The cathode is a. 
disc at Paralhd to it 
a few centimetres a,v'ay 
is a metal sli<‘et, with 
a slit S cut in it, whicli 
forms the anode. The 
narrow beam of ca- 
thode rays which pass 
through tiie slit falls on 
a slightly inclined screen 
EF coated with cal- 
cium sulphide, or some 
other substance, which fluoresces brightly when struck by the rays. 
A bright streak of light appears on the screen which can be deflected 
by a magnetic field perpendicular to the screen. In the figure a magnet 
is shown with its S pole in front and its N pole behind the tube, deflecting 
the rays upwards as shown. 

2. The Wehnelt Cathode. Magnetic and Electric Deflection. 

It was found by Wehnelt that calcium and barium oxides emit 
cathode rays very freely when heated to a red heat and negatively 
charged By means of a cathode consisting of a strip of platinum foil, 
which can be heated by a current, having a small area on it coatee I 
with calciiiiii or barium oxide an intense narrow’' beam of cathode rays 
can be obtained. If the gas pressure is not too low the narrow’’ beam 
causes the gas to emit light so that its path through the tube can be 
easily seen m a dark room and the deflection of such a beam by a mag- 
netic field observed. A tube with a Wehnelt cathode is shown ni fig. 
The anode A is a small almnmium disc and the cathodci (! a strip 
of platinum foil about 2 mm. wide supj)orted by two win^s E and h\ 
A small patch of oxide is on the strip near its middle. E and F are 
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eoBiiected to a battery and the Btrip luxated to a dull red heat. A 
potential difference of a few himdnal voKb between C and A is tlicii 
Biifficicnt to j)ro(luce an intense beam oi cathode rays from the oxide 
patch winch comes out ])eTpendicuhir to the surface o[ the foil and 
diverges sliditly. By means of a magnet the beam of rays can be 
deflected aloiig a cuiwe as shown m the figure. 

The potential difference re- 
quired to produce a discharge in 
a (Vookes tube, in W'hicli the dark 
space fills the tube is usually of 
the ord(U‘ of 10,000 volts or morej 
wdiich is much greater tlian is 
nec(‘ssary with a Wehnelt ca,- 
thode. The magnetic deflection 
of cathode rays increases as the 
potential difference used to ])ro- 
duce tlnan decreases, so that tlie 
rays from a 'WAhiufft cathode using 
a fmv hundred volts are mueli 
more easily deflected than the rays 
in a (duokes tube. (Vithode rays 
are <!eflected by an electric field 
like negatively charged fiarticles. 

A tul)e used hv J J. Thomson to 
sliow this is sliowui in fig. t. Tlie 
cathode is a small aluminium disc at V. The anode is a metal disc 
A having a small Inffe in it through w'hicli a narrow’ lieam of tln^ rays 
from V ]Kisses. Tlie beam is furfher limited by a second disc* H with 
a small hole m it, and then pass(*s betw’cen two parallel metal plates 
D and E to the c*nd of Hie tube near P, where it firoduces a luminous 
spot on the* glass If 1) and E are connected together the rays pass 
along tlie axis of the tube, but if a potential diftVrenct* is maintained 
between them by means 
of a, battery t!ie rays are 
deflected towards the posi- 
tively charged plate*. 

That tin* cathode rays los? i 

<*arry a negative charge* wa.s 

first shenvn dircxd.ly hy Perrin in 1895 * He ]sassed a beam fff the rays 
into a metal cylinder and found that the cyiinrh*r reci*i\(‘d a negative 
charge*. Hertz iu)tic(‘d that cathode rays can pass ifirough veuy thin 
metal foil and Lenard showu'd that tiny can be passcnl through a 
thin medal window in a discharge tube into the. air outside or into 
another tube cmntainmg a gas at any d(‘sir<Hl preessure. 
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3» €atliode Rays are legatively Charged Particles. Charge aad Mass. 

The experimental residts (lescribed above slam that (aii!io(b‘ rays 
are negatively cluirged particles moving with a iiigh velocity, and for 
a time it was generally believed that tluy woiv negatively cliarged 
atoms of the gas in the discharge tube or of the medal of tlie cathode. 
About 1897. how^ever, several physicists succeeded in nu‘asnring the. 
ratio of the charge e to the mass w of the cathode ray particles and 
found this ratio to have a siir]>risingfy high value, a]>c)ut 10" elect ro~ 
magnetic units per gramme. It wais also showm by Lenard that» they 
have considerable penetrating po\ver and can pass through sevcu'al 
millimetres of air at atmospheric pressure. 

Before 1897 the highest ratio of charge to mass laiown was that 
for the positively charged hydrogen ion in solution for whicli e/j/i is 
about 10^ E.M, units per gramme. The charge on a univalent ion in 
solutions was believed to be a sort of atomic unit of electricity IxMaiusc^ 
ionic charges in solutions are always multiples of it, so tliat pliysieists 
were inclined to expect that gaseous ions wmuld be found to cany the 
same charges as ions in solutions. The high value of e/m for cathode 
rays might have been explained by supposing e to be aliout 1000 times 
the charge on one hydrogen ion in solutions and m e((ual to the mass of 
one hydrogen atom. J. J. Thomson, who was one of the first to 
measure ejm for cathode rays, pointed out that the cathode rays could 
not have the high penetrating power observed by Lenard if they wewe. 
of atomic dimensions, and suggested that the liigh value of ejm was 
due to m being about 1000 times smaller than the mass of one hydrogen 
atom, the charge e being the same as that on one univalent ion in solu- 
tions. J. J, Thomson supported this revolutionary theory by many 
ingenious experiments, and it is now universally acce])ted. Other 
physicists, notably Wiechert and Kaufmann, also measured e/ni for 
cathode rays at the same time as J. J. Thomson, and Wiechert sug- 
gested the same explanation of its high value, but to J. J. Thomson 
as the principal advocate of the new theory belongs the greater share 
of the credit for it. 

The cathode ray particles or electrons, as they are now called, can 
be obtained from all kinds of matter, and are one of the few constituents 
of which atoms appear to be composed. The discovery of particles 
1000 times lighter than hydrogen atoms, obtainable from all kinds 
of matter, may be said to mark the beginning of modern physics as 
distinguished from the classical physics of Faraday, Clerk-Maxwell, 
and Helmholtz. 
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4. Ratio o! Charge to Mass, Measuremeiits o! Kaiiimann and I, J. 

ThoiiisoE. 

The metliodb used t<> measute ( hn lor eailiode lays will now he 
considered. The apparalos Used l)y Kaxifmaini is sliowii in iio;. 5. 
The cathode C and anode A wawe connected to a Wiiiisluusi iiiac!iinc\ 
and the poteniial ddlerencc V between llieni was nuusuied with an 
electrostai It* woltmeter. T!ie anode was a thin straiy;]it wire, and 
the cathode rays produced a shadow ol it on ilie piate F w!ii(*h clos(‘d 
the IcAver end of the tube. A nearly unilonn Uiagnetie hold pc'rpen- 
dicular to ilie rays and parallel to the anode wir(‘ was products! by a 
larye <‘oil SS' W'hich surrounded the part oi the tube laelow'' anode 
as shown. The masjiietic iield 
deflected the rays and the deflt^c- 
tioii ol the shadow' of the anodti 
on the plate P was intaisiired. 

The velocity v of an electron 
startupu from the cathode is given 
by the etjuatwui 

Ve Dae'h 

wdiere e is the charge and in the 
mass of tlie tdectron. In the mag- 
netic field (II) the electrons movi‘ 
along a circular path of radius r 
given l)y Hev. The radius 

r wais calculated from tlu^oliserviMl 
deflection and the tlimensions of tlu^ apparatus. TlH\st‘ c‘{juatiuns give 
f//// 217 //“/“. and V 21’////. The potential difleivnei' T was 

varied from about 2000 to 10.000 volts !>y nnlueing tiu' gas pnvssure 
in th(‘ tube from 0*07 mm to 0*02 min. The fiinil resiill fibtained wais 

^ 1*77 X lif IhM. units per gramme. 

A possible r>bje<*tion to tins method is that some of tlie electrons 
may be liberaO^d in tlie gas Iietw'een the cathode and anode and so not 
fall through the wdiole of the potential diflVrema^ l\ Hucli ih‘(‘troiis, 
howuiver, would not produce a sharf) shadow’ on the sennai lava use iliey 
waiuld be fleflectiMl tlirough difiVnmi (ILstanciw dt‘pi»nding on tlnur 
velocity. Tin* sharp shadow wdiieli was obtained must ha\(* been 
due to electrons all having the same vtdocity. so that they inu.-t have 
siarteil at the surface of the cathode as Kaufmanii as^unu'iL in 
discharges at low’ pn^ssun^s the cathode rays ar^ nuunly produ(*ed by 
the impact of positive ions on the cathode. 

d. J. Tlionisom using a tube like that shown in fig. f. UK^asured 
the deflection of the rays by a magnetic field and then balanced the 
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niagiK^tic (lefli^ction by the electric fiel<l between ilie plates t) and E. 
The magiic‘tie llehi \\a8 per])en(licular to tlie rays and parallel to the 
surtaces uf the ])Lites I) anrl E, and extended over tlie space' betwemi 
these plates. In this case Fv--llci\ where F is the electric held 
strength, so that v— Fjfl, For the magnetic deflection /ar“/r= //ee, 
so ihat e//>? ~ FjlPr, hi this way J. ft. Thomson found e/m to be 
about 10b e io be about 3 X iO^ cm. j>er second when the gas 
pressure Avas 0 01 inm. 

J. J. T!iomst>n also measured ejm by another method. A beam of 
the rays was received in a small niet-al cylinder, and the rate of rise of 
temperature of this cylinder wars deterniined with a thermocouple. 
The charge received by tlie cylinck'r was measured bv connecting it 
to a galvanometer. In this way the miergy IF and charge Q ol the 
rays wane found. We have tlien W jQ -- UnhAV, so that if e is found 
from the magnetic and electric deflections or otherwise. < jin can be 
calculated. In this waiy J. J. Thomson found ejm to be aiioiit 10b 
as 111 his previous experiments. 

The value of ejm for cathode rays has, since 1897, been carefully 
measured by many physicists. The value now accepted for slowiy 
moving electrons is 1*760 X 10'^ E.M. units per grammes It wais 
found that ejm for tlie catliodc rays is ilie same for disiiiarges in 
different gases and with cathodes made of dilfertnit metals. It is also 
the same for the cathode rays emitted by hot bodies or set free by 
nltra- violet light, and for the ^-raysor electrons emitted by radioactive 
bodies. It appears that electrons of identical properties can be ol)- 
tained from any kind of matter; they must therefore be one of the 
constituents of the chemical atoms. 

5. Cathode Rays and Ionization of Gases. 

When cathode rays are passed through a gas they produce ions by 
collisions with the gas molecules. The ionization produced by electrons 
moving through a gas under the action of a uniform electric field is 
discussed in the chapter on the motion of electrons in gases. When 
cathode rays are passed into a gas the velocity with which they move 
is gradually diminished by collisions wuth the gas molecules. High 
velocity rays travel in straight lines through gases at low pressures with 
little loss of energy, but slower rays are deflected by the molecules and 
describe paths ol irregular shape until they are stopped. The number 
of pairs of ions produced by cathode rays per centimetre of path has 
been determined by Durack and by Glasson. Diirack found that 
cathode rays produced 0*4 pair of ions and that ^-rays from radium 
produced 0*17 pair of ions per centimetre in air at 1 mm. pressure. 
The velocity of the cathode rays was probably about t X 10'^ cm. 
per second and that of the jS-rays about 2 X 10^® to 2*8 X 10^^ cm. 
per second. 
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GlaBsoii obtained catlmde rays of known velocity b}^ dcfiectiiig 
tliem by a imiforni mag£i(di(‘ Held and oblained the following results: 


\ t'ltH it / m 
< 'll 


!\uis <»t Ions pitHiuf i‘(l 
|Ri Cm in /ii Jit 
i Mill ri(‘'SUie 


4 m VP ... 2 01 

4 7(> > UP . . I 53 

5*44 \ i05» ... i 20 

0 12 N \iP . . . 0 99 


Tt appears tliat ilie loiuzaiion produced dinumshes as tbe velocity 
inenanses. The number of m()l(‘t*ule,s struck by an (‘lectron in going 
1 cm. through air at I nmi. pressure must, according to the kineiic 
theory (h' gases, be about 180 For more shwvlv moving eh^cirons 
Townsend found the maximum mmdier of pairs of ions formed to be 
I bG per ceutmietro iu air at I mm. pressure, 

ih Absorption of Cathode Rays. 

Tiie a!)Sf}rption of (vlhode ra>s liy thin m(4al slicetn and hy gases wms investi- 
gated by Ltaiaid in IS95 Tin* cathode lays in a dischaigc* tube wtTc* passed, 
llirough a sinail window ot aluinmiinn foil m the wall of the tiilie, into anuiiuT 
tube A M*nvn ol lianuin platinotyanuh^ was put up in I he se(‘ond tulie opposite 
tiie window' so tliat the cathode^ ra\s tell on it and eaused it to pliospiiori'scae 
I’lic intensitv of the* ra>s at the siaeiai was estnnat(‘d by the bnehtiiess of tlie 
linninosity ot the screen, 1110 absorption of the rays liy than sluHts of nietil and 
by gases at dillerent piessnn^s was deU rnmied by intei posing them btdween the 
window and the vsert'en and measuring tlu' diniiuution of flu* luminosity. H was 
iound that the intensitv of the im\s transmitted was mairly proportional toc~'^^ 
w!u‘ri‘ X Ls a constant and t th(‘ tluekness of the absorbing substance. 31ie con- 
stant X depends on the natun* of tiie absoibing sulistaiuH* and on tin* Ai'ini ity of 
the rays, it was found th<it for riys produced l>v a potimtiai diihriaice of 39,999 
volts lilt* constant > wms mairly proportional to tlu* d(‘nsit\ d of tiie absorbing 
ia^er The ft blowing tafde gives sonu^ of lamard's results. 


Sub^laiRc. 
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Hydrogen at 3 mm, pri'NSure 
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liycirogcu at 790 mm. pressure . . 
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1*2 
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P<ip<T 

Miea , . 

( loltl , . 

' 2,999 

7,259 1 

' 5r>.(>90 , 

L . J 

i 3 

: 28 
j 19 3 

1 

' 2,(t70 

[ 2, .')!)() 
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I'huH it appcMfs that for a range of d from 3 9 ^ 10 19*3 the t|uoiiefit 

X/W tmh varies by a fador of less than 3 This extremely mten*sting r(‘siiii was 
obtained by Liuianl in If M denotes tht* mass pt*r unit invn of the* absorbing 

Ia>er tlieo JI * ~ d/, so tiiat X/ IM/d. Since X d is nearly thi' samt‘ for all suh- 
staiKvs tliis simws that the absorption depends almost t‘ntirel\ on the mass of 
the s(*reen and not on the kmd of matter of whieli \i is made. According to the 
modem theory of atoms each atom consists of a positively charged nncdeiis snr* 
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roundod bv immbor of (‘leotrons. The number of electrons is roiigidy kdl 
iitomic weight, so that the number ttf cleeirous per eiibie ecnliuietie m ai\y kind 
of matter is roughly proportional to th<‘ chmsity of the matter. In the ease ol 
hea\yv atoms like gold tfie number of electrons is mucli gieater than the number 
of iiuelm, but in tlie ease of hydrogen thoie is onl}’- one electron to caeii nucleus. 
Tims the sum of tin* numbers of eieelions and nuclei per unit mass of mattiT tor 
hydrogen is about double its valiu* for the heavier eleiiKaiis The absorption of 
the cathode ravs may be attnliuted to eoJhsions with the electrons and iiucleg 
so tliat. we should expect tlio ratio X/d for hydrogen to be about double its value 
for the heaviei elemmits, ,is was loimd ]>y Lenard to be the ease. Tlie alisorptiori 
ot cathode rays is ncaily th(‘ same for liilfertmt- kinds of matter Ix^cause all kinds 
of matter consist ot ekxtrons and nuclei dtie electrons and nuclei only occupy 
a very minute fiaction oi the volume of the matter so that cathode rays arc able 
to pass througli WV should experd any kind of atom to pass through matter 
as easil^v as cathode rays^but we cannot obtain atoms mo\ mg with the high velocity 
of cathode rays. 

W. Wilson measured the velo(*ity V of cathode lays Indore and after passing 
them through thin sheets of medal The velomty was iomid from the' ladius of 
the cucic described in a magnetic field of known strength, lie ioiiod 1 hat 

w'here is the velocity before entering the sheet, F that after passing througlp 
t the thickness of the sWd, and Ic a constant. Th(‘ rays are dclk‘(de(l m tJu^ sheet 
])y collisions with t.he atoms, so that the distance they acdiudly travel m the sheet 
may be considerably greater than /. Since the energy ol the rays is nearly pro- 
tional to and the number of collisions to /, this indicates that the energy lost 
per collision is inversely as the energy of the rays. 

p-EAYS 

7. Kanfmanii’s Experiments. 

The /3«rays which are emitted by many radioontivc substances arc 
found to be of precisely the same nature as cathode rays. They carry 
a negative charge and are deflected by electric 
and magnetic fields. The velocities of ]6-rays 
range up almost to the velocity of iiglit. 

The ratio e/m for /3-rays was investigated 
accurately by Kaufmann and later by Bucherer. 
Kaufmann’s apparatus is shown in fig. f>. A 
particle of radium bromide was placed at R in 
a depression in a thick metal plate. The /3-rays 
from the radium passed between two parallel 
metal plates A and B to a small hole P in a 
thick metal sheet. From P the narrow beam 
of rays passed on to a photographic plate CT). 
A potential difference was inaintainecl between 
A and B by means of a battery, and the whole 
apparatus was placed in a uniform magnetic 
field parallel to the direction of the electric field between A and B. 
The magnetic field deflects the rays so that they move along circular 
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paiiis, in planes perpendic'ular to tiie field, fd* laditis i ^ivcai l>v nirir 
Hn\ TIh^ fiicuLir [)nth oi the r<4ys is shown m fig. 7. Tlie radium 
is ai 11 and t!ie ni3^s pass Ihiougli the small hole at P and fall on the 
pliotogra[)lnc plate at Q so that R, P, and Q lie on the eirele. Let 
the magnetic deflection OQ — ij, RO - n, and UP - 6. Then \ce have 




Ir 

1 


c 


a^~ah I 2 

2,7- i 


so that; r can 1)0 ealeiilaied wlien //, n, and h have lieeii niisasiirecL 
Tln^ electric deflection, which 
will l)e denoted by c, ivS ])erpeu- 
dicular to // on the pliotogniphie 
pltite. To calculate o ajiproxi- 
inately anc nia\^ assume tln^ elec- 
tric field uiiifbriii, and etjual to F 
from U to P, and to xero from 
P to the plate. The path of the 
ravs in tlie p]<ine of the eleidnc 
flehl is shown in ilg. It is parahoPK* fitan !l to P, and straiglit 
from P to i)\ The accideiaiion of tlie (hvlrons due to tlie electric 
field IS iV/m, so that approximately 




w]u‘re v' is lln^ initial transA’erse velocity component of the rays wdiieh 
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. I'lio transverse velcjeity at P due to 

V 



, /V h 

e-6)ifLi’ 

p 


, ,,h Fe 

z~{a — l>) 

■2 HiV 



KAUFRIANN’S EXPERIMENTS 


205 


1X.J 


Tins equation and “-= He enable v and e/m to be calculated. Tlie 
/3-rays emitted by radium bromide have velocities varying from 10^® 
cm. per second to almost X 10^^ cm. per second. Kaufmann tbus 
obtained a curve on liis photographic plates the co-ordinates of points 
on which were jj and 2 . Each point on the curve corresponds to rays 
having a definite velocity, so that by measuring y and 2 lor difteient 
points on the curve ejni could be found tor rays having ditferent 
velocities. Kaidniann found that ejm decreases as d increases. The 
variation observed agrees neaily with the equation 


e 

m 


e 


\/l — 


where 0 is the velocity of light and elm^) is the value of ejm when vjc 
is small. 


8. Bucherer's Experiments. Mass and Velocity. 

The a])paratus used by Biicherer is shown in fig. 9. AB and CD 
are two parallel circular metal discs only a fraction of a millimetre 

apart. A small particle of 
radium, 11, was put between 
them at their centres. The 
^-rays from the radium 
moved out from R radially 
in all directions between the 
discs and fell on a cylindrical 
photographic film PP' which was concentric with the discs. The 
discs and film were in a metal box in which a good vacuum was 
maintained. An electric field F was produced between the discs by 
connecting them to a battery, and the whole apparatus was put in a 
uniform magnetic field H parallel to the plane of the discs. Since the 
discs were so near together the electrons from the radium could not 
get to tlie photographic film unless the force on them due to the 
electric field was equal and opposite to that due to the magnetic field. 
We have therefore, for rays going along a radius making an angle 6 
with the magnetic field, 

Fe = II ev sin0, or v= FJH sind, 

Bucherer made F/H equal to Ic in most of his experiments, so that 
i)jc=: 1/2 sin0. If v = c this gives sin0= J, so that 0= 30° or 150°. 
Now V is never greater than r, so that no rays should get to the film 
except between d=- 30° and 6= 150°. Bucherer found that this was 
the case. When 0= 7r/2 then Ir, %vhich is therefore the smallest 
velocity of the rays which can get to the film when F/IJ is equal to fe. 
The rays which get out from lietween the discs are deflected by the 
magnetic field and so give a curve on the photographic film. The 
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deflection is approxiinati‘Iy equal to hiiiOhnv, wliere a Is the 

dillenaice between the i,idius ol the filiu and that of the (li^(*s. for the 
ina^nietic fiehi ^i;ives the electrons an acceleration //ez? siiidp/z which 
acts for a tin Hi ajv. 

In this \\<iy Buelienn* found v and c//a Jur several values oi }\ The 
follow mg lal)le gi\es Ins results. 


o:U73 
0 3787 
0-1281 
0 5154 
0 0870 


/// \ I — o w 
I 752 
i 701 
1*700 
1*703 
I 7i;7 


The s(wik 1 column gives the observed values of c//n multiplied by 10"~" 
and divided l)y V I — r“/c“. It a]>pears that this cjuantiiy is practically 
constant and equal to 10”'^ X pb/z for (sithode rays. whi<*h is T7()9. 
If we assume that the charge e is independent of e then these experi- 
ments show that 




x/ i — o^jo^ 


where z/z^ is the mass when v 0. 

This variation of tin* mass wnth tlie velocity is sliown in tlie chapters 
on the eltvtion th(‘ory and on relativity to be due to mu*Tgy possc^ssing 
mass equal to tlu* e^U‘rg^^ divided by the square of the vidoeit v ol light, 
so that when tlu‘ kinetu* energy of a particle of anv kind is increased 
then its mass i?. also increased. At- one lime it WHis supposisl that tlie 
observed variation of ilie mass of eledrmis w'ith tluar velocity gave 
information as to the nature of these particles, but it is now' chair that 
if energy ]H>ssesses monuadimi equal to wdnue E is the energy, 

V its velocity, and e the eaducity of light, tlicn the mass of any particle 
varies with its velocity so that 

}ii ” 

1 .. 


The observisi variation of the mass of electrons with their viiociiy is 
therefore presumably the same as for all other bodies and gives no 
informal ion about lluir constitution or Ilu‘ distribuiion of l!u‘ charge 
in them. Ho fur as we kiimv, electrons behave like partieles oi mass m 
and cliarge c, so that the equation of motion of an electron is 


d 

dt 


(z/zz^) ~ 


F. 


wiiere F is the resultant force on the electron and aze its moiiient-um. 
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IX„] SCATTERING OF /3-RAYS 

9 ScatteriEg o! p™rays by Matter. Mathematical Theory. 

When p-ravh are piussed through linn sheets of iniilt('r they are scattenai like 
eatht)de ra;\ s, })iit o\\ mu to their hit^^her veJoeifie.s the scattering, is Jess. If a narrow 
paralk'i he.ini ef fi-nus is allowed to hdl normally on a thin metal sheet, of 
tluekiiess /, tlaai the ravs which emerge on tlie other side iorni a diveri2;jiig beam 
the intensity ni which is oreati^st along the nornnil to the sheet and falls oil 
giadually as the' irielination to the normal is increased The angle between the 
emerging (3~rays and the normal, or tJie deviatfon trom their oiignial dircctioiu 
IS called the scattering angle and will he denoted by 9. In passing thiongh tlic 
sheet any particular p-ray passes thiough a Luge mimlier of atoms, so that the 
angle 9 tlirongfi which it is tinaily deviated is the resultant of a large number of 
small deviations. 

Let the iiiitiai diri'ctiou of the beam he iiorizontal and I(d the deviation of 
a p-ray ni the iiorizontal plane be .1 and 111 the vi'dieal plane //, so that when 9 
IS small wn have 9^™" Eet the number of lays Cor wliicii x is between 

X and X -h d i be 

II Jit) da-, 

w^herc /IqIS the total number of p-rays considered, and/(x) denotes a function of 
X only. In the same w^iy h‘t nQf{i/)dy denote the number for wdiieh // is between 
ij and // (ly Then, since it is clear that the distribution as regards x is inde- 
pendent of that as regards y, the number for which x is between x and x + dx 
and also y hot w cen y and y r dy must bo 

%f{x)!(>j)dxdy. 

Bu’^i this must bo a function of since tlio distribution must clearly bo sym- 

motrioal about the origin at *■ = 0 and y = i) Honco 

»o / dx dy = Mo 'i' (^" !/^)dx dy, 

where t}; + y^) denotes some function of + y^- Hence 

/e)/(y) = '!'(** + 2/a 

Differentiating this with respect to x and dividing one side hy f{x)f{y) and the 
other by 4* {x^ + 2/^) 've get 

Six) 4'(a“ ' 


In the same way 


Siy) 


so that 


I fix), 

/(a) ■ 


1 /'(.'/). 
2y !(y) 


Hence both these quantities must be equal to a constant, say — a, so that 

= - 2(ya’, 

J{x) 


wdiich gives 


or 


logf(x) = — ax’^ + constant, 
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where A m another constant. To determine the constants wc have 



and, denotes the average value of x% 

p\~ 00 

% I x^f{x) dx — tIqX^, 

7—00 


These equations give A 
and in the same way 




x\ so that a - 


21 - 


fiy)^Ae-y^^i^^y\ 


Hence 


Also, if 9^ (denotes the mean value of 9^ then, smce 9*^ ~ -|- have 

92 = ^2 q. ^2 _ 2 a-, for X- must be equal to y-. Hence 

_ or- + y- 

The number of ^-rays for vdiich 9 is between 9 and 9 + ^9 is therefore 

71 ^Ah 2719^9, 
or TcnQAh'~^^“l'l*^d{cp-). 

The niiinher for winch 9 is less than a given value 9 is therefore 

J 0 

Hence, if 71 q denotes the number of rays passing through the sheet and 7 i the 
number for which the deviation is loss than 9, w^e have 

n/iiQ = 1 — 

The deviation 9 is the resultant of the deviations due to individual atoms m the 
sheet Let x\ denote the horizontal deviation due to a single atom and the 
vertical deviation. Then we have 

X = 

y=22/i, 

where x^ + = 9^, and denotes the sum of all the horizontal deviations of 

an electron while passing through the sheet. Hence 

because the products of two different arc as lilccly to be positive as to be 
negative, and so their sum must be zero. In the same w ay 

if = 'Lif, 

so that 9^ ■= S (x^ + yf) = ^9^, 

wLere 9^ is the deviation due to one atom. The mean value of 9- is therefore 


where N is the number of atoms which a p-ray passes through in the sheet and 
9f is the mean of the squares of the atomic deviations. Hence we haie 

njriQ^ 1 
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Tliti nuiiiber N will be approximately given by N = where the 

number of atoms per cubic centimetre m the sheet and i? the radius of an atom, 
for this IS the number ol atoms in a cylinder of radius M and length t which a 
[3 -ray going straight through the sheet would pass through. Hence 

10. Experiments on Scattering 0! p-rays» 

An apparatus used by Crowtlier to investigate the scattering of 
jS-rays is shown m fig. 10. The radioactive body was placed at R 111 

a vertical hole in a lead block. 
The ^-rays from R passed out 
downwards and were deviated 
sideways by means of a magnetic 
field perpendicular to the plane 
of the paper, so that they tra- 
versed a circular path Rx4.B, the 
beam being limited by dia- 
phragms so that only rays having 
a definite velocity got to P. At 
P the rays fell on a thin sheet 
of metal and emerged from it as 
a diverging beam. The fraction of 
the rays which passed through a 
circular aperture S in a metal screen 
was measured by passing them into an ionization chamber Q contaming 
air or some other gas, and finding the conductivity produced. The 
ratio of the conductivity with the scattering plate at P to the con- 
ductivity without any scattering plate is approximately equal to n/n^. 
The scattering angle for the rays passing through the aperture S is 
less than where a is the radius of the aperture and d its 

distance from the scattering plate. 

The results obtained by Orowther and other physicists agree ap- 
proximately with the equation 1 — where h is a con- 

stant. With different sized apertures the thickness of the plate required 
to produce a given value of is proportional to in agreement with 
the theory. The following table gives some results obtained by Crow- 
ther and Schonland with <5^ = 0*11 for the scattering of jS-rays by gold. 


t 

(Obseneil) 

t log -i'" 

Hll— H 

((’aU‘ul£ited) 

1 

OSb 

0 85 

0 89 

2 

0-07 

0-9G 

0-67 

3 

0 52 

0*9(> 

0*52 

4 

0 40 

107 

0*43 

5 

0 38 

103 

0 36 



8 


(08H) 
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Ttie first column, gives the number of gold foils used as the scattering 


plate, which is proportional to L If — = 

^0 

™ = Hog 


~(l>yu^ then 


n 


so that the numbers in the third column should be constant according 
to the theory. The last column gives the calculated values of n/iiQ, 
taking equal to 0*97, which is the mean of the numbers in the 
third column. Crowtl^ and Schonland’s results give Ji = G 80 for 
gold. Now k = so that we can calculate if we know 3^ 

and R. The number of atoms of gold per cubic centimetre is 6 X 10-^, 
and we may assume R~ 10”® cm., so that we get 




680 


TT X 6 X 10^2 X 10 


-16 


3*6 X 10”^. 


According to this the root mean square deviation of the ^-rays by an 
atom of gold was only 6 X 10”® or about | of a degree. The jS-mjs 
for which the above results were obtained had a velocity corresponding 
to a fall of potential of 4*6 X 10^ volts. 

If we assume that the atoms consist of a positively charged nucleus 
surrounded by a number of electrons it is possible to calculate the average 
deviation of /3-rays passing through such atoms, and the results ob- 
tained are consistent with the observed average deviations. For the 
details of such calculations the original papers may be consulted. 

11. Absorption o! ^-rays. 

When p-rays from a laj^er of radioactive material are absorbed by placing a 
tbin sheet of metal over the layer, so that the rays fall on the sheet m all direc- 
tions, then the intensity of the rays getting through is pr<j|3ortional approximately 
to where [x is a constant and t the thickness of the sheet. The intensity may 
be measured by the ionization produced by the rays The constant p is roughly 
speakmg proportional to the density p of the material of the sheet, as vith cathode 
rays. The followmg are some values of p/p for the p-ra}^s from uranium. 


Substance 


p-l? 

Silver 


73 

Alummium 


41 

Lead 


9*75 

Sulphur 


4 5 

NaCl 


4*7 

KI 


78 


For the p-rays from radmm-E |x/p varies from 15-8 for carbon to 22*1 for tin. 
The following table gives, in centimetres, the thickness of aluminium penetrated 
by p-rays which describe a circle of radius R m a magnetic field of strength H 
perpendicular to the plane of the circle. 

HE ==: 1,380 2,535 3,790 5,026 7,490 11,370 

Thickness == 0*018 0*124 0*279 0*440 0*785 1*36 
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When (B-raj^s pass through thin sheets of matter their velocity is decreased. 
The change m the product II H due to a sheet i^eighing 0 01 gm. per square centi- 
metre IS given approximately by 

vliere v is the velocity of the rays, c that of light, A(BII) the decrease in BII 
and K a constant. The constant K is about 35 for mica, from 23 to 32 for tin, and 
about 28 for gold. 

12. p-ray and Positron Energies, 

The energies of the nuclear p-rays emitted by a number of radio- 
active elements have been measured by the magnetic focussing method 



used for the secondary p-rays and oc-rays. The apparatus used 
by Scott is shown in fig. 11 . The source of the rays S is a fine wire 
coated with the radioactive body. The rays from S describe circular 
paths in a magnetic field perpendicular to the plane of the diagram. 
Some of the rays pass through a wide slit at A and are focussed on a 
narrow slit at B. The rays passing through the slit at B enter a small 
Geiger counter through a thin cellophane window. The counter is 
connected to an amplifier and impulse counter which registers the 
number of p-rays. The energy of the rays can be calculated from 
the magnetic field strength H and the radius p = ISB of the circular 
paths. We have Hev = where v is the velocity, m the mass, 

and e the charge of the p-rays. Also m = where 

Wq is the rest mass of the rays. The kinetic energy of the rays is equal 
to <?[m — m^). If P denotes the potential difference in volts required 




212 CATHODE RAYS, j8-RAYS, AND a.RAYS [Char 

to give an electron energy equal to the (3-ray energy, then these 
equations give 

299-8{((ff/)f + (17034)2)1/2- 17034}, 

where c has been put equal to 2*998 X lO^® cm. /sec. and e/niQ equal 
to 1*760 X 10'^ e.m.u. per gramme. II we put tan 0 = //p/17034, 
then P = 510682 (scc0 — 1). 

The number of p-rays counted vanes '^itli the strength of the 

magnetic field //. Fig. 12 
shows the relation between 
the number per iiiiimte (n) 
and the field strength (//) for 
the [3-rays from radium B, 
The path radius p was 1*98 
cm. The number counted 
rises to a maximum as II is 
increased and lalls to zero at 
a definite end point. Similar 
results have been obtained 
with other (3-ray emitters. 
Some bodies emit two or more 
— such groups of p-rays with 
different end points. Several 
artificially prepared radio- 
active elements emit positrons, and the positron energies may be 
found in the same way as the p-ray energies. The number of posi- 
trons counted varies in much the same way with the magnetic field 
strength as the number of {3-rays. 

The following table gives the highest energicSj, corresponding to 
the end points, of the p-rays from several radioactive bodies. 


Element 

Raya 

Iliixliest Eneiorv 
m Election Volts. 

RaE 

P 

11-7 X 10^> 

RaC' 

99 

31*5 X 10^ 

ThC' 


22*5 X 10" 


Positron 

11*5 X HP 


99 

37 X 10" 



The emission of jS-rays and positrons with a continuous range 
of energies is not what might have been expected. Before the emission 
the atom appears to be in a definite state with a definite mass and 
energy, and after the emission also the new atom formed seems to 
have a definite energy. For example, EaO' emits an a-roy with 
definite energy, the RaD formed emits a jS-ray, and RaE formed 
next also emits a ^-ray, and finally the EaF formed emits an a-ray 
always with the same definite energy. Thus we should expect the 
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sum of tlie energies of tlie two /S-rays to be always tke same. Actually 
tlie EaD ^-rays all have very low energies, and the RaE jS-rays have 
energies from zero to 11*7 X 10^ electron volts. 

The heating ehect due to the absorption of the ^-rays fiom 
radium E has been measured and is found to be equal to that calculated 
from the energy distiibution deteimined by the magnetic focussing 
method. This shows that the low-energy ^-rays are not due to 
collisions between high-energy jS-rays froin the nucleus and extra- 
nuclear electrons. It seems very probable, therefore, that when an 
atomic nucleus disintegrates with the emission of a ^S-ray the energy 
of the ^-ray may have any value between zero and a definite 
maximum value. 

Eadium-C, thorium-G and actinium-C disintegrate in two ways. 
They either emit an a-ray and then a /S-ray, or first a ^-ray 
and then an a-ray. It is found that the sum of the a-ray 
energy and the maximum j8-ray cneigy has the same value for both 
ways of disintegration. The a-ray and maximum ^-ray energies 
are different, but the sum of the two is the same. This suggests that 
when a ^-ray is emitted the nucleus always loses energy equal to 
the maximum j8-ray energy. When the energy of the jS-ray is less 
than the maximum value the nucleus must lose energy, equal to the 
difference, in some other way. Pauli suggested that another particle 
mnst be emitted along with the j8-ray with energy equal to the 
difference between the maximum ^-ray energy and the energy of 
the j8-ray. This new particle, Pauli supposed, has no charge and 
very small or zero rest mass, so that it has no interaction with matter 
and cannot be detected. These hypothetical particles are called 
neutrinos'*'. 

13. Femi^s p-ray Theory. 

Fermi has proposed a theory of nuclear ^-ray and positron 
emissions. Fermi’s theory is based on the analogy between the emis- 
sion of a photon by an excited atom, and the emission of a ^-ray 
and a neutrino by an excited nucleus. It is supposed that a neutron 
in the nucleus changes into a proton when a jS-ray is emitted, and 
that a proton changes into a neutron when a positron is emitted. The 
chance of such a change taking place is supposed to depend on the 
action of the de Broglie waves of the emitted particles on the nucleus 
in much the same way that the chance of an excited atom emitting 
a photon may be supposed to depend on the action of the electro- 
magnetic waves of the emitted photon on the electronic system of the 
atom. Since the nature of the action of de Broglie waves on the 

*The existence of nentrmos has been, confirmed by measiuing the Iviiictic energy 
of atoms duo to the emission of a neutrino. The recoil momentum of the atom is 
found to be equal^and opposite to the calculated momentum of the neutrino. 
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neutrons and protons in a nucleus is unknown, Fermi assumed a 
kypothetical function to represent this action. His theory gives a 
relation between rhe mean life of the radioactive atoms and the maxi- 
mum momentum of the /3-rays or positrons. It also gives the dis- 
tribution of energy for the emitted particles. The number N of radio- 
active atoms which have not yet disintegrated is given by N = 
where Ng is the number at time = 0, so that the mean life is equal 
to 1 /a. Fermi’s relation may be written a~^F{M) = constant, where 
F{M) denotes a function of the maximum momentum. 

The following table gives some values of and M = (//p)Ma^/1703, 
which is equal to the maximum momentum with ^ngC as unit. 


Element 

Honrs. 




UXa 

0 026 

54 

115 

30 

RaB 

0 64 

2 04 

1 34 

09 

ThB 

15-3 

1*37 

0 17G 

2-7 

ThC^ 

0 076 

4*4 

44 

33 

AcD' 

0 115 

3-6 

17-6 

20 

RaO 

0 47 

7 07 

398 

190 

RaE 

173 

3-23 

10*5 

1800 

ThO 

24 

52 

95 

230 

MsTha 

8*8 

6*13 

73 

640 


It appears that the ^-ray bodies fall into two groups. The first group 
has (/r'^F{M) of order of magnitude unity, and the second order of 
magnitude about 100 times greater. For the first group the angular 
momentum of the /3-rays about the nucleus is supposed to be zero, 
but for the second group it is equal to nh/27r with n a small integer, 
according to Fermi’s theory. 


14. leutrons. 

Bothe and Becker, about 1930, discovered a very penetrating radia- 
tion emitted by beryllium and a few other light elements when bom- 
barded with a-rays. This radiation was at first supposed to be y-rays, 
but 1. Curie and Joliot found that it caused the ejection of fast protons 
from paraffin, which y-rays would not be expected to do. Chadwick 
investigated this penetrating radiation thoroughly and concluded that 
it consisted of high-velocity electrically neutral particles with masses 
about the same as protons. These new particles are called neutrons 
and are believed to be primary constituents of matter like electrons 
and protons. 

When neutrons are passed through a G. T. R. Wilson cloud chamber 
containing hydrogen they produce no tracks themselves, but when 
a neutron collides with a hydrogen atom nucleus or proton, the proton 
makes a thick straight proton track quite difierent from a thin, electron 
track, y-rays also give no tracks, but they knock electrons out of atoms 
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which, make thin tracks. Neutrons give no thin electron tracks. In 
nitrogen and other gases neutrons also produce short thick tracks due 
to collisions with the atoms but no neutron tracks. When the y-rays 
from radiothormm which have energy liv equal to 2-6 MEV are passed 
through heavy hydrogen or deuterium, they disintegrate the deuterium 
atoms into protons and neutrons thus: 




The energy of the proton has been measured by finding its range 
and is found to be about 0*2 MEV, The neutron must have about 
the same energy as the proton, so that the energy required to dis- 
integrate a deuterium nucleus is 2-6 — 0-4 = 2*2 MEV, This corre- 
sponds to 0*0024 atomic weight units. The atomic weight of is 
2 0147 and that of is 1*0081, so that the atomic weight of the 
neutron is given by 

2*0147 = 1*0081 + 0^^ — 0*0024, 


which gives q# = T0090. The neutron is therefore unstable since it 
can change into a proton with the emission of an electron with kinetic 
energy K given by 

0*00055 + 1*0090 = 1-0081 + 0*00055 -j- If, 


which gives K = 0*0009 in atomic weight units or 0*84 MEV, It may 
be that 1*0090 is too high and that the atomic weight of the neutron 
is really less than the sum of the atomic weights of a proton and an 
electron or 1*0081. Neutrons penetrate matter easily because they 
carry no charge and so have no interaction with atoms except at 
exceedingly small distances. A beam of fast neutrons is reduced to 
one-half its intensity by about 5 gm./cm.^ of water or paraffin, or 
50 gm./cm.^ of a heavy element like lead. 

In substances containing hydrogen, like water and paraffin, fast 
neutrons are slowed down by collisions with the protons until they 
have velocities of the same order as those of gas molecules at the same 
temperature. Such slow neutrons are absorbed by most atomic nuclei, 
so producing a new atom with the same atomic number but with 
mass number greater by one unit. The new atoms so formed are often 
unstable and disintegrate immediately with the emission of a proton 
or a-ray. The element remaining after this emission is generally 
radioactive, emitting ^-rays. This is discussed in the chapter on 
radioactivity. 
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a-RAYS 


15. Ratio of Charge to Mass. 

The properties of a-rays will now be considered. a~rays are rays 
emitted by many radioactive bodies; they are much less penetrating 
than the ^-rays. They arc deflected by electric and magnetic fields 
m the opposite direction to ^ and cathode rays, and are found to carry 
a positive charge. 

The ratio of the charge e to the mass m of a-rays has been found 
by a method similar to that used by Biicherer for /3-rays. The 
a-rays were passed between two parallel plates very near together and 
a potential difierence was maintained between the plates. The ap- 
paratus was put in a uniform magnetic field perpimdicular to the 
electric field between the plates and to the patli of tlie rays. By 
properly adjusting the field strengths the force on the rays due to the 
electric field could he made equal and opposite to that due to tlic 
ma giietic field, so that the rays were not deflected and could pass between 
the plates. In this case we have — Eev, wlierc is the electric 
and i? the magnetic field strength, so that the velocity v of the rays is 
gh'en by Fill. After passing between the jilates the rays emerge 
into the uniform magnetic field and describe circular paths in it of 
radius r given by mv^lr= 11 ev. The rays fell on a jdiotographic plate 
on which their deflection could be measured, and the radius / could be 
calculated from the deflection and the dimensions of the apparatus. 
In this way it was found that e/m — 4823 e.m.u. per gramme, and 
that V is between T4 x 10^ and 2*2 x 10® cm. per second for the 
a-rays from different radioactive bodies. 

16. Counting of a-rays. Scintillations. Ionization. 

A remarkable property of a-rays was discovered by Sir William 
Crookes. He found that when a-rays fall on a screen coated with 
powdered zmc-blende the screen emits minute flashes of light easily 
visible in a low-power microscope. These flashes or scintillatious are 
each due to the impact of one a-ray particle, so that when the rays are 
sufficiently feeble it is possible by counting the scintillations to deter- 
mine the number of a~ray particles falling on the screen. Other 
fluorescent substances besides zinc-blcnde may be used —diamond, for 
example, makes a very good screen, 

a-rays ionize gases strongly, and the ionization due to a single 
a-ray particle can be easily detected, which gives another method of 
counting the particles. The apparatus used by Eiitherford to count 
the a-rays emitted by radiiim-O is shown in lig. 13. The radiiim-C 
was deposited on a small cone at S in a long glass tube EF provided 
with a stop-cock at T. At D there was a metal diaphragm having a 
small circular hole in it through which some of the a-rays from S 
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passed into a metal box inwhicii tbore was an insulated electrode A. 
Tiie potential diEerence between the box and the electrodCj and the 
gas pressure in the apparatus, were adjusted so that an electron set 
free in the box produced a large number of ions by collisions with the 



gas molecules In this way the ionization due to a single a-ray entering 
the box through D was made sufficient to cause an easily observable 
deflection of a quadrant electrometer connected to the insulated elec- 
trode A. The electrode A was also connected to the earth through 
a very high resistance R, so that the deflection due to an a-ray was 
not permanent but rapidly disappeared. The number of deflections 
due to a-rays was counted, and so the number passing through 
the hole at D in a known time 
found. The total number emitted 
by the radium-C could then be 
calculated by assuming the rays to 
be emitted equally in all direc- 
tions. 

17. Charge carried hy a«rays. 

The charge carried by the a-rays 
emitted by radmm-C was found 
with the apparatus shown in fig. 14. The radiiim-C was deposited 
on a plate C supported in a highly exhausted glass tube. The a-rays 
from C were received on an insulated electrode A after passing through 
a sheet of thin foil B and another sheet of thin foil covering the froiic 
of A. When a-rays strike a metal surface they cause the emission of 
electrons which leaves a positive charge on the metal in acidition to 
the charge carried by the a-rays. To prevent these electrons from 
escaping from the electrode A it was covered with the thin foils which 
allowed the a-rays to pass through but stopped the electrons. The 
apparatus was also put m a strong magnetic field perpendicular to 
the plane of the paper which caused the electi'ons to describe small 
circular or spiral paths and so helped to prevent them from escaping. 
The charge received by the electrode A in a known time was measured 
with a quadrant electrometer. The total charge on the a-rays emitted 
by the radium-C in a known time could then be calculated by assuming 

( D S14 ) 



Fig 14 
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tlie rays to be emitted equally in all directions from every point on tlie 
plate at 0. The amount of radium-C on the plate C was compared 
with that used in the previous experiment by comparing the intensities 
of the y-rays emitted by the two deposits In this way it was found 
that an amount of radium-C equal to that contained iii 1 gm of radium 
in radioactive equilibrium with its products emits 3*1 x 10^^ a~rays 
per second and that the charge on these rays is 31 6 electrostatic units. 
The charge carried by one a-ray particle is therefore 9 3 X 
electrostatic units. Since e/m is 1.823 electromagnetic units per gramme 
it follows that the mass of one a-ray particle is given by 


9*3 X 10-10 
3 X 10^0 X 4823 


= 6*42 X 10-2^ 


gm. 


The mass of one hydrogen atom is 1*663 X gm., so it appears that 

the mass of one a-ray particle is nearly four 
times that of one hydrogen atom. 

18 a-rays are Charged Helium Atoms. 

The ratio ejm for positively charged 
hydrogen atoms or hydrogen ions m solu- 
tion is 9650, which is just double that 
found for a-rays. Also the charge 9*3 X 
10“^^ on one a-ray is nearly double the 
charge on one gaseous ion or electron. 
We conclude that the charge on one a-ray 
is 2e and that the mass of one a-ray particle 
is four times that of one hydrogen atom. 
Now the mass of one helium atom is 
known to be four times that of one hydro- 
Fig. 15 gen atom, which suggests that a-rays may 

be charged helium atoms. 

That the a-rays are charged helium atoms was shown very clearly 
by an experiment due to Rutherford. The apparatus used is shown 
in fig. 15. A small discharge tube AB was connected to a tube CD 
and highly exhausted. The tube CD was sealed on to a tube EF, 
the end of which was drawn out into a narrow very thin walled tube. 
Some radium emanation was pumped into the narrow part of EE, and 
the a-rays emitted by the emanation passed tlirough the tliin glass 
walls into CD and AB. A discharge could then be passed through AB 
and the light, emitted gave the spectrum of pure helium. 

The helium atom is supposed to consist of a positively charged 
nucleus having a charge 2e and two electrons each having a charge 
— e. The a-ray particles are therefore supposed to be simply nuclei 
of helium atoms. 
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19. Range and Velocity of a-rays. 

When a-rays from a very thin film of some radioactive body are 
passed through a gas it is foxmd that they all travel very nearly the 
same distance before they are stopped. This distance is called the 
range of the a-rays. The range in a 
gas is found to be inversely as the gas 
pressure. 

The range may be determined by means 
of the apparatus shown in fig. 16. A 
spherical glass bulb AA' is coated on the 
inside with a thin film of finely powdered 
zinc-blende, and the radioactive material 
which emits the a-rays is deposited on a 
small sphere B which is supported at the 
centre of the bulb on a rod attached to a 
stopper S. The gas pressure in the bulb 
can be varied by means of a side tube 
T which leads to a pump and manometer. 

The gas pressure is adjusted until the 
a-rays from B just reach the bulb, as 
shown by the scintillations produced on 
the zinc-blende film. The range is then 
equal to the radius of the bulb, and the range in the gas at 760 mm. 
pressure can be calculated since the range is inversely as the pressure. 
The range of the a-rays from radium-C is 7*0 cm. in air at 760 mm., 
and that of the rays from radium is 3-5 cm. The velocity of a-rays 
diminishes as they pass through a gas. Rutherford found the velocity 
of a-rays which had passed through different thicknesses of air by 
measuring the magnetic deflection of the rays, and found that 

= A{R — x). 



where v is the velocity of the rays, A a constant, U the range of the rays, 
and X the distance travelled from the source. Thus, when 
v=0 as we should expect. Differentiating the above equation with 
respect to the time t we get 




1 ^. 


so that it appears that the rate of loss of kinetic energy as the rays 
. dv^ A, 

move through a gas is constant. Also j “ i ~5 so that the energy 

lost per unit distance moved is inversely as the velocity. We should 
expect the ionization produced to be proportional to the loss of 
energy, and therefore the ionization per centimetre to be inversely as 
(E - xfl^ 
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20. lonizatioa by a-rays. Stopping Power* 

Tlie loiiizatiori produced by a-rays along tbe range was investigated 
by Bivigg with the apparatus shown in fig. 17 The a-rays were emitted 
by a film of radioactive material on a horizontal disc R, which earned 

a grating made of vertical metal plates so 
that only those a-rays moving in nearly 
vertical directions could get out. In this 
i\"ay a nearly parallel vertical beam of the 
rays was obtained. The rays passed through 
the gas in a box AB and through a hori- 
zontal plate of fine wire gauze at C Just 
above the gauze there was an insulated 
electrode D. The rays ionized the gas be- 
tween C and D, and this ionization was 
measured by connecting D to a quadrant 
electrometer. Sufficient potential difference 
was maintained between 0 and I) to saturate 
the current. By moving the source E up 
and down, the ionizations due to the rays 
at difierent distances froiin the source could 
be compared. 

It was found that the ionization increased with tlie distance from 
the source to a maximum when the distance was nearly equal to the 
range of the rays and then rapidly fell to zero. The ionization was 
approximately proportional to (i?— and therefore to the kinetic 
energy lost by the rays. The range in any gas is inversely as the pres- 
sure, so that the mass of gas per unit area m a layer of thickness equal 
to the range is independent of the gas pressure. This mass is lip where 
p is the density of the gas. The stoppwg power of the gas is defined as 
Rp for air divided by Rp for the gas. 

If a-rays fall normally on a very thin sheet of any solid and pass 
through, their velocity and range in air or other gas are dimmished 
The decrease of the range may be found wdth the apparatus sliown in 
fig. 17. If the thin sheet is put over the source E so that the rays pass 
through it, the decrease of the distance at which the maximum ioniza- 
tion is obtained is equal to the decrease of the range. The decrease 
of range due to a thin sheet is nearly proportional to the mass m per 
unit area of the sheet. If the Aveight of an atom of the material of the 
sheet is A, then w/^1 is the number of atoms per unit area in the sheet. 
Let AR denote the decrease of range in air of density p, and A' the 
mean weight of the air atoms. Then pARjA' is the number of air atoms 
per unit area in a layer which diminishes the range by the same amount 
as the sheet. The atomic stopping potver of the atoms in the sheet 
is defined as the ratio of the number of air atoms pARjA' to the number 
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W//J of atoms per unit area in tlic slieet. The stopping power is 
tliereiore equal to pA • AR/mA'. Tlie atomic stopping power ot diilereiit 
elements is found to be roughly proportional to the square root of tlie 
atomic weight. For example, the atomic stopping power of silver is 
3T, and the square roob of the ratio of the atomic weights of silver and 
air is Vl68/l4-4= 2-74, which is not far from 3T. 

When a-rays go through thin metal sheets most of them go nearly 
straight through, but a small fraction is deviated through large angles. 
This scattering of a-rays has been investigated by Rutherford, Geiger, 
Chadwick, and others with very important results. 

21. Single Scattering of a-rays. 

The theory of tlio scattering of p-rays discussed eailier in this chapter was 
based on the assumption that the deviations were the resultants of a larao number 
of small deviations, the average deviation due to passinc? through one atom bemo; 
only a rather small fraction of a degree Such scattering is called muliiple hccitie)- 
mg. When a-rays are passed tlirough matter the great majority arc deviated 
through small angles, and these small deviations obey the same laws as tht' 
deviations of p-rays, 1 e the number n out of a total number 11 ^ deviated through 
angles less than 9 is given by = 1 — */■*“, where o“ is the average value 

of the scpiares of the deviations According to this formula thc^ number deviated 
through angles much greater than the average deviation is quite negligible 
Thus if 9/9 IS ccpxal to 3 then njyiQ— 1 0 00012 It is found, however, that 

for large values of 9 the number of a-rays scattered does not fall off with 9 as 
rapidly as the theory of multiple scattering indicates, so that there is an appreci- 
able number even with very large values of 9. To explain this Rutherford pro- 
posed the theory of siyigle scattering, according to wRich the large deviations arc 
due to single collisions with atoms and not to the summation of a large number 
of small deviations. Suppose a-rays to pass through a sheet consisting of a 
single layer of atoms, so that each ray passes through one atom, and suppose 
further that all but a very small fraction, say 1/1000, are only deviated through 
very small angles. Now let the rays pass through a second similar sheet. 
The chance that a particular a-ray wall be deviated through more than a small 
angle by both sheets is only i in 1 , 000,000 and so is negligible. Even for a 
sheet consisting of 100 layers of atoms the chance that a ray is deviated once 
through more than a small angle is only about 1 in 10, and therefore the chance 
that a ray suffers twn large deviations is about 1 m 100 . In this Aiay it is easy 
to see that the singlc-scattcring theory should apply to the rays scattered through 
large angles by thin sheets, provided the total number scattered through large 
angles is only a small fraction of the whole number. According to tins the scatter- 
ing of a-rays through large angles by thm sheets will be the same as if the rays 
had all passed through one atom, and so wall depend on the field of force inside 
the atom. To explain the large deviations an intense held in the atom is required, 
and this led Rutherford to propose lus nucleus theory of the atom. According to 
this theory an atom consists of a positively charged nucleus surroiiiided by a number 
of electrons. In a neutral atom the positive charge on the nucleus is ecpial to 
tiie negative charge on the electrons, so that the charge on the nucleus is always 
an exact multiple of the charge e, wliich is a positive charge equal to the negative 
charge on one electron. Ownng to the small mass of electrons it is clear I hat the 
a-rays cannot be deviated appreciably liy them, so that the large deviations must 
be produced when an a-ray passes very close to a nucleus. 
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In fig. 18 let ABC be the path of an a-ray passing a nucleus at N Let AJJ 

be the path the ray ouki 
have lol lowed in the 
absence of the nucleus, 
and k^t L COD be the 
deviation 9. Let p be 
the length of the perpen- 
dicular on AD from N, 
We shall suppose the 
nucleus fixed in position 
at N. Let the co-ordi- 
nates of a point B on the 
path be NP~i and l 
PNG- 0. Tbc angular 
momentum of the a-ray about N is mVqP == h, a constant, where is the initial 
velocity of the ray along AD, and m is the mass of the raj^ 

The kinetic energy of the ray is given by 

2Eelr, 

where v is the velocity of the ray when at a distance r from the nucleus, 2 c is the 
charge of the a-ray, and E is the charge of the nucleus. The electrical potential 
due to the nucleus is so that the ray loses kinetic energy cipial to 2 -Sc// as 
it approaches the nucleus. 

Now ^2 — ^2 (jO)^, where r = dr/dt as usual. But ? = ^^0; so that 

.= {(-)% .Jo., 




We have also mvgp = /t = mr^O, so that we get 

o [ { dr\^ , 


Now let r= u~~^t so that 


dr 

dO' 


— and 

dO 


^ J 


== -f w-sl 

\ \d0' « 


i 


Hence 








The solution of this equation (cf. p. 393) is 

u = A(e cosO — 1), 

where A and s are constants. Substituting this m the differential equation we 



where T = is the initial kinetic energy of the a-ray. 

In fig. 18, OA and 00 are asymptotes to the path. Lei AOB = BOG = 
COD = 9 

When r is very large we have == 0, so that s cos i]; t= ] , and aa e lia,\ e then 
9 -j- 2 = Tc, or 1 9 = |ti: — 4 ^, and therefore sinj 9 = 1 /s, and cut 19 = — L or 



Suppose now that a large number n of a-rays pass througli a thin plate of 
thiclmess i; and let the number of nuclei m the plate be N per unit volume The 
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total path of the rays in the plate is nt, so that the number of cases in which the 
nndeviated path of a ray comes nearer to a nucleus than a distance p will be 
equal to the number of nuclei in a cylmder of length nt and cross-section 
The number of such cases is therefore rzntp^N, and the number of rays which are 
deviated through an angle greater than 9 is 

TzntN(^^y cothl). 

The fraction of the rays deviated through angles greater than 9 is therefore 

We have not taken into account the charges on the electrons, which, of course, 
must limit the electric field due to the nucleus. However, the electrons are believed 
to be at distances from the nucleus of the order of 10 cm., and the values of 
p required to give large values of 9 are much smaller than this, so that for the 
large deflections the field near the nucleus may be taken to be equal to as 
if the electrons were not present. 

The number of a-raj^s scattered through different angles by thin plates of 
gold and other metals vas found by passing a narrow nearly parallel beam of 
the rays through the plate and counting the scmtillations produced on a small 
screen by the scattered rays. The small screen could be set up so as to receive 
the rays scattered through any desired angle. The total number of rays fallmg 
on the piate was also determmed. 

The results obtained agreed very closely with the single-scattering theory. 
The fraction of the rays scattered through an angle greater than 9 was found bo 
be proportional to the thickness of the scattermg plate, mversely proportional 
to the square of the energy T of the rays, and proportional to cot^(9/2). From 
the values found for the fraction scattered it was possible to calculate the nuclear 
charge E for the atoms of the plate. It was found in this way, for example, 
that the nuclear charge for gold atoms is equal to (79 i 0 5)e, in good agreement 
with the theory that the nuclear charge is equal to the product of the electronic 
charge by the atomic number, for the atomic number of gold is 79. Similar results 
were ohtamed with several other metals. These experiments therefore afford very 
strong support for Rutherford’s nucleus theory of the atom. 

22. a-ray Energies. 

The energies of tte a-rays from different radioactive bodies 
have been very exactly measured by finding the radius p of the cir- 
cular path the rays describe in a uniform magnetic field. Such 
measurements have been made by Rosenblum, Rutherford and Ms 
associates, and by Briggs. The apparatus used by Rutherford is shown 
in fig. 19. The magnetic field was produced by a large electromagnet 
having annular poles indicated by the two concentric circles. The 
magnetic field was perpendicular to the plane of the diagram and 
nearly uniform between the two circles. The source of the a-rays 
was at S. Some of the rays from the source describe circular paths 
through a diaphragm at D and are focussed on a detector at P. The 
diameter of the paths SP was 80 cm. The magnetic field was adjusted 
so as to focus the rays on the detector. The source was usually a metal 
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plate 8x3 mm. coated witli the radioactive deposit on one side and 
placed at S with the active side nearly parallel to the circular ray 
paths. The detector was a tube with a narrow slit covered with thin 
mica tliiough which the rays passed. The tube contained two plane 
electrodes and gas at a few centimetres pressure. An a-ray ionizes 
the gas, and the ions are collected on the electrodes and slightly change 
the potential difierence between them. The potential change is ampli- 
fied and recorded by an impulse counter. In this way the number of 



a-rays entering the slit of the detector can be counted. Tlie mag- 
netic field is varied by small steps and the number of rays counted. 
The number counted rises to a sharp maximum when the field has 
certain values. 

If N denotes the number of atoms in a gramme atom, that is a 
number of grammes equal to the atomic weight TF, and F tlic fara- 
day, then Ne = F and = W, so e/ifo = F/W^ where e is the pro- 
tonic charge and Mq the rest mass of the atom in question. I?or 
helium atoms with charge 2e we have TF = TF^^, — 2 *tr 0 , where 
is the atomic weight of a neutral helium atom and Wq that of an elec- 
tron, so 2 c/lfQ for a-rays is 2F/{Wji^—2w^). If the rays describe a 
circle of radius p in a magnetic field jff, then 211 ev = Mv^fp^ where 




Vl 


so 


Vl — 


JL — 

Wp-M, 
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Tlie energy P of the a-rajs, in electron volts^ is then giTen hj 

The energy set free by the disintegration when the a-ray is omitted 
is equal to the kinetic energy of the a~ray plus that of the recoil 
of the radioactive atom. If is the mass of the atom which recoils 
and its velocity of recoil, then so that Vj^ can be 

easily calculated and the energy obtained. 

The following table gives the energies, m electron volts, of several 
a-rays, also their ranges in ccntimeties in air at 15° C. and 760 mm. 
pressure, and the disintegration energies. 


Element, 

Mean Ranf?e. 

X 10 ®. 

DismtoETiation 
Enorery x 10~® 

Radon 

4 014 

5 488 

5*589 

RaC' 

6 870 

7 683 

7*829 


9 00 

9 069 

9*243 

Polonium 

3 805 

5*300 

5-403 

Radio- Ac 

— 

6*051 

6*159 


— 

5 674 

5*776 

Thoiuim C' 

8 533 

8*778 

8 947 

,, 

9 687 

9 491 

9*674 

Tlionum-C 

— 

6 014 

6*160 


The a-ray eneigi{\s, like the y- and secondary jS-ray energies, 
form many pairs with sums equal to multiples of g=3*85 X 10^ 
electron volts. The energies are therefore equal to nq + and the 
(?y/s have values equal to the y- and ^-ray values. This indicates 
that the radioactive atoms probably have equally spaced energy 
levels with the constant difference 3'85 X 10^ electron volts. 

23. Theory of a-ray Disintegrations. 

As we have seen, the single scattering of a-rays by heavy 
elements, like gold, agrees with the theory that the potential energy 
of the a-ray, due to the repulsion of the nuclear charge Ze, is equal 
to 2Ze“/f, where r is the distance between the centres of the particles. 
In the case of uranium, a-rays with energy 9 31EV are scattered 
in accordance with the theory. This shows that the electric field of 
the uranium nucleus is equal to Zejr'^ for values of r equal to and greater 
than the value for which 2Ze^Jr = 9 31EV. But the uranium nucleus 
emits a-rays with energy only about 4 MEV, so that on the clas- 
sical theory these rays must have started from a point outside the 
nucleus where 2Ze^/f = 4 MEV, which is clearly impossible. This 
difficulty is removed by the quantum mechanics theory, according to 
which a particle inside the nucleus may escape with energy much less 
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than its potential energy when just outside tlie nucleus, TMs appli- 
cation of quantum mechanics was first worked out by Gurney and 
Condon and by Gamow, independently, at the same time. It is sup- 
posed that the potential energy P of an a-ray is a function of its 
distance r from the centre of the nucleus of the form OGCFD shown 
in fig. 20. For values of r greater than OG = a the potential energy 
IS equal to represented by the curve CFD, and for values of r 

less than OG the potential 
energy is constant. The radius 
a may be regarded as that of 
the nucleus. An a-particle 
with total energy P, repre- 
sented by the height of the 
dotted lino HEFK, would have 
negative kinetic energy for 



Fig 20 


values of r between HE and HF, and so could not pass through 
this region on the classical theory. 

Schrodinger’s equation for the particle between r = OG == a and 

877%^ / 2Ze2\ 

+ “p™ [p — 7" r 

Let wr and suppose ^ is a function of r only, so that 

Now let tp = e®, where P is a function of r only, so that 

\dr^ \dr) J 


ePS 

~dr^ 


. fdS\^ , /„ 2Ze\ - 

+ (*) +-p'(-® — r)""- 


and 
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2ZJ 


d^S 

For an approximate solution we may neglect so tiiat between f = a 
and f=b, where E — 2Ze^jT is negative we have ^== 
where p= 'sj 


\ T 


which gives 




+ 


h 


J pdn 


The positive sign must be taken when we are supposing that an 
a-particle is in the nucleus, since Sj, will determine the chance of its 
being found at r = 6, which must be much less than the chance of 
finding it at r = a. If we suppose the a-particle inside the nucleus 
is moving backwards and forwards along a radius with velocity 
then it will arrive at r= a, vl2a times per second. If it escapes it 
will arrive s>t r = and since the chance of finding it at f == 6 is to 
the chance of finding it at r = a as is to number of times 

it escapes in a second will be 

. 

The average life r of the a-particle inside the nucleus will be the 
reciprocal of this, so that 

2a 


V -^fpdr 

2a 2a ^ 


or if = E so that v = v2JEjm, then 

& ^fpdr 


In the integral p = and b = 2Ze^lE, so that 

J* ■V^mEjy^blr— 1 .dr. 

Substituting r—bsm^d, we get 2b\/2niEjcos“6 .d9, wHcli gives 
J p dr — bV 2mE |cos~^ p 


Sr 




'2m &V'2mE{cos“lV I ~ (i ” i)} 


so that 
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TMs result shows that r is a function of the energy E of tho a-raj^ 
the atomic munber Z, and the nuclear radius a. 

If the values of jB and r for the naturally radioactive bodies, which 
emit a-rays, are put in this equation for r, the values of the nuclear 
radius a can be calculated. In this way values of a about 10“^^ cm. 
are obtained, so that since a is probably about the same for all the 
naturally radioactive bodies it appears that the above theory, roughly 
speaking, gives correct results. 

The experimental values of E and r show that logr == A — B log^ 
approximately, where A and B are constants. This result, known as 
Geiger and NiittalFs law, is, roughly speaking, in agreement with the 
above theoretical value of r, assummg the radius a to have the same 
value for all the naturally radioactive bodies. 
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CHAPTER X 


Positive Rays 

L Mature o! Positive Rays, 

Positive rays arc positively cliarged atoms or molecules wliicli liave 
acquired a high velocity m an electric field. They are produced in the 
electric discharge m gases at low pressures and in other ways. If a 
discharge is passed between two electrodes in a gas at a low pressure 
the gas is ionized, that is, electrons are removed from the gas mole- 
cules, which therefore become positively charged. These positive 
ions move towards the negative electrode, and when the potemtial 
difierence is large, say 50,000 volts, they acquire a high velocity If 
a small hole is bored through the negative electrode, some of the 
positive ions pass through the hole and form a beam of positive rays. 
They can be deflected by transverse magnetic and electric fields. The 
deflections are much smaller than those of cathode rays or electrons 
and are in the opposite direction, showing that the rays are positively 
charged. 

These rays have been investigated by Wien, J, J. Thomson, Aston, 
and others, and very important results have been obtained. The ]) 0 &i- 
tive rays cause gases through w^hich they pass to emit light, and they 
pioduce phosphorescence w^hen they fall on solid bodies. The mineral 
willemite, a silicate of zinc, phosphoresces brightly when exposed to 
positive rays and was found by J. J. Thomson to be one of the best 
substances for locating a beam of the rays. They afiect a photographic 
plate like light, and so measurements of their deflections are usually 
made by photographing them. 

2. Experiments of J, J. Thomson. 

A discharge tube used by J. J. Thomson is shown in fig. 1. It 
consists of a large glass bulb BB of about 1500 c. c. capacity, having 
a small electrode sealed in at D. The cathode C consists of an iron 
tube about 7 cm. long with an aluminium cap on it at C. Along the 
axis of this tube a very fine straight copper tube is mounted, through 
which the rays pass into a conical tube K where they fall on a willemite 
screen or photographic plate P. The narrow beam of rays is passed 
between two insulated iron blocks E and P which can be magneti/ed 
by the poles G, H of a large electromagnet, so producing a magnetic 

229 



230 


POSITIVE RAYS 


[Chap. 

field between E and F perpendicular to tlie beam of ravs. Tbe blocks 
E and F can be connected to a battery so as to produce an electric 
field between tbem in the same direction as the magnetic field. The 
bulb B and tube K are connected to pumps by means of which they 
can be exhausted 

A nearly perfect vacuum is maintained m K, and the gas to be 

examined is slowly ad- 
mitted to B through a 
narrow tube, the pressure 
in B being kept constant 
at a suitable small value 
by the pumps. The elec- 
trode D is charged posi- 
tively by a large induction 
coil and the cathode C 
connected to the earth. 
When the pressure in B is low the potential difference required to 
produce a discharge in the bulb is large and positive rays are pro- 
duced, some of which pass through the narrow tube and give a small 
spot on the plate P. When the magnetic and electric fields between 
E and F are produced the rays are deflected and distributed on the 
plate P along parabolic curves, the positions of which depend on the 
charges, masses, and velocities of the rays. 



3. Theory o! the Positive Ray Parabolas. 

The force on a particle of mass m, carrymg an electric charge e, moving with 
velocity ?; in a magnetic field H perpendicular to y, is Hev and is perpendicular 
to H and v. If then the particle travels a distance d in the magnetic field it will 
acquire a velocity u perpendicular to the field given by mu — Hevdjv, so that 
Hedlm, The deflection of the particle after travelling a distance I beyond 
the field will be approximately y=lulv~ Hedljmv. 

The force on the particle in an electric field F is Fe, so that while travelling 
a distance d in an electric field F perpendicular to v it will acquire a velocity 
w m the direction of F given by mw ^ Fed/v. The deflection ;;; after going a further 
distance I, where T = 0, is given hyz~ Iw/v = Fedljmv^, 

In J. J. Thomson’s apparatus H and F were both perpendicular to the faces 
of the blocks F and P, and both extended over the same distance d, so that the 
electric and magnetic deflections were at right angles to each other and equal 
to y and z The positive rays having a given value of e/m but different velocities 
V therefore tall on a parabola on the plate P, the equation of which is got by 
eliminating^ from 

y = and 2 = * 

mv mv^ 


The equation of the parabola is therefore 


Ml 

mz 





m edl^ 
F m 


or 
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By measuring ij and « for points on tfie parabola, ( tu van be dettTiiiiiied 
H, F. (I and I arc knoAvn 

Wiien a mixture of gases is put in the dist barge tiiln* and the positive ima s 
from it examined in this way a numbei ol dislinet parabolas is obtained on the 
piate P, one for each value of efm of the positne r.i\ > prodiucd. 

The ratio of ^ to is given by 


so that all rays having the same velocity but dilfvrviit v<duoh of e/m fall on a 
straight ime passing through the origin (// ^ - ^0 and inclined to the r- axis 

at an angle 0 given by jf 

tanO 

F 


TTg. 2 shoAVS several sets of jiaraliolas ohtainei! on phologiaphie platens t»v 
J J. Thomson. The letters at laids of tlu* pirabolas ukIkmIi the atom or 
molecule to which the parabola is attribut(‘«[ It the < h.irgi' on the atom is ecjua! 
to that on an atom vhich has lost oik* ch'ctron or « . this is eitluT not indicated 
or indicated by one plus sign, and il the c h.irge is this is mdieated by tuo plus 
signs, thus Hg+ ^ indicates the paraboU altribuled to nuTvury atoms each baAinu 
a charge 2c. 

If m/f IS the mass of one hydrogiui atom, the muss of one positive ia\, 
and 6/; and /U3// ari^ the charges they earra , thvu f IHiat) elect! oma gnvt le 

units per gramme, so that if vhuh is ( m for the posit ui* rays, is e((ual 

to O’, then ^ 

A 


If tlieposithm ray consists of *Y atoms of atomic Aveiglil J, tlien Y^d — tnu/Mji 
very nearly, so th<it x — iWmiUi YJ. 

For example, in the easi* of m(‘rvur\, A 20tb and vac get the folloAung 
possible Anilues of e/w or x lor smgh* mensiry atom.s 

n ( ii( I 

1 ... iH 2r> 

2 . . 1H)‘5 

3 . . IU7o 

4 , . \iKU^ 

T) ... 2 1 { 2o 

() ... 2H9 50 

7 .... 337-75 


It AA'as found ibai with m<‘reiiry vapour sevmi distinct parabolas could be 
obtained corresfionding to th<‘ valiKvs of c m givt-n above dims it apptMr that 
mercury atoms can lose from one to seven elections m tla* di-ti-haigt* tubi- 

In hydrogen, parabolas eorre.sp(tndmg 1i) a I, Y I; n 1, X 2; and 
1, N 3 were obtained. 

The parabolas of man) elements and com pounds have b(‘(*a oli-c-rved and 
the corresponding vuilues of e/m are always such as can bi* reatiilv expiaiuvd b\ 
supposing the rays to consist of an atom or molecule of the sulidanei* lu {|ue^f am 
Avhich has lost one or more electrons. 

4. Have All the Atoms o! a Given Element the Same Mass? 

This method of positive ray analysis gives a (bdioitc' armwei iti 

the question whether all the atoms of a given eleiueiit haw etjual 
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iiiasBes or not. If well defined parabolas are obtained they must be 
due to particles all liaving the same value of ejm and so presumably 
of m. II tlie masses of tlie atoms of an element varied between certain 
limits above and below a mean value equal to that correspoiidiiig to 
the chemical atomic weight, then well defined parabolas would not be 
obtained but more or less broad diffuse ones. It is clear, therefore, that 
this is not the case However, the possibility remains that the atoms 
of a given element are not all of the same mass, but that there are two 
or more possible masses each of which gives a well defined parabola. 
It IS found that such is the case. J. J. Thomson obtained two parabolas 
with neon corresponding to atomic weights 20 and 22, whereas the 
accepted atomic weight of neon is 20*2. Aston and G. P. Thomson 
found that lithium also gives two parabolas corresponding to atomic 
weights 6 and 7, whereas the chemical atomic weight is ()*94. G P. 
Thomson has examined several light elements by the parabola method. 
He found beryllium to be a simple eleinent. 

5. Aston’s Method of Positive Ray Analysis. 

A new method of positive ray analysis was invented by Aston which 
enables ejm to be determined with much greater accuracy than by the 
parabola method. Aston’s apparatus is shown in fig 3. 



The discharge producing the positive rays takes place in a large 
bulb B between a concave cathode C and an anode A. The cathode 
rays from C fall on a quartz bulb D and are thus prevented from fusing 
the glass wall of the discharge tube. In the cathode C there is a narrow 
slit S through which the positive rays pass. A second slit at S' allows 
a narrow beam of the rays from S to pass. The space between S 
and S' is kept highly exhausted by means of a bulb T containing 
charcoal cooled in liquid air. The beam of rays passes between two 
parallel metal plates E and F between which an electric field is main- 
tained. The rays are deflected by this field and the narrow beam is 
spread out into a broad band. Part of this band is allowed to pass 
through an adjustable slit G. The rays then pass between the poles 
of a magnet M and are deflected by the magnetic field in the opposite 
direction to the previous electric deflection. Finally, they pass into 
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a box K and fall on a pliotografdiic |)]<ite PPb Tins arraniremeiit 
caiibcs all rays having the .same \alne ot e/n/ to strike the plate at the 
same point, so that lines arc obl.muG on the plate one for v<\ch \nliie 
of e/iio The series of liiu^s on the [)]ate is called a ''mass spectuun ■” 
and the apparatus <a " mass speelrograpli The box K and the rest 
of the apparatus except tlie !)ulb B must be lugldy exhausted, since 
any appreciable amount of gas stops the positive lavs. The gas to be 
examined is slowly admitted to B and the jiressure kept constant l)y 
pumps as III J, J. Tliomsmds appanitus. 

6, Theory of Aston's Mass Spectrograph. 

Let tlic angle through which the rays arc defied ed by the electric 
field be d and by tlu^ 
magnetic field <!> Also 
let h be the distance 
from the middii^ ot ilic 

electric liidd to the jA 

middle of the magnetic 
field. 

Consider twa) rays lut? 4 

for which elm is the 

same but whicli Inu'c velocities r and r ~\ dv respectively. Then w^e 
have approximately 

.j Fed , j lied' 

0 ,,, and > 


as in J J Thonisotds apparatus, where d is tin* lenglli of the electric 
and d' that of the m.igmdie hide] lienee 


so th<at 


^,Fni dn lied' 

}H 9}}r^ 

-V't .uJ 'f- 

e d> }) 


and therefore 


d^> 


Tile separation of the iwa raws at tlie magmdie field is i>dO, and 
at a distane(‘ r farther on it Is IniO [ / {dO j def)) or dd |/> -j r{j -k | * 


This is zero w luai 




or when r , * 

I ; r/;/iv; 

This requires to be iH‘gat ivc and great<n’ than 20 for r to be ])ositive. 
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111 fig. 4 let AB be the original direction of the positive rays and 
let them be electrically deflected at B through the angle d along BC. 

Let the magnetic deflection take place at C through the angle 
— </> greater than 29 so that they go along CD. Draw BND making 
an angle 9 with AB produced and let CD and BND meet at D. Then 
the angle at D is equal to ~ + 20), so that 

NO = b siii20 ~ — r sin((^ + 20), 

where b = BC, and r == CD. If 0 and ^ are small angles then approxi- 

2b9=^-ri4>+20), 

Tims we see that rays having the same value of e/m but slightly 
different velocities will all cross BND at the same point. In Aston’s 
apparatus the photographic plate is put along BD, so that all the rays 
having a definite value of e/m fall on the plate at the same point. If 
rays are present having several values of e/m a series of lines is produced 
on the plate, one for each value of e/m. By varying the electric and 
magnetic field strengths rays having any desired range of values of ejin 
can be brought on to the plate. In this way Aston got well defined 
lines on his plates, and was able to compare values of ej'm to one part 
in one thousand by measuring the distances between the lines. 

7. Aston’s Results* 

Aston has examined the positive rays from many different elements 
and finds that the relative masses of the atoms can be expressed by 
integers within the limits of error. For example, the masses of the 
rays from carbon, nitrogen, oxygen, and fluorine are proportional to 
12, 14, 16, and 19 to within one part in 1000. These numbers agree 
with the atomic weights 12*00, 14*008, 16, and 19*00. Hydrogen rays 
form an exception to this rule, for, taking 0 -= 10, hydrogen rays 
give II = 1*008, in agreement with the chemical atomic weight. 

The rays of elements which have atomic weights differing ap- 
preciably from integers are found to contain atoms having two or 
more different masses proportional to integers. For example, chlorine 
gives rays with masses proportional to 35 and 37, taking oxygen rays 
proportional to IG as the standard. The atomic weight of chlorine 
is 35*46, so that it appears that chlorine is a mixture of two sorts of 
chlorine atoms having atomic weights 36 and 37. Xenon, the atomic 
weight of which is 130*2, is found to consist of a mixture of atoms of 
atomic weights 128, 129, 130, 131 , 132 , 134, and 136. In this way 
most of the chemical elements have been found to consist of mixtiires 
of atoms of different atomic weights. 
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8. Hot Anode Method for Positive Rays. 

The discharge tube method of obtaining positive rays is only 
successful in the case of elements which form stable gaseous compounds 
which can be admitted to the tube. Positive rays from many very 
slightly volatile substances can be obtained by means of a hot anode 
on which a small quantity of the substance is placed. The hot anode 
is usually a narrow strip of platinum foil which can be heated by 
passing a current through it. The substance or mixture to he in- 
vestigated IS put on the strip of foil and fused on to it by heating the 
platinum. The hot anode is mounted directly in front of the cathode 
of the mass spectrograph and a very good vacuum is niaintamed in the 
bulb. When a large potential difference is mamtaiiied between the 
anode and the cathode and the anode is heated, positive rays are 
emitted by the anode and some of them pass through the slit in the 
cathode. 

The ratio ejm for alkali metal atoms emitted by alkali sulphates 
on such a hot anode was determined by O. W. Richardson by mea- 
suring their deflections in an electric and transverse magnetic field. 
Richardson found values of el‘)n agreeing closely with those calculated 
for single atoms which have lost one electron. TIis experiments were 
not sufficiently accurate to distinguish between atomic weights differing 
by only a few units. 

Aston and G. P. Thomson examined the positive rays of lithium by 
the parabola method and got two parabolas corresponding to atomic 
weights 6 and 7. Aston examined the other alkali metals, using a hot 
anode and his mass spectrograph. He found sodium to give rays of 
atomic weight 23 only. Potassium gave rays with atomic weights 39 
and 41. Rubidium gave rays of weights 85 and 87, and caasiimi gave 
only rays of atomic weight 1 33. 

9. Dempster’s Method. 

The positive rays from several elements have been studied by 
Dempster by another method. In his apparatus positive rays from 
a hot anode are accelerated by a known potential difference and then 
pass through a slit. Immediately beyond the slit they enter a 
uniform magnetic field which causes them to move along a semi- 
circular path into another slit. The rays passing through the second 
silt are received on an insulated electrode and the charge they carry 
is measured. 

If P is the potential difference used, then 

Pe = 

where e is the charge, m the mass, and v the velocity of the rays due to 
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P. If H lb tlie sirengtli id tlic uuagiiotic Held, and } tlic radiiib oi the 
semicircular pa t li , t li en . . . , j 

- - -- Hev. 

I 


Hence 


ni IP) - 

7 "" 2P * 


Dempster kept li constant, and measured the current received by 
the insulated electrode as P was increased by small steps. It was 
loimd that the current increased to a maximum at certain values of 
P. and the corresponding values of nije were calculated. In this way 
Dempster found magnesium to consist of a mixture of three sorts of 
atoms having atomic weights 21, 25, and 2G. He also found zinc to 
consist of atoms w ith weights 63, 65, 67, and 69. 

10 Isotopes. 

It was former]}^ supposed that all the atoms of an element are pre- 
cisely equal in all res])ects, but the methods used to determine atomic 
weights depended on the relative weights of quantities which contained 
enormous numbers of atoms. The chemical atomic weights are there- 
fore merely the average atomic weights ior very large numbers of atoms. 
The mctliods of positive ray analysis first made it possible to test the 
question whether all the atoms of an element are equal or not. 

It is not possible to separate the two sorts of chlorine atoms with 
atomic weights 35 and 37 by any chemical process. They have pre- 
cisely similar chemical properties and are therefore regarded as atoms 
of the same element The same is true of the dilTerent sorts of atoms 
of otlier elements. Substances having the same chemical properties 
but different atomic w'eights are called 'isotopes. 

In a few cases it has been found possible by physical processes such 
as diffusion or evaporation to slightly alter the relative proportions of 
the isotopes in certain elements. In tliis way a quantity of the elcinent 
is separated into parts having slightly different atomic weights. This 
was done for neon by Aston, for chlorine by Harkins, and for mercury 
by Bronsted and Hevesy The last named physicists prepared two 
samples of mercury having relative densities 0-99974 and 1*00023 
compared with ordmai*y mercury taken as unity. 

The theory of isotopes is discussed in the chapter on Atomic 
Nuclei. The important application of positive ray analysis to ioniza- 
tion by collisions of electrons, by Smyth, is discussed in the chapter 
on the Critical Potentials of Atoms. 

11. Precision Mass Spectrographs. 

In 1925 Aston designed an improved mass spectrograph believed 
to be capable of measuring the relative masses of positive rays to about 
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1 in 10,000. TEe new instrument was similar to tEe old one but larger^ 
and tEe angles tErougE wEicE tEe rays were deflected were about 
doubled. 

In 1936 Dempster and also Bainbridge, working independently^ 
constructed new mass spectrograpEs of improved and ratEer similar 
designs. TEe new instruments replaced older less exact ones witE 
wEicE tEey Ead previously obtained valuable results. Bainbridge’s 
new mass spectrograpE is sEown in fig, 5. 

Positive ions are produced in tEe tube A by passing a current at 
about 15,000 volts tErougE neon at a low pressure. TEe element to 



Fi? 5 


be investigated is put on tEe catEode and is vaporized by tEe 
positive neon ions. Positive ions from tEis discEarge in A pass tErougE 
two narrow slits Si and Sg, and are deflected by a radial electric field 
between tEe plates of a cylindrical condenser B. TEe condenser deviates 
tEe rays tErougE an angle approximately on to a tEird slit at 

S 3 , Rays diverging from S 3 and all Eaving tEe same kinetic energy 
are focussed on tEe plane tErougE S 3 , so tEat an energy spectrum is 
formed at S 3 . TEis metEod of electrostatic focussing is due to PInglies 
and Eojansky. TEe rays wEicE pass tErougE S 3 are deviated by a 
magnetic field at C and fall on a pEotogxapEic plate at D. Rays witE 
equal mje values are focussed on tEe plate at D as in Aston’s mass 
spectrograpEs. TEe variation of m/e along tEe plate is very nearly 
linear, and witE narrow slits a resolving power of 10,000 or more is 
obtained. TEis means tEat tEe Inies on tEe plate due to ions witE 
mje values diilering by one in 10,000 are separated appreciably. TEe 
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lines due to iIP and 2^il^ wticli difier by 0-0014 atomic weigJit units 
are separated by about ten times tbe width, of each line. 

The mass spectrograph enables very exact values of the differences 
between two nearly equal atomic masses to be found. From such 
small differences the atomic masses with 0^® = 16 can be determined. 
This is called the doublet method. For example, the following mass 
differences have been found; 

— D = 0-00153, 

Dg — = 0-04219, 

C'2H4 — 0^^ =: 0-03649. 

These three equations give H = 1*00813, D = 2-01473 and 
0^2 ^ 12-00398 with 0^^ = 16. 

The following table gives the atomic weights, with = 16, of 
a number of elements found by means of precision mass spectrographs. 


Element. 

Atomic Weight. 

HI 

1*00813 

W 

2 01473 

He^ 

4 00389 

LP 

7*01818 

Be® 

9*01516 


10*01631 

B^^ 

11*01292 

Q12 

12 00398 


14*00750 


19*99881 


21*99864 


Refebeuces 

1. lia^s of Positive Electricity. J. J. Tliomson. 

2. Isotopes. F. W. Aston. 



CHAPTER XI 

Radioactive Transformations 


1. Discovery oi Radioactivity. Radium. 

Eaclioactivity was discovered by Becquerel in 1896. Eontgen’s 
discovery m 1896 of rays wbicb can penetrate materials opaque to 
ordinary light, and which were apparently associated in some way 
with the fluorescence of the glass of the Crookes tubes from which 
they were emitted, suggested the possibility that phosphorescent or 
fluorescent substances might emit such rays. Becquerel placed a 
phosphorescent compound of uranium— the double sulphate of uranium 
and potassium— on a photographic plate wrapped in opaque black 
paper. He found that the plate was affected and that rays were 
emitted by the uranium compound which penetrated the paper 
and other substances. By putting metallic objects between the 
uranium and the plate shadows of the objects were obtained on 
the plate. 

It was soon found that all compounds of uranium, whether phos- 
phorescent or not, emit the rays, and that the activity depends on the 
amount of uranium present in the compound and not at all on the other 
elements present. Many other substances were then tested in the 
same way. Mme Curie in 1898 found that thorium is also radioactive, 
and that the mineral pitch-blende and other uranium minerals are four 
or five times more active than would be expected from the amount of 
uranium in them. This suggested that uranium minerals contain 
another radioactive body more active than uranium, and Curie found 
as the result of a laborious chemical separation of large quantities of 
pitch-blende residues that there is present in these a substance which 
has chemical properties similar to barium and which is enormously 
more radioactive than uranium. This substance was called radium. 
Another radioactive body, similar to bismuth, was also discovered, and 
was called polonium. 

Curie found that there is about 0-36 gm. of radium to 1 ton of 
uranium in uranium minerals Eadium is more than one million 
times more radioactive than uranium. It is not easily separated 
from barium. Radium bromide is less soluble in water than barium 

239 
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bruiiiKle, enahle.s tbeiii lo be separated f)}'' a senes ul crystal- 

lizations 

Eadiiim is found to liave all the properties of a metallic element. 
Its atomic w'eiglit is 22G*0 and it occupies a place iii the periodic table 
of elimieiits in the same column as calcium, strontium, and barium. 
It gives a spectiiim similar to that of the otlier alkaline earth 
metals. 

Eiitherford in 1899 found tliat the rays from radioactiAm bodies 
are of tAvo kiinls, winch he called a- and ^-rays. The a-rays are much 
less penetrating than the jS-rays. Villard in 1900 discoAxred that a 
third type of rays more penetrating than the j3-rays is also emitted, 
A\liich were called y-rays. The properties of these three kinds of rays 
are discussed in other chapters, and it AVill suffice here to say that 
a-rays are positmely charged helium atoms sliot out vdth velocities 
about do that of light, jS-raAus are high-velocity electrons, and y-rays 
are electromagnetic waves of extremely short Avavc-lengtli, 

2. Uraaium^X and Thorram-X. 

An ini])ortaiit discovery aauis made by Sir "William Crookes in 1900. 
He found that it ammonium carbonate is added to a solution of uranium 
nitrate until the precipitate first formed is redissolved, a small quantity 
of insoluble precipitate remains Aehicli can be filtered off. This small 
precipitate Crookes found to be strongly radioactive Avhen tested by 
its action on a4)hotographic plate, AAffiereas the uranium solution is no 
longer active. 3'Ke radioactivity of the uranium is therefore due to 
the presence of a small cpiantity of another substance, intensely active, 
wliicli was called iiramiim-X. It was found later that the uraniiim-X 
emits only ^S-rays, and that the uranium emits a-rays. a-rays have not 
much action on a photographic plate as compared with j6-rays, Avhich 
explains Crookes’ results. 

The octivity of the uranium-X Avas soon found not to be permanent 
but to die aAvay gradually so that after a fcAV months it disappeared, 
whereas the ^S-ray activity of the uranium gradually recovered after 
the separation of the uranium-X and after a few months Avas com- 
pletely restored, A second quantity of tlie uranium-X could then be 
separated from the uranium. It appears therefore that uranium con- 
tinually produces uranium-X, the activity of which gradually dies 
aAvay. 

Eiitherford in 1900 discovered tliat thorium emits a radioactive gas 
whieli was called thorium emanation. The radioactmty of this gas 
AwiB found to die away in a few minutes. In 1902 Rutherford and 
Soddy separated an intensely radioactive body from thorium similar 
to uranium-X, which Avas called thoriimi-X. It was found that 
thorium-X emits the thorium emanation, 

M. and Mme Curie discovered that radium also emits an emaiiatioiij, 
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ami solid bodies exposed to this emanation become radioactive. 
The emanation deposits an active material on bodies in contact with it. 
Rutherford shortly afterwards found that thorium emanation also gives 
a radioactive deposit. The activity of these active deposits eventually 
disappears. 


3. Rutiierford and Soddy’s Theory. 

A theory oi radioactivity, now universally accepted, was put forward by 
Rutherford and Soddy in 1902 to explain the results the}" had obtained with 
thorium and its products. Accordmg to this theory the atoms of radioactive 
elements are unstable and eventually explode or decompose into new atoms 
having quite different properties. The chance that a particular atom vill decom- 
pose has a definite value, so that if we considei a large number of atoms the 
number -wliicli decompose per unit time is proportional to the number existing. 
Thus if there are N atoms at time /, then 


where a is a constant, exactly as foi a monomolecular chemical decomposition. 
Integrating this equation get 


where Nq is the number of atoms existing at the time t = 0. It was found that 
thorium -X and thorium emanation disappear gradually in accordance with this 
equation. When (A/Aq)==4 we have t ~ {loge2)loc, where t is the time in 
which N falls to N /2. The rate of disappearance of radioactive bodies is con- 
veniently expressed by givmg the value of (loge2)/a, i.e. the time m which the 
amount remaining drops to one-half the mitial value. For thorium emanation 
this time is 54 sec., and for thorium-X it is 3 64 days. For uranium-X the half 
value period is 24 6 days. 

When a radioactive atom decomposes, the products formed are an a-ray or 
a p-ray, but not both, and a neAv atom. When an a-ray is one of the products 
the new atom has an atomic weight four units less than that of the parent atom, 
because the a-ray is a positively charged helium atom of atomic weight 4. 
When a p-ray is emitted the atomic %veight of the new atom is almost exactly 
equal to that of the parent atom, since the mass of a P-ray or electron is less 
than one thousandth part of that of one hydrogen atom 

Accordmg to the nucleus theory of atoms an atom consists of a positively 
charged nucleus surrounded by electrons It is supposed that it is the nucleus 
vhicli decomposes in radioactive changes Thus when an oc-ray is emitted the 
charge on the nucleus is diminished by 2e, the charge on the a-ray, and when a 
P-ray is emitted the nuclear charge is mcreased by e, since —e is the charge on one 
electron. Thus when an a-ray is emitted the atom must also lose tvo electrons 
if it remains neutral, and when a p-ray is emitted it must gam one more election 
to remain neutral. 

Let us suppose that at time ^ 0 we have N atoms of a radioactive 

substance and that these atoms decompose, giving a second radioactive sub- 
stance, which decomposes giving a third substance, and so on until finally a 
non-radioactive product is produced. Let . - . Nn, be the numbers 

of the atoms of the successive products existing at time t, Nn being the number 
of atoms of the final prodiict. 

9 


(Dai4) 
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Then we have 






The sum of all the terms on the left-hand sides is zero, showing that the 
total number of atoms remains constant, which is obviously correct. The first 
equation gives Ni = since at / = 0, = V. The solution ol the second 

equation is 

where A and B are constants When / — 0, iVo = 0, so that B ~ — A and 
therefore 

Ny = A 

Hence = — aiiAz~^i^ fi- 

at 

When i =~- 0, wc have Ni = N and == 0, so that, wfiien I — 0, 


and therefore 


(XiN = A (ao — aj). 


ao — ai 


In a similar w'ay we find that 

^ 

(a3-“0^i)(c'2"“ai)(a3 — a) 


(ocy— a2)£““i^— (a^— ai)£““2^ T (a^— ; 


and similar expressions may be found for iV^, &c. 

The original substance gradually disappeais and the final product gradually 
increases in amount until Nn = A". The intermediate products increase up to a 
maximiini amount and then gradually disappear. The tune ty at which xV 2 is a 
maximum is got by putting dNJdt = 0, wdnch gives 


In the same way, the time at which is a maximum is found to be given by 

(aa ~ a3)ai£~"-d3 -p (ag— ai)a2C”*2^ + (a^ — a2)cy;js:””*'>^2 = 0. 

An important case is that %vhere ai is very small compared with the other a’s. 
In this case remains nearly constant and equal approximately to N for a 
long time. 
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The equation = otiN^ — oloN^, cciiV'^ constant, gives 

AL = - c-“^0, 

0^2 

wliicli shows that increases to a nearly constant value 

dN 

The equation ~ ~~ 

with N 2 constant and equal to becomes 

which gives = iVj (1 - E-“’0, 

as 

so that also increases to a constant value N^oli/v^ In the same way we find 
that becomes constant and equal to and so on. Hence m this case 

we find that eventually 

^ ~ N 2*^2 ~ ^ 3*^3 “ ^ 4'^4 ^ ^ 5*^5 ~ ? 

provided the a’s are large compared with ai- Since = 0, we do not get 

dN 

iViai = iV'/ia/i, and clearly ocn-id^n-~i= so that the final product 

dt 

increases at the same rate that the first body diminishes, while all the intermediate 
products remam nearly constant m amoimt. The amounts of the intermediate 
products are ail proportional to and so diminish very slowly as diminishes. 
When the state for which 

W^ai = Wgag = iV'gKg = . . . 

has been attained, the mixture is said to be in a state of radioactive equilibrium, 
because each intermediate product is produced almost as fast as it decomposes. 
For any intermediate product we have 

^ - oc,N^., 

dt 

where = 2, 3, 4, 1. 

It IS clear that if is constant for any value of 8 from 2 to % — 1, then 

so that ocjiV'i = a 2 iV 2 = = , . . = 

Since an-iiVn-i, 

dt 

we see that in this case W/i== + constant, so that the amount of the final 

product increases at a uniform rate. We have also cf^yN-i ~ constant, so that in 
order that the intermediate products should remain constant must be sup- 
posed kept constant in some way. This condition is approximately satisfied when 
ai is very small. The product ols^^s equal to the number of atoms of the body 
of number S which decompose in unit time, so that, m a mixture in radioactive 
equilibrium, the number of atoms decomposing is the same for all the inter- 
mediate products. 

The number of a-rays emitted by any one of the products present is therefor© 
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tlie same as the number emitted by any other product %-\lueh emits a-rays. The 
same is true ot the emission of p-rays by the atomic nuclei The amounts of the 
difierent bodies pr<^‘seiit in the mixture are mveiseiy as tluur acdnities, bo that 
tlie bodit^s \Uiicii decompose rapidly are present m small amounts. ITaniiim 
minerals are examples oi such a mixture ot radioactire bodies in a state of 
radioactive equilibrium. 

4. fable o! Products formed from Uranium. 

The iollo^ying table gives the products foniiecl from iiraiiiiiiii. 
Each product is formed by the decoru]">ositioii of the atoms of the 
preceding product in the table. The first column givt‘S the names and 
the second the chemical sjnnbols of the products. The third column 
gives the atomic Aveights. These are got from that of iiraniiini by 
subtracting 4 when a-rays are emitted. Tfio next column gm\s the 
atomic number. This increases by one wlien ^-rays are emitted and 
diminishes by tavo Avhen a-rays arc emitted. The atomic W(4ght of 
radium has been found directlj^ by chemical analysis. The fifth 
column gives the symbol of an isotope of the product, that is, an 
element which has the same atomic number and identical chemical 
properties. The chemical properties of radium are very smular to 
those of barium, and radon is a cliemically inactive gas like argon. 
Its atomic Aveiglit has been determined by measuring its density. The 
sixth column headed T gives the half-\mlue period. The next column 
gives the rays emitted. The last column gives the V'elocity of tlie rays 
as a fraction of that of light. Rays m brackets are relatively feeble. 

Two other similar series of radioactive products are known, one 
starting with thorium and ending with lead, and the other of uncertain 
origin containing actinium. 


-Niline 

Symbol 

\toimc 

Weight 

Atoimc 

Xunibei 

tope. 


iladn 

tiou 

Velocity it ays 

Uidiiunn 1 

IM 

2CS 

92 



a 

0 0150 

Uiaiiinui Xi 

ir-Xt 

234 

90 

Th 

210 da>s 



IJt.Liiiiuiii X> 

U~Xo 

234 

91 

Pa 

1*15 iniiL 

4(7) 


Uranium 1 1 

Un 

231 

92 

U 

•Jxl0'’yr. 

a 

0 0179 

Tonurni 

Xo 

230 

90 

Th 

i>*9 X 10‘ yr 

a 

0-0 u:> 

Rad uiui 

Ra 

22b 

88 

— 

1090 jr. 

a(p\ y ) 

0 05 (J 

Ra Emanation \ 
(Hadon) i 

Bn 

222 

80 

-- 

3‘S5 dayh 

a 

0*051 

Radium 

Ea-A 

213 

81 

Po 

3*0 mill. 

a 

0 0505 

Radium R 

Ra-B 

214 

82 

PI) 

20*8 nun. 

i^(y) 1 

0*30; 0*11, 0*03; 

0 70; 0 71 

Radium C 

Ea-G 

214 

S3 

r»i 

19*0 min. ; 

! 

0 786 ; 0 802 ; 

0 919; 0*957 

Radium C' 

Ea O' 

211 

84 

Po I 

10”« sec. 

a 

0 0t>il 

Radium 13 

Ea-D 

210 

82 

Ph i 

10*5 yr. 

(At) 

0 33 , 0 39 

Radium E 

EadiJ 

210 

83 

Bi 

5 dayb 

4 


Radium F \ 

(Polonium) i 

Ra F 

210 

81 

Po 

130 days 

a(y) 

0 0523 

[ Radium 0 \ 

1 (Lead) f 

Ra-O 

203 

b2 

Pb 

-- 
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liadiimi-C^ aLo gpTS another product to the extent of 0-03 per 
cent which is produced with the emission of a-rays. This product is 
called radram-C", its atomic weight is 210, its atomic number 81; 
its isotope thallium and its half-value period 1*4 miii. It emits only 
^-rays. Eadiiim apparently emits both a- and p-mjs, which is unusual 
The /3-rays are feeble, and may be due to a few radium atoms decom- 
posing in a different way from that which gives the emanation. If 
a radium atom emitted an a-ray and also a jS-ray the resulting atom 
should ha\^e atomic weight 222 and atomic number 87. An element 
with atomic number 87 should have chemical properties similar to those 
of caesium, whereas the emanation is chemically inert, as it should be 
if its atomic number is 86. 

5. Properties 0 ! Radon. 

It IS only possible here to give an account of the investigations 
which have been made of the properties of a very few of the radio- 
active bodies. An account will be given of radium 
emanation or radon, and some of its products. 

Radon is produced from radium at a practically 
constant rate, since the half- value period of radium 
is 1690 years. The radon atoms do not escape to 
any great extent from solid radium salts since 
they are produced throughout the volume of the 
solid and do not diffuse appreciably through it. 

The radon therefore accumulates m solid radium 
salts until its rate of decomposition is equal to its 
rate of production. If the salt is dissolved in 
water the radon is able to escape, especially if 
the water is heated under a low pressure. 

For the purpose of obtaining a supply of radon 
it is convenient to keep a solution of some radium 
salt in a glass * flask connected to a Toepler 
pump, by means of which the gases evolved by 
the solution may be pumped off and collected 
over mercury. It is found that the solution 
evolves small amounts of hydrogen and oxygen, which are evi- 
dently produced by the action of the radiations on the water. 
The radon is therefore obtained mixed with oxygen, hydrogen, 
and water vapour. If all the radon in the solution is collected 
in this way then after a few days another supply will have accumu- 
lated. 

The radon may be obtained in the pure state by means of the 
apparatus shown in fig, 1. The mixture of radon and other gases 
over mercury in the tube A is let into a bulb B through the stopcock 
i\ the bulb B having been previously exhausted through E, which leads 


A ^ 



Fvj; 1 
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to a Toepler pump Tlie mixture Ls exploded in B by means of a spark, 
and CO 2 is absolved by means of some caustic potash fused on to the 
walls of B. The gases are passed into a bulb ¥ through 1), which 
contains phosphorus pentoxnle to absorl) the water vapour. The bulb 
F is then surrounded by liquid air and the radon condenses on its 
walls. The apparatus is next pumped out through E and mercury 
let in so as to till it up to the bottom of F. On the liquid air being 
removed the emanation evaporates and fills F. It can be compressed 
into a small calibrated capillary tube G at the toj) of the bulb F by 
letting in more mercury. In tins way the volume of the emanation at 
different pressures can be measured. 

Ramsay and Soddy obtained pure radon from a solution containing 
C)0 mgm. of radium in this way. They found tlie gas olx^yed Boyle’s 
law, and that its volume gradually decreased, falling to half-value in 
about 4 days. The a-rays penetrate the glass walls and so may not 
produce gaseous helium m the tube, otherwise the volume should not 
have diminished. Later experiments have shown that the volume of 
radon in equilibrium with 1 gm. of radium is approximately 06 c. mm. 
This quantity of radon is called a curie. 

The number of a-rays emitted by radium, free from other products, 
has been counted and found to be 3 4 X 10’*-^ per second from 1 gm. 
of radium. This should be therefore the number of atoms of radon 
produced per second. The rate at which the atoms of radon decom- 
pose is aN, where a = 2-085 X lO'”^ and N is the number of atoms of 
radon. Thus if 3-4 X 10^^ new atoms are produced per second the 
number existing when equilibrium is reached will be 


3-4 X 10^^ 
2*085 X 10“^’ 


L63X 10^®. 


The number of atoms in 1 c. c. of a monatomic gas at 0*^ C. and 
760 mm. is 2*7 X 10^^, so that the volume of radon in equilibrium 
with 1 gm. of radium should be 

L63 X _ 

2-7 X 10 ^ ^ ^ 

which agrees very well with the value found experimentally. 

The rate of decomposition of radon lias been accurately determined 
by Curie and by Rutherford. Some radon was sealed up in a glass 
tube, and the intensities of the and y radiations coming out of the 
tube compared at measured times by means of the ionmation produced 
by these rays in a metal ionization chamber. The radon itself emits 
only a-rays, but the product radium-C gives jS- and y-rays. The half- 
value periods of radium-A, radiiim-B, and radiiini-G are all small 
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compared with that of radon, so that in a short time the amount of 
radinm-C present m the tube becomes practically proportional to the 
amount of radon present, and then the rate of decay of the /3- and y-rays 
is a measure of the decay of the radon. In this way it uras found 
that a for radon is 2*085 X (sec.)”'^, which gives 3 85 days for the 
half- value period. 

Radon is found to be without chemical properties, like the inert 
gases helium, neon, argon, krypton, and xenon. Its density was deter- 
mined by Ramsay and Gray by weighing a fraction of a cubic milli- 
metre of it in a bulb with a microbalance of extraordinary sensibility. 
The density was nearly 222, taking that of oxygen to be 16, and so 
agreed with the atomic vreight got by deducting four from 226, the 
atomic weight of radium. Radon therefore comes at the end of the 
sixth period of the periodic arrangement of the elements, in the same 
column as the other inert gases. The atomic number of radon is 86, 
which is got from that of radium 88 by deducting 2 for the emission of 
one a-ray. 

The atomic numbers of the inert gases 2, 10, 18, 36, 54, 86 are 
equal respectively to 2 X 1, 2(1 -j- 2^), 2(1 + 2^+ 2^). 2(1 + 2^+2^+ 3^), 
2(1 + 2^ -f 2^ + 32 -f 32 ), and 2(1 + 2^ + 22+32 + 3 "- + 42 ), and so form 
a regular series with that of radon as the last term. 

6. Experimental Study oi Products from Radon. 

Solid bodies put in contact with radon become coated with a radio- 
active deposit. This deposit can be concentrated on to a small wire 
by charging the wire negatively to a few 
hundred volts. Thus if a solution of radium 
bromide is put at the bottom of a corked 
bottle, and a fine wire put through the cork 
a] 3 d kept negatively charged, the wire becomes 
strongly radioactive in a short time. The 
radiations from the wire may be studied by 
means of the ionization which they produce 
in air. 

An electroscope suitable for the study of 
the ionization due to a-rays is shown in fig, 2. 

It consists of a cubical metal box A contain- 
ing two parallel metal plates B and C. The 
plate B is insulated and coimected to a rod 2 

I) which supports a narrow gold leaf E. The 

gold leaf is in an upper chamber above A. The upper end of D is 
covered by a removable cap at G which enables the rod to be charged. 
The deflection of the leaf can be observed with a low-power microscope 
through the glass window F. A graduated scale in the eyepiece of the 
microscope enables the deflections to be measured. If a body emitting 
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a-raj^s is put on the lower plate C the rays ionize the air and the leaf 
gradually falls. The numher of scale divisions moved by the leaf in a 
suitable interval of time is proportional to the ionization. To study 
the ^-rays emitted by any radioactive body it is enclosed in a tube or 
covered with a thin sheet thick enough to stop the a-rays. Tf it is 
then put on the plate V the rate of fall of the leaf measures the intensity 
of the ionization due to the and y-rays. Ionizations due to y-rays 
alone may be studied by absorbing the a- and jS-rays by means of thick 
metal plates. 

If a bare wire covered with the deposit from radon is put in sucli 
an electroscope the ionization is almost entirely due to tlie a-rays. 
It the wire has only been exposed to the radon lor a short time, say 
1 min., the deposit will consist almost entirely of tlie product of the 
decomposition of the radon which is called radium-A. It is found that 
the intensity of the a-rays decreases rapidly for about 10 mm., the half- 
value period being 3 min. It then becomes nearly constant for about 
1 lir. and then begins to fall again, with a half-value period of 28 mm. 
The jS-ray activity of a wire winch has been exposed to radon for less 
than 1 min. is small initially, but rises m about 20 min. to a maximum 
and then decreases. This shows that radium-A gives no /3-rays, but 
forms products whicli give them. The variation of the a-ray activity 
shows that the products also give some a-rays. On lieatmg the wire 
to about 600'^ C. it is found that part of the deposit volatilizes and part 
remains on the wire. The part remaining on the wire gives a- and 
rays, whicli both decrease with the half- value period of 19'5 min. 
The part which evaporates can be condensed on a cool surface. It is 
inactive at first but then emits a- and ^-rays, which increase in intensity 
to a maximum and then die away. 

The results obtained can be explained satisfactorily as follows. 
The radiiini-xi emits a-rays only and has a Jialf-valiic period of 3 min. 
It gives radium-B wdth a half- value period of 26*8 min., which emits 
only very feeble ^-rays. The radium-B gives radium-(\ AYhicli emits 
/3-rays and has a half-value period of 19*5 min. This givtvs radiiim-C' 
with a very short period which gives a-rays. The a-rays from radium-C" 
and the jS-rays from radiiim-C both vary with the time in the same way 
because of the very short period of radiiim-(3'. 

It is found that the radioactivity of the deposit does not (iitirely 
disappear for a long time, and it appears that several more products 
are formed. The next one, radmm-D, has a half-value perioci of 16*5 
years. 

7. Heat evolved hy Radium. 

When the rays from radioactive bodies are absorbed by matter the 
energy of the rays is nearly all converted into heat. It is found, for 
example, that 1 gm. of radium in equilibrium with its products pro- 
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(luces al)uiii 120 calorjcs \m luuir. Tlie total lieat ])rodiiced by a 
granmie of radium is therefore 

j where a— 1*3 X 10~^^ sec “d 

which is the value of a correspond mg to a halt period oi 1690 years. 
This is equal to 2-57 X 10^ calories. This is eiiornioiisly greater than 
the heat evolved per gramme in any chemical reaction. The source 
of this energy will be discussed in the chapter on Atomic N uclei. 

8. Artificial Radioactivity* 

M. and Mme Joliot found that aluminium when bombarded by 
a-xays becomes radioactive and emits positive electrons or posi- 
trons. The activity decays exponentially with half- value period 
3 min. 15 sec. 

It is supposed that the a-rays combine with alumiiiiiim nuclei 
i;^ith the emission of a neutron thus: 

The is unstable and disintegrates, emitting a positron and a 
neutrino: 

The 1481^^ is a stable isotope of silicon. The aluminium and helium 
may also react with the emission of a proton: 

,3A12^+3He^-> , 481 ^ 0 + iHh 

Boron and some other elements give similar effects: 

^ q. ^^0 q. ^^0^ 

The half- value period of the is about 14 min. The positrons from 

45?^^ or radio-phosphorus have a continuous energy distribution, like 
nuclear ^-rays, and have an upper energy limit ol about 3 31EV. 
The upper limit for the positrons from radio-nitrogen is about 1*5 
MEV. 

Fermi found that most elements are changed into radioactive 
bodies, emitting jS-iays, by neutron bombardment. The neutrons 
were obtained from a tube containing powdered beryllium, and a large 
quantity of radon. The element to be investigated was made into a 
thin cylinder which was put round the tube* After exposure to the 
neutrons for a few minutes the cylinder was removed and tested for 
j8-ray emission with a Geiger counter. 

0 # 


(PSU) 
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It was found that tlie jS-ray emission was greatly increased wlien 
the neutron soui'ce and cylinder were surrounded by a large volume 
of water or paraffin wax. The neutrons collide with the protons in the 
water or wax, and are slowed down by the collisions so that they have 
the velocities of gas molecules at the same temperature. These slow 
neutrons diffuse about in the water or wax, and some of them fall on 
the metal cylinder. It appears that slow neutrons often combine with 
atomic nuclei much more readily than the fast neutrons emitted by 
the source. Some elements are much more efficient in capturing slow 
neutrons than others. Cadmium, for example, is about 100 times as 
efficient as many other elements, and gadolinium much more efficient 
than cadmium. One of the following nuclear reactions oc-^urs when 
a neutron is captured by the nucleus of an atom 

( 1 ) 

+ + ( 2 ) 

^ ( 3 ) 

The atom produced by (2) usually emits an electron and goes 

back into The electron is emitted with considerable energy which 
must be supplied by the neutron, so reaction (2) only occurs with fast 
neutrons. Reaction (1) usually occurs with slow neutrons and is 
accompanied by the emission of y-rays. For example, neutrons are 
absorbed by water and paraffin with the emission of y-rays and the 
formation of heavy hydrogen thus: 

The nature of a radioactive product can often be determined 
chemically by dissolving the activated substance and adding to the 
solution small quantities of elements wffiieh might be isotopes of the 
product. If these elements are then precipitated chemi('<dly, one at 
a time, the product will be precipitated along with its isotope, and 
its presence in the precipitate can be detected by the rays which it 
emits. In many cases the product is an isotope of the activated body 
and so is precipitated with it, showing that the neutron was captured 
according to reaction (1). 
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CHAPTER XII 


Atomic Nuclei 

1. Atomic Numljers and Mass Numbers. 

According to Rutherford’s theory, an electrically neutral atom 
consists of a nucleus with a positive charge Ze with Z electrons outside 
the nucleus. If the atoms in order of increasing atomic weight, be- 
ginning with hydrogen, are numbered 1, 2, 3, , then the atomic 
number, with a few exceptions, is equal to Z. 

The nuclear charge Ze can be found by measuring the wave-length 
of the X-ray line of the atom. Z is then given by Moseley’s formula * 

The chemical properties and the spectral line frequencies are 
determined by Z, and all atoms with the same value of Z are regarded 
as atoms of the same element. 

The atomic weights of atoms, taking that of oxygen equal to 16, 
determined by the mass spectrograph, are approximately equal to 
integers A, wiiich are called the atomic weight numbers or mass num- 
bers. The atomic weight of an electron is only 0-00055, so that nearly 
all the weight of an atom is in its nucleus. The fact that the atomic 
weights are nearly integers shows that the nuclei are built up out of 
units with atomic weights about one. Protons and neutrons both have 
atomic weights about one, so it is supposed that atomic nuclei consist 
of a number of protons and neutrons closely packed together. The 
number of protons in a nucleus must be equal to Z, because the charge 
on a proton is e, and so the number of neutrons N in the nucleus is 
A-Z. 

Before the discovery of neutrons it was supposed that a nucleus 
consisted of A protons and A — Z electrons, but it was difficult to see 
how an electron could be inside such a small particle as a nucleus. 
The radius of a nucleus is supposed to be about 15 X 10“^® cm., and 
the de Broglie wave-length of an electron of mass m moving with 
velocity v is hjmv. For the electron to be certainly mside the nucleus 

* See p. 189, 

251 



ATOMIC NUCLEI 


252 


[Chap. 


tlie wave-lengtli would Iiavc to l)e smaller tlian tlie niielear lading^ so 
tliat a lower limit foi mv is given hj 15 X = hjinv, or 


niv — 


0-5 X 10-^7 

15 X 


--4X 




Tlie rest mass of an electron is only 9 X so tliafc tlie velocity v 

must be practiiMlly eqiud to tbe velocity of liglit, and so 


m =- 


4 X 10“!^ ___ 
5X "" 



wHdi is about 150 times tlie rest mass. It is difficult to see how an 
electron with such enormous cneray could be ki‘pt iiisuh^ the nucleus. 

The atomic number Z and mass number A of an atom w it h chemical 
symbol W may be written wdtli the symliol thus: For example, 

a lilliiiim atom with Z = 3 and ^ = 6 may be indicated by ^Li®. 
Since all atoms with the same Z have the same chemical symbol the 
suffix is olten omitted. Table I gives the chemical sjmbols, atomic 
numbers, and masb mmilieis of several atoms. 


Tvbui I 


EleiBcnt. 

Sj iul>ol. 

AtojiiK NumUer. 

NuuUh rs. 

Hydrogen 

11 

] 

1, 2, 3 

Noutroa 

n 

0 

1 

Helium 

He 

2 

X 4 

Oxygen 

0 

8 

16, 17, 18 

Fluoiiiie 

F 

9 

10 

Aigoii 

A 

18 

38, to 

Calciiiiii 

Ca 

20 

40, 12, 13,41 

Tin 

Bn 

50 

112, lU, 115, 110, 117, 
118, 119, 120, 122, 121 

Telkirium 

Te 

52 

122, 123, 121, 125, 12(), 
128, 130 

Xenon 

Xe 

5‘i 

121, 120, 128, 129, 130, 
131, 132, 131, 130 

Oocsiuin 

Cs 

55 

133 

Mercury 

Hg 

SO 

196, 198, 199, 200, 201, 
202, 204 

Radi 11 HI 

Ra 

88 

226 

Uranmni 

U 

02 

231, 238 


Atoms with the same atomic number but diflereni mass niinihers are 
c<illed isotopes, and atoms with the same mass iiimiliers but dillerent 
atomic numbers are called isobars; for (*xample, there are Sii, Tc and 
Xe atoms with mass mmibers 124, and A and Ca atoms with inass 
numbers 40. 

2. Energies of Fomation. 

The atomic weights are all a ]ittl<^ less than the sum of the atomic 
weights of the Z hydrogen atoms and N neutrons which are combined 
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in any atom. The atomic weight oi hydrogen is 1*0079, and that of a 
neutron is l-OOSO, so that the loss of weight for oxygen ^0^® is 

8 X 1*0079 + 8 X 1*0083 --- 16 == 0*1296, 


and the loss for mercury with atomic weight 200*016 is 

80 X 1*0079 + 120 X 1-0083 - 200*016 = 1*612. 

These losses divided hy the mass numbers give 0*1296/16 = 0 0081 
and 1*612/200 = 0*00806, which are nearly equal. It is loughly true 
that the weight losses are proportional to the mass numbers except 
for the elements with very small atomic weights. 

TMs loss of weight when an atom is formed by the combination of 
neutrons and hydrogen atoms is attributed to a loss of eneigy. 
According to Emstein energy has mass, and the mass of energy E is 
equal to Ejc^, where c is the velocity of light. The neutrons and 
protons are supposed to attract each other strongly when veiy near 
together, so that in the formation of an atom work is done by these 
attractions, and some of the energy set free must be supposed to 
escape as radiation or otherwise. The loss of weight is therefore a 
measure of the energy of formation or binding energy of the atom. 

It is convenient to express the energies of formation in electron 
volts, that is, in terms of the work done on an electron when it moves 
across a potential difference of one volt. If we put Pe = then 
P is the potential difference required to give an electron the energy 
in a mass m. If the number of molecules in one mol or molecular 
weight in grammes, then the faraday F is equal to This gives 

P = 3^%c^jF. If m is the mass of one atom of unit atomic weight, then 
fA(m = 1, so that P = c^/P. With P in volts and F in coulombs this 
gives P = 10"'^c^/P = 931 X 10^. Hence if MEV denotes one million 
electron volts, the energy of one unit of atomic weight or unit mass 
number is 931 MEV > 

The energy of formation of oxygen 0^® is therefore 0*1296 X 931 = 
120 MEV, and that of mercury is 1*612 X 931 = 1600 MEV, The 
energy of formation per unit mass number is therefore about 8 MEV 
for elements with A greater than 16 . 

The energy of formation in MEV is given in terms of Aston^s 
packing fraction 8 by the expression 

7*719.4 -- 0*093^8 0-372Z, 


taking = 1*0079 and = 1*0083. The first term is usually much 
larger than the sum of the other two. 

The nucleus may be compared with a small drop of water. The 
energy required to evaporate the drop is proportional to its mass, so 
its energy of formation from gaseous water molecules per molecule 
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is a constant. TMs is explained by supposing fcbat tlie molecules attract 
each, other only when vciy close together, so that each molecule is 
only appreciably acted on by a small number of other molecules all 
within a certain very small dislaiico of it. This makes the energy of 
formation proportional to the number of molecules in the drop. We 
may therefore suppose that the neutrons and protons in a nucleus 
attract each other strongly only wdien extremely close together, so 
that each particle is only acted on by a very few pari ides which are 
next to it. 

The protons, of course, repel each other with a force which 
must diminish the energy of loimation. This electrostatic eficct can 
be roughly estimated if we assume the protons to be uniformly dis- 
tributed over the volume, assumed to be spherical, of the nucleus. 
The potential at the surface of a sphere of elecdiicity of charge density 
p and radius r is ^iTpr^[r^ so the ivork required to increase its radius 
by dr is trrprHTrf‘^pdr, Integrating this from 0 to r, we get 167r^p‘^r^/15. 
The density p is equal to Zej^Tr'i^^ so the potential eneigy is 

9ZV ^ 3 ZV 

15 ^ 5 r ' 


The radius of the radioactive nuclei, for which A is about 222, given 
by Gamow’s th(*ory of a-ray disintegrations is about 15 X 10""^^ 
cm. If T is proportional to so that r = where is the 

value of r for a nucleus with = 1, wc get 


15 X 10-13 
222 ^/*^ 


2*5 X lO-^h 


3 Z%^ 

The electrostatic energy in a nucleus is therefore about = — 

Putting g “ — 


3 X 4-8 X 10-10 X 300 
5 X 2*5 X 10-13 


P volts, 


which gives P — 0-35 X 10®. The eh-ctrostatic energy is therefore 
0-S5ZyA^i^ MEV. 

The most stable atoms of low atomic weight contain equal or nearly 
equal numbers of neutrons and protons. This suggests that the energy 
of formation of these elements is a maximum for a given A when the 
number of neutrons N is equal to the number of protons Z. 

3. Weizsacher’s Semiempirical Equation. 

An expression for the energy of formation E was suggested by 
Weizsacker, and after being slightly sinrplilied by Bethe is 

J = €4 - a(iV - Z)yA - 0-35Z2/41/3 - ^A^>^ 
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The second term, when Z is small so that the third term can be 
neglected, makes E a maximum for a given A when Z = A. The 
last term is proportional to the surface area of the nucleus and is 
analogous to the surface tension energy of a drop of water. 

Differentiating with respect to Z and putting dEjdZ = 0, we get, 
since N — Z = A — 2Z, 


a = 0T75 


ZA^i^ 

A~2Z‘ 


Table II gives the values of the constant a given by this equation 
with the values of A and Z for several elements. 


Table II 


Element. 

A 

z. 

a. 

Hg 

200 

80 

12-0 

Sm 

150 

62 

11-8 

Mo 

100 

42 

9-9 

As 

75 

33 

11*5 

Ti 

50 

22 

8-8 


The values of a do not vary much, so we take a = 11. The constants 
€ and are found to be 11*2 and 8 respectively by means of the values 
E = 1500 for and E = 120 for 0^®. The equation giving E 

in 3iEV is then 

E == 11*2,4 -- 11(A^ - ZyiA - 0*35Z2/A^/3 _ 

Table III gives several values of E given by this equation and the 
values got from the atomic weights. 


Table III 


Element. 

E(MEV) 

CalcnJated. 

Found. 

ElA 

Calciilated. 


119' 

120 

7.4 


1495 

1500 

7*5 

i8A“ 

317 

330 

7*9 

3oKr«^ 

650 

688 

7-9 


1030 

1080 

7*7 


1737 

1630 

7-3 


It appears that Weizsacker’s equation gives values of E agreeing 
fairly well with the values got from the atomic weights. The values 
of EjA are smaller than the value 11*2 given by the first term, so that 
the electrostatic and surface tension energies, together with the energy 
proportional to {N — Z)^, are about 30 per cent of the energy 11*2,4 
due to the attractions between the neutrons and protons. 
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Stability of Moms. 

If an atom di eiiiiliiiig an a-ray^ tlie Mnetio 

eiicTgy of tile cc~ray is given by 

where denotes the energy of foinniiion of an atom For 

example, the* values ol and given by Weizsacker'’s formula 
differ by about 25 BfEV, so (hat since the energy of formation of 
oHe^ is about 27 ilfilF, wc get tor the kinetit* energy of the a-ray 
m this case about 2 MEV. Tins is smaller than the oliservcd value, 
whifii is 7 MEV. However, Wcizsacker’s loimiila should not be 
expected to give tire energy of an a- ray exactly, partly because 
the constants in it are only lather roughly known, and partly because 
it only gives the general average variation of E with A and Z, so that 
it shmild not be expected to give the dilicrenee between tw^o nearly 
equal values of E exactly. 

Weksacker’s formula gdvos negative values for the kinetic energy 
ol an a-ray for values of A smaller than about 2(H), which indhaites 
that elcnieiit.s with such values of A cannot emit a-rays, wdiich is 
in agreement with the facts. 

It IS found that there are very few isotopes with even A and odd 
Z. This is shown in the following table. 

N timbers of Isotopes 


A 

X 

X. 

Kuinber. 

Even 

Even 

eii 

154 

Even 

Odd 

Odd 

4 

Odd 

Evon 

Otld 

55 

Odd 

Odd 

Even 

59 


The four with even A and odd Z all Jiave iV = Z and small atomic 
weights. They arc 3 LF, and Witli A even and Z even, 

W and Z are both even, so that all tln^ neutrons can be arranged in 
pairs and also all the protons. With J even and Z odd, W is also odd, 
so that the neutrons and protons cannot be arranged in pairs. It is 
supposed that not more than two neutrons or tw'o protons can be 
in the same proper state in the nucleus, just as in the electronic system 
of tin atom only two electrons with opposite sjuns can be in the same 
proper state. Two similar particles in the same proper state are sup- 
posed to be near enough together to interact apprc^ciably, but not if in 
different stales. With these assumptions it follows that when A is 
even and N odd there will be one proion and one neutron in higher 
energy levels than the rest, because all the lower levels will be filled 
with pairs of parikdes. The energy ol formation will therefore be 
greater with A even and Z even than with A even and Z odd. An 
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atom mitli J oven Z odd will tlierefore emit an cleciroas a neutron 
changing iiiio a proton, so becoming an atom with A even and Z 
even, thus: 

e “-1“ 0 -S’, 

where E is the kinetic energy ol the emitted electron in atomic weight 
units The atom will absorb an electron into its electronic system 
when Z changes to Z+1, so that K = ~~~ K will be 

positive because is much greater than for the reasons 

just meiitioiied. Thus atoms with A even and Z odd are unstable and 
so are not Ibuiid in nature. With A odd one or oilier of N and Z is 
odd, so that there is always one particle in a higher level, and so atoms 
with A odd and Z odd have nearly the same energy as with A odd 
and Z even. We might therefore expect about equal numbers ol atoms 
with A odd, and Z even or odd, as is actually found. 

When A = Z an exception occurs, because then with A even and 
Z and N odd the extra jii'oton and neutron are in approximately 
equal energy levels and so can interact. In this case, therefore, ^^jE^ 
may not be greater than ^E^, and atoms with A even and Z odd may 
be stable. N and Z are only equal when A is small, so we only got A 
even and Z odd with light elements. The above argument involves 
the assumj)tions that two neutrons or two protons when close enough 
together atiiact each other strongly and that the same thing is tme 
of a neutron and a proton. 

5. The ¥ery Light Atoms. 

Since two neuirons attract each other strongly when very near 
togelheic a diiieiitron q/F may be possible. Such dineutrons may 
exist, but they will be extremely difficult to detect if they do. In the 
same way a diprotoii may be possible, but the electrostatic re- 
pulsion between two protons must make the formation of a diproton 
very unlikely. A third neutron would not be expected to combine 
with a dineutron, because it would have to be in a higher level than 
the Erst two and so could not intcraet with them, and lor the same 
reason three protons could not combine, and moreover the electro- 
static rcpiiibion would nuke it unlikely even if they could. 

A neutron and a proton should combine, and this combination is 
the dc Lite roil or heavy hydrogen atom Either a neutron or a 

proton can combine with giving and because in 
there are two vacant levels equal to those occupied. A neutron can 
combine with or a proton with giving and filling up 
the vacant equal level. is the helium atom, vrhich is therefore a 
saturated body, because another particle must be in a higher level 
and so cannot combine with it. The energies of formation of 
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JF, 2^6^ and are approximately 2, 8, 7 and 28 3 IEV respec- 
tively. 

A great many attempts Lave been made to explain these energies 
of formation by assraiiing various types of interaction between the 
particles, and trying to solve the Schrddinger equations so as to get 
the eiieigy proper values. 


6 . Theory of the Beateron. 

The Schrodinger equation for the deiiteron may be written 
in terms of co-ordinates giving the position of the proton with respect 
to the neutron, so ignoring the motion of the centre of gravity. If 
these co-ordinates are cr, y, z, then the ehcctivc mass for the relative 
motion is MWr l{M -j~ M'), where M is the mass of the proton and if' 
that of the neutron. Neglecting the small dillcrence between AI and 
M\ this is 31/2, so that the equation is then 

Aw(j:) + Fw(x) = V(x}u’(x), 


where cc stands for x, y, z, and V{x) is the mutual potential energy. 
Schi'odinger’s equation for the deuteron, if we suppose w{x) is a func- 
tion of r only and put iv{x) = u{r)/r, becomes 


iTT^l 


-{■- = 'Vti. 


V and E are both negative, so we change their signs for convenience, 
making the equation 


¥ dh( 


+ Yu =: Eu. 


If we take F to be zero or very small when f> a, then for r > a 
we have 


dhf, 


Eu^ 


2^ 

so that Uy-^a = where a = 

’When r <. a, we may suppose V approximately constant, so that 
A® 


iV-E)u, 
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27r 


aad so u = B sin^r, where ^ == - -'\/M{V — E). At r = a tlie two 

solutions must ]oin smoothly so that the two values of (- 
must be equal, and so 


W dfK 


^ cos Ba , ^ 

B or cot Ba ■■ 

sm pa 


Va/(F-^). 


When a is very small F /E must be large, so that cot must be 

small and = 7r/2 nearly. We have therefore ^^'\/FM=“ or 

h A 

Ya^ = approximately w^hen a is very small. The negative 

energy E is given by 


^-ViUiV - jB) - 5 + 



approximately, where F is the negative potential, 
this gives 


Veiv - ~ 


Since VjE is large, 


It appears that if F = /i^/lOJfa^ exactly, then A* = 0, so that F must 
be greater than h^jlQMa^ for the proton to be able to combine with the 
neutron. 2 ^ 

The constant a = V ME is the reciprocal of a length which may 


be regarded as the radius of the deuteron. With A = 2 MEV it is 
about 4 X cm. More or less similar results arc obtained with 
other values of F(r), such as and 

7. Collisions between Mentrons and Protons. 


When neutrons are passed through hydrogen in a Wilson expan- 
sion chamber, there are collisions between the protons and neutrons, 
and the directions and lengths of the resulting proton tracks can be 
observed. It is found that a large fraction of the tracks are along 
directions which nearly coincide with the direction of the incident 
neutrons. 

The wave-length of the do Broglie neutron waves is equal to hlmi\ 
so that for neutrons with velocities about 1/20 the velocity of light, 
the wave-length is 26 X 10'"^^ cm., which is much longer than the 
greatest distance at which the interaction between a neutron and 
proton is appreciable, which, as we have just seen, is probably less 
than 4 X We should therefore expect the de Broglie waves of 

a neutron to be scattered equally in all directions by a proton, relative 
to a co-ordinate system in which the centre of gravity of the particles 
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is afc rest, becaubo w’heii ilie Maiiarin^ voJuiiic lias Jiiiieiibiunb Siuail 
compared willi Llio wavc-len^tb tliere can be no ini^aieieiiia' bc'Lwceii 
tlic scattered waves. Tire expeiiinenial resulls jusi nieuiioaeii appear 
tlierefoTC to be contraiy to the tlieoiy tliai t!u‘ iiitiaMc iion bt^hmeii a 
neutron and piol on is very small at dista aces gi (vit ca i iiaii 4 : ( cm. 

8. Pliotoeleciiic Disiategraiion of Deufierons. 

Wien the y-rays from TliC' are passed through iavivy hydro- 
gen in a Wilson expansion chamber, tracks ar<^ olnsei vod vdiicli are 
believed to be proton tracks due to ilie y-iav ifhotons colliding 
vntli deuterons and lireaking tlioin tip into a ncuiioii and proton. 
The photons Lave energy 2*02 ilfA’F, and tlu' kinelK* ciicugy of the 
protons, esriiiiated from the length of their trai kb, is a!)out 0-25 iliiJF. 
The neutrons must have piaetically <qual eneigy so tluil the binding 
energy of the deiiteron is 

2-62 2-12 J/AF. 


The target area for collisions bei\"\een the photons aii<! d^niterons 
was estimated as about G X 10'“^® enn- from tlu‘ niimbtu’ of tracks 
observed. 

We have seen above'*’' that the chance of radiation producing a 
transition of an electron in an atom from a state with energy to 


Stt^ 

another with E^ is equal to 


(e’)o 


E,, uhere {e%n.n matrix 


element of the electric moment ez of the electron along the c-axis, and 
E^, is the energy in the radnitiou per cm/^ per unit ranuc* of ficc|uency. 

If the inckleut radiation per cm.^ is just one ])hoton ol eiieiay hp 
in a wave group ol length I, then we liave AE . At == k, where AE and 
At are the uncertainties in the energy and time ol ai lival of the ])hoioii. 
This gives hAvAt== A, so that An ~ 1/A/. Thi^ cuiergy Ah per unit 
range of frequency in the group is therefore hvjAv or InAt, Tlie chance 


of a transition due to the group is tluuefore 




kiAt, so 


that the target area u of the atom for a transit ion due to 1 
is given by 


he photon 





At, 


We may use this expression to calculate the target area of 
a deiiteron for disintegration by a y-ray photon. The proper 
function of the proton in the deuteron is w{r) = where 

a = 2Tr'\/ ME jh for r > Since a is very small we may use this value 
of w{f) ill calculating the matrix element. When normalized w{f) is 


* See p. 137. 
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(9^) Tlie proper function for the proton after the disintegra- 

tion will be that of a free particle. 

Scliiofliiiger’s equation for the free particles with kinetic energy € is 

(¥|i7rm)^u + £?7 = 0 . 


If we change to polar co-ordinates then, as with the equation for 
the hydrogen atom, we find U = S{d, cl))u(r)ff and u{r) is a solution of 


fd^a(r) 


— u{r)^ + €u{r) = 0. 


The selection rule for I requires it to change by +1, so, since 1 = 0 
for the dcuteron, we take I! = 1 for the free particles and so have 




2u\ 


j €U : 


0 . 


( sm ]ct\ / 

■— cos Jcr-\ — where k= 2 itV M ejh 

and e is the kinetic energy of the particles. Also with I = 1^ 

S{d, (3/47t)i/2 cosi9, 


so 


TT / 3 B cos d / j , sinM 

which has to be normalized properly. 

The incident radiation lasts for the time At, so, if the photon causes 
a transition, the proton will be emitted during this time interval. The 
proton will therefore be represented by a wave group of radial length 
vAt, where v is the velocity of the proton. We must therefore nor- 
malize t/(f) for one proton between r = 0 and r = vAl, so that 


J pvAt 

' ic{r)'^dr • 

a 


1 . 


This gives 


(' 


coB^Jcr - 


^cosArsin/cf sm^kr 

hr 


^pjdf == 


or B^=^ 2 lvAt approximately since kvAt is large. We now put 
sin IrjkT — cos kr equal to the real part of + h')jkf, so that 


V 


/ 3 x'^'^cosd 


\277?’AJ 


Re + hr) jkr, 


where Re means that only the real part is to be taken. The matrix 
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element (:-)omn is equal bo w{r) rcosOUclr, where dT = 2m' sindddrdr 
Wo have therefore 

112/ 3 \3'2} /• 

\ ^ I It, • n <r> n m, . 7 . 1 *. 


and if cosd 



/ a 

■n. 

\Ji7r, 

SO 

(^)ow« 

Also 



mvAt) J 


/o 


Re -f hr) dr. 

^ V*->)(i + It)* = j 


and the real part of this is — 2P/(a® + P)-, so, putting v = Ihj^TrM, 
we get 

(2)omn - + 3 

This gives 

_= 

Now hv — E e, 31 E — l^aP'jA.Tfl, and 31 e = so that 

Zc3IiE+ef 

With E = 2-12 3iE F and £? + € = 2-62 3IEV, this gives 

<T = 7 X 10-28 cra.2, 

wHcla agrees nearly \Yitli the value 6 X cm,” found experimen- 
tally. The area 7 X 10“^® is equal to that of a circle of radius 
i-5 X 10"*^^ cm., which is much smaller than 4 X 10”^^ cm., the sup- 
posed radius of the cleuteroii. 


9. luclear Eeactions. 

In 1919 Rutherford made the very interesting discovery that when 
high-velocity a-rays are passed through certain substances rays 
are produced which have a greater range than the a-rays. These 
rays were found to be protons. It appears that the alpha ray enters 
a nucleus and combines with it, and the nucleus inimecliately dis- 
integrates emitting a proton. For example, with aluminium 

13AF + ^ + ,IP + E. 

The atom is an isotope of pliosphoruvs, and is an isotope of 
silicon. E is the energy set free in atomic weight units. Such processes 
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arc called nuclear reactions, and a great many have been foiind to 
occur since Rutherford’s original discovery. In an equation for a 
nuclear reaction the sum of the superfixes A representing the mass 
numbers and the sum of the suffixes representing the atomic numbers 
must be the same on both sides of the equation. Also the sum of the 
atomic weights on the left must equal the sum of the atomic weights 
plus the energy B in atomic weight units on the right. 

Nuclear reactions in which an electron or positron is emitted are 
exceptions to these rules, because when an electron is emitted a 
neutron changes into a proton, and when a positron is emitted a proton 
changes into a neutron. Thus 

= z+iA^ + + B 

and ^A^ — + _ie® + B, 

In the first equation an electron is emitted, so that Z changes to 
Z + 1 and an electron is added to the electronic system, which is 
indicated by the electron on the left. The energy E is therefore given 
hjE = ^A^ the two electron masses cancelling. In the 

second equation a positron is emitted and Z changes from Z to Z — 1, 
so that an electron is lost by the electronic systems. The energy B 
is then given by ^ 2m, where m is the rest mass 

of an electron or positron which is 0-00055 in atomic weight units. 

10. Disintegrations due to a-rays. 

The disintegration of several elements by a-rays has been in- 
vestigated very fully by Chadwick and Constable and others. We 
shall here consider the case of aluminium. The apparatus used is 
shown in fig. 1. P is a metal plate coated with polonium or radium C', 
which emits a-rays. A is a thin alumipium foil on which some of 
the a-rays fall. The energy of the a-rays striking the foil at A 
can be varied by altering the pressure of the gas between P and A. 
The protons emitted at A are detected by the counter BE. This con- 
sists of a double metal chamber with an opening at B covered with 
thin foil and an insulated electrode E. The gas pressure in the chamber 
is a few millimetres of mercury, and a potential difference is main- 
tained between B and E so that when a proton enters and ionizes 
the gas more ions are produced by collisions, so that an appreciable 
charge is received by B which alters its potential. E is connected 
to an amplifier and oscillograph the deflections of which are recorded, 
so that the number of protons entering the chamber per second can 
be determined. THn sheets of mica can be put between A and B so 
as to stop protons not having enough energy to penetrate the mica. 
The a-rays from P did not have enough penetrating power to get 
into B, so only protons were counted. 



ATOMIC NUCLEI 


2O1 


[Chap. 


If the aiiiiuinunu hni A ls \m' ilun. tlial il doph aol afifa'c- 
ciibly alter the eiieruy ol tin a-iay, tlien all the enliisions in it will 
be with ocnnyh of llie haine fOieioy. With Kueii a rery iltin foil it 
is foiiiid that the ninnber of protons obtauiofl varies ptaiodieahy with 
the encyi^y of ilic a-ravs, so that ilie iniinber oi protrais has maxi- 
muni values for a serues of a-ray ener;j<ies eqiud to (r6, 5-8, 5%3, 
4*9, 4*5, and 4*0 AIEV, 

Whon the a~ray enters an ahuninkim atom ve get a plios* 
plionis atom so that it appears that, this atom eau exist in a 

scries of states ivilli eneigies dilleiing by amoimfs (vpial to the dif- 




ferences between the a-ray entTgies winch give maximum numbers 
of protons. 

When the a-ray energy is equal or nf*aiiy equal to the energy 
diflercnce between the A1 atom and one of the slates of the atom, 
there is a sort of resonance eifcct, and the chanee of the a-ray 
entering the A1 atom is much greater than when this is not llic case. 
The atom is nnstabh^ and disintegrates, emitting a proton and 
becoming a silicon atom 31 SP. It is found that for eaeli stale of the 
P atom protons are emitted with two difleront enmgii^s, so it is sup- 
posed that the silicon atom may be formed in two di[I(3reiit states, 
one with more energy than the other. For example, the protons due 
to a-rays with energy 5*3 MEV have ranges of 34- and G6 cm. 
in air at atmospheric pressure, and those diu) to 4*0 3IEV a-rays 
have ranges of 22 and 49 cm. If the silicon atom is formed in an ex- 
cited state with more than its normal energy, then the proton emitted 
has less energy and the excited silicon atom iiuist change to its normal 
state, after emitting the proton, probably with emission of a y-ray. 

Similar results were obtained with fluorine and boron. 



XILJ 


PRO'l'ONS AMD DEUTEilONy 


265 


13 - 


high eiK^rgies 
;K*t*onli!lg 


+740 KV 


11. DiSFiiegratiOBS due to Froions and Beuteroas, 

Tlic iialiirai radioactive elements like rndinin do not oriiil protons 
or deiiJ/erons, so in ordtc* to study disintegrations due to Ligli-' velocity 
protons and douteruus ii- is iieci ssary to obtain by arlitieial means. 

In order that a proton inav a iuu'ieus it iniglit be supposed that 
it would be necessary for the 
proton to have enough Idiictio 
energy to overcome the repulsion 
due to the nuclear ciiargcu The 
electrostatic poieiiiial eueigy oi a 
proton at tin* siirface ot a maleus 
of mass inunlier A and cliarue Zc 
is about wlier(‘ — 

2*5 X 10"’^'^ whicli is equal to 
O-GZ/A^^'^ HIE F approximai ely. 

For this is 1 MEV, and for 
,AP" it is 2“0 MEV, To obtain 




y 


+700KV 


- +350 KV 


TO PUMPS 


protons witli mh‘!i 
would be diilitaibj but 
to the wave niediaiiies theory a 
particle has a finile (‘hauce of 
passing through a luaTow region 
in which its (dassical kinetic eiuugy 
is ncgiilive, so it seemed ])oss!ble 
that protons with only a few 
hundred thousand volts eiierg\ 
might be able to mder nucha ol 
low atomic iminbcT. 

Cockcroft and Walton, working 
in the Cavendbh laboratory, there- 
fore decided to atimupt mick\H 
disintegrations with protons of 
compiaraiivcdy low ein^rgy, and 
they construeied an apparatus 
capable of giving a})out htH),lKK> volts. With this apparatus they 
soon discovered that protons with only 100,000 volts energy could 
disintegrate several light elements. 

The latiist form of apparatus used by Cockcroft and Walton is 
shown ill lig. 2. It consists of a large vacuum tube made out of two 
glass cyiiiidcrs eacli about 90 cm. long and 30 cm. in <lianieter. The 
upper end is cIoscmI by a metal plate wduck carries a hollow electrode 
consisting of two concentric tubes. A slow stream of hydrogen is 
admitted into the spact^, between the two tubes, and a discliarge can 
be passed through the hydrogen from the iiiner tube to the outer one. 
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Some of tlie positive liyrlrogeii ions or protons esenpe tliroiigli a small 
Lole at the lower end of the eh^ctrode. The up]KW eltHdrode can be kept 
at 700,000 volts, and the protons move do\Mi the axis of the glass 
cylinders, A good vacuum is niairilained in ilia apparatus by means 
of large oil dillnsioii pumps. A nietul pLite b(‘tvee]i the two glass 
cyliiifiers siippoits a steel tube as shown* and a similar tube is sup- 
ported by the plate closing the lower end. The protons are accelerated 
in the two gaps, and tlic gaps are designed to prevent spreading of 
the proton beam, which is about I cm. across at the lower plate. 
The proton beam is deflected by a nmgnctic ilAd perpendicular to the 
plane ol the paper, and after jiassing through a w'uh sfo])Goek strikes 
a target mounted on a cone. Sev(Tal targets (‘an la- put on the cotie, 
which can be rotated so as to bring any one of Ihiun into the proton 
beam. A window of thin foil is placed about 4 cm. from the target in 
a direction at right angles to the proton beam. High-velocity atoms 
emitted by the target pass througli the window and are counted with 
a counter similar to that used by Chadwick and Constable in their 
experiments with cc-rays. The magnetic field (‘an be adjusted so as 
to deflect the protons, but not other ions of difler(‘ni mass or energy, 
on to the target. If heavy hydrogen is used instead oi ordinary hydro- 
gen, tlieii deutoroiis jW are oblaiiied instead of proions, and the mag- 
netic field can be adjusted to dtdlect tlie deiitmons on to tbc target 
and so separate them from any protons or other ions present due to 
impurities in the gas. 

Thill sheets of mica can be put between the window and the counter, 
and so the range of the high-speed atoms can be found. An a-ray 
very near the end of its range gives much more ionization in the 
counter than when not near the end of its ranges and so much larger 
oscillograph deflections. The number of large dcfl(‘ctions per minute 
is equal to the number of oc-rays entering the counter almost at 
the end of their range. If the target emits a-rays with a definite 
energy, then the number of large deflections will rise to a sliarp maxi- 
mum, as the thickness of the mica is increased by small steps, when 
the thickness of the mica is such that the rays enter the coimter very 
near the end of their range. The range of the rays (mittccl can thus 
be found, and from the range the kinetic miergy. If the target emits 
protons, the range can be found in the same way. The deflections due 
to protons near the end of their range arc smaller than those due 
to o?-rays, so it is possible to distinguish between oc-rays and 
protons. Fig. 3 shows how the number of large deflections varied 
with the thickness of mica with a target of fused B 2 O 3 on copper 
bombarded with deiiterons of 550 J£F energy. The horizontal co- 
ordinate is the thickness of air at the atmospheric pressure equivalent 
to the air and mica between the target and counter. 

There are particles emitted by the target with ranges of 4 * 6 , 14^8, 
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SO'G, 58-85 and 91 ciii. The ])articleB with ranges 4*6 and 14-8 cm. are 
a-particles, and the other i/hiee are protons. The energies of the 
emitted particles can be got from their ranges^ and the energy re- 
leased in the reactions can be calculated from the energy of the inci- 
dent particles and that of the emitted particles assuming momentiuQ 
to be conserved in the collisions between the incident particles and 
the atoms in the target. The a-rays and protons are supposed to 
be due to the reactions 


Bii + Be» + He^ + 8*1 Ji^F (1) 
BIO + ^ Be® -f He^ + 17*5 MEV (2) 
BIO + H2 Bii +m+ 9*1 ili^F (3) 


A 


M 


0 



iO 20 30 


The energy release 9T MEV for reaction 
(3) is got from the protons of range 91 cm. 
The protons with 30*6 and 58*8 cm. range 
are supposed to be due to the atom 
being formed in an excited state with more 
than its normal energy. The continuous 
distribution of a-particles between ranges 


-VV 


40 50 60 70 80 90 100 cms. air 


Fie 3 


4*5 and 13 cm, shown in fig. 3 is supposed to bo due to the reaction 
Bio+H2~>3He^+E. 

When the disintegrating atom breaks up into more than two particles, 
a continuous energy distribution results although the total energy 
is constant, because conservation of momentum is possible with dif- 
ferent divisions of the energy among the particles. 

Nuclear reactions have been studied with apparatus more or less 
similar to Cockcroft and W^alton’s in several laboratories, and a great 
many reactions have been discovered and their energy releases 
measured. 

12. The Cyclotron. 

A very ingenious and valuable method of obtaining protons or 
deuterons with energies up to 10 MEV or more without the use of very 
high potential differences was devised by Lawrence at the University 
of California, His apparatus is called a cyclotron. 
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A partirk of )ii inul cliarpe iucving v;ilh velocity v, in a 
plane pt-rpoiuIiculaT to a liniiorm niagiu^tic liokl H, de8eril>^%s a circle 
of radius r given by mv^/r ■ - Mw so that mv^ Her. Tin* time T to 

go once round tlie eiieic is given by T = ~ — and so is iiide- 
pendent of tlic ladms r. 

Lawrein*c’s apparatus is sbown m fig. 4. It eoiisitots of tno semi- 
circular ineial boxes A and viili tlieir adjacent sidc^s open, wliidi 
arc put between tlio poles of a very largo cleclromagiU't. TJiese boxes 
are eoiiiieded to an eleclric oscillator so that an alieriiatiiig potential 



dlSerencc F^sini)^ is maintamed bctwcMUi them. Positive ions are 
generated just outside the boxes near the centre, and some of these 
ions are attracted into a box wben it is negative and describe a semi- 
circular path in it. Alter describing a semicircle the ions pass across 
into the other box, and arc again accelerated and describe another 
semicircular path, and are ag<aiii accelerated, and so on. The frequency 
of the oscillator is adjusted so that the poieniial dillercnce between 
the two boxes is reversed while the ions describe a semicircle which 
requires that pT == 27r or ==: Ilejm exactly. With =5 20,000 volts 
the energy of the ions is 4 MEV after maldog 100 comphde revolu- 
tions in the boxes. As the velocity of the ions increases the radius of 
the path increases proportionally since r ~ mvjlle. Tlie kinetic energy 
is given by \mv^ == For protons -with 4 illAF energy and 

II == 20,000, r is about 14 cm., and with 10 MET energy r = 23 cm. 
To obtain a imifoim magnetic field of 2(^000 gauss over an area 50 cm. 
in diameter requires a very large magnet, and magnets weighing up 
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to 100 tons are used, Tlie senucircular boxes are enclosed in a larger 
box ill wliK'h a vacuum is maiiitaiiicd, and tlie beam of positive ions 
is allowed to pass tlirougli an aperture 0 in one of tkc semicircular boxes 
and to fall on a target T coated witli the substance to be investigated. 
The rays emitted by the target are lot out through a window and 
counted as in Cockcroft and Walton’s experiments. 

The energies of reactions in which a neutron is emitted cannot be 
found by the methods so far described, because neutrons do not 
ionize gases like protons and a-rays. The energy of neutrons can 
be found by passing them tlirough a Wilson expansion eliamber con- 
taining hydrogen and observing the lengths of the proton tracks due 
to collisions between the neutrons and protons. In a liead-on col- 
lision the neutron gives practically all its kinetic energy to the proton, 
so that the length of the tracks in the same direction as the incident 
neutrons gives the energy of the neutrons. Many neutron energies 
have been measured in this way by Bonner and Brubaker and others. 
The Wilson expansion chamber has also often becni used to verify 
the nature of nuclear reactions. For examjde, it has been &ho\m 
that when a lithium target is bombarded with protons then a-ray 
tracks occiu in pairs, each pair consisting of two equal tracks going 
in opposite directions from a point on the target. This is what we 
should expect with the reaction 


LF + -> 2He^ 


In the same way it has been shown that when boron is bombarded 
with protons, with the target in an expansion chamber, then three 
tracks may be observed all in the same plane and starting from the 
same point on the target. This verifies the reaction — > 3Hc^. 

By measuring the lengths of the tracks Dee and Gilbert found the 
energy release to be 8*7 MEV. It was found that usually two of the 
three tracks are nearly in opposite directions and the third one is 
much shorter than the other two. 

Soon after Rutherford discovered a-ray disintegrations, Chad- 
wick photographed a great many a-ray tracks in air and got 
several photographs showing the disintegration of a nitrogen atom. 
The photographs showed a thin proton track and a short thick track 
starting from the end of an a-ray track. It was suiiposed that the 
a-ray enters the nitrogen atom, which then clisintegratps emitting 
a proton. The short thick track is attributed to the atom formed 
by the reaction -f 8®^^ + iff* One of these photographs 

is reproduced at p. 149. 

The following table gives a number of typical nuclear reactions 
and their energy releases. The energies in atomic weight units 
(1 = 931 MEV) are nearly all approximately multiples of g = 0*387 
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MEV or 0*000415 mass mnis, and so may be conveniently ex- 
pressed in terms of tliis quantity as unit. 


Nvclear Reactions 

72 ( 1 ) 

( 2 ) 

+ e- + i‘25 AFEV (3) 
-f €~' + 1*25 MEV = G 2 


Li« + IP 

Hc« + Hc3 + dq 

(4) 

IF + H2 

—V He® n'- -\-1q 

(5) 

Li« W 

-> 2Hc4 + 57g 

(6) 

fill + HI 

-> 3Hc« + 22g 

(U 

Bii + HI 

—V Be® + He'* + 215 ' 

(8) 

Be9 + IF 

— > Li" + He'* + 19q 

(fl) 

-h H2 

+ 35? 

(10) 

+ W 

Cl® + He^ + 31? 

(11) 

+ H--' 

-^Ni‘+Hei+8? 

(12) 

wi+ HI 

->iH®+ 6? 

(13) 

Li« + IF 

-> Li’ + IP + 13? 

(14) 

H“+ H^ 

-> H® -h HI + 10? 

(15) 

Be9 + H“ 

-V Bi« + wi + 11? 

(16) 

Be» + 

-> Bel® + H® + 12? 

(17) 


13. Energies of Formation. 

Any atom may be supposed formed by tbc hypotbetical 
nuclear reaction 

zm + {A- Z)h^ ^A^ + 

where j^E"^ is the energy of formation of the atom out of protons and 
neutrons. The energy of any nuclear reaction can be calculated if the 
energies of formation of the atoms involved arc knowm. For example, 
the energy E of the reaction Be® + LF + He^ is given by the 
equation + lE^ = A' JE^ — E. If we have N dillereiit atoms, 
including iFF and then there are A — 2 energies of formation. 
There cannot then be more than N — 2 independent nuclear re- 
actions involving only the N elements. For example, the reactions 
LF + Hi 2Ho^ LF + IP -> 2IIe^ + and IF + # [P are not 
independent because the third can be obtained by subtracting the 
first from the second one. 
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14. CalciilatioB of Atomic Weights. 

If we take §0^® = 16, then there are W — 1 atomic weights re- 
maining, so that, since there are not more than N — 2 independent 
reaction equations, there are not enough to enable the N — 1 atomic 
weights to be calculated. To calculate the atomic weights from the 
reaction energies it is therefore necessary to assume a value for one 
other atomic weight besides that of gO^^. The atomic weight of the 
electron or positron 0-00055 is very exactly known, and so may be 
used as the second assumed atomic weight provided one or more 
of the reaction equations of known energy involves the emission of 
an electron or positron. The energies of formation may be calculated 
from the reaction energies without assuming the values of any atomic 
weights since there are as many independent equations as energies 
of formation. It is convenient to first calculate the energies of for- 
mation and then use them to get the atomic weights. 

Equation (13) gives 6^ for the energy of formation of Equation 
(15) then gives 12q = ~ lOq, so that the energy of formation of 

is 22q, Equation (6) gives for the energy of formation of He^, 
= 123^ qqz= IQq, The equations (4) and (6) give He^ -j- = 

He3 -|- — 4,Sq^ so that 2^^ = (19 + 6 + 48)^ or the energy of 

formation of gHe^ is 73g. 

Equation (6) gives 146g'= 6g+ 57^^, so that the energy of 

foimation of Li® is 83g. Equation (14) gives 83y -f 6g = 13gf, 

so that the energy of formation of gLF is 1025^. Equation (9) gives 
^E^ = ISOg^. Equation (7) gives ^E^^ = 197^, and (8) gives = 146y. 
Equation (17) gives 168g, and (16) gives ^E'^^= 167 q. Equa- 

tion (10) gives qE^^ = 238g, (11) gives = 271g, and (12) gives 
== SSOg', Equation (1) gives qE?^ = 251g, and (2) gives >^E^^ = 243g. 
The equation ZH^ + (.4 — Z)n^ == ^4^ -f gives the atomic 
weights ^4^ in terms of and To get the atomic weights 

from the energies of formation we must therefore first calculate the 
atomic weights of FP and The equations 7H^ -f- == 

and 6m + 7n^ == + ^E^^ give ~ 

Equation (3) gives == 6q and = 251g 243g = 

Sg, so that = 2^.^' The energy of the hypothetical reaction 

gO^® = + E is given by 330g^ = 8 x6q-~~ E, so that E == —2822. 

Putting gO^® =16, we have therefore = 2 + = 2 + 

But + 62, so that # + = 2 -f 41|2> and we have 

= 22- These equations give 

- 1 + -K43i)2, HI = 1 + i-(39i)2, 

which with 2 = 0-000415 give #= 1-0089745 and Hi= 1-0081445. 

* It IS possible that jN'-® - is realty eq[ual to ^q, and that m'- + = ,H“ + 5q. 

If so, = 1-0085G7 and m = 1-00815. 
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Tlio otlioi citoDiio can now bo rMldilatn! by meaiic of tJio 

equation ZIV- -j- {A — Z)ii^ == TJie atomic iraglits^ so 

calculated, and llio energies of lorniation arc given in tlie following 
(able. 


Jio}niG WeigJils calculaled pom Kurltar Beat I ion Energies 
Afoniie Mutiiic 



■\\cAht. 


It itieni. 

W eight 

Emcr^y. 


1 0089S 

— 

LP 

0 01091 

83^ 

0^ 

1 00815 

— 

Lv 

7 01800 

mq 

W 

2 0140:1 

Or/ 

T>q^ 

8 Oits.OO 

U5q 

IP 

3 0169G 

22(/ 

j]c^ 

0 01520 

loOq 


3 01738 

19(/ 


10*01(>7I 

li\Hq 

He« 

4*00394 

TSq 

Bio 

10 01 €29 

Mlq 


Element. 

Atomic 

W(UbL 

Energy 


11*01281 

W7q 

012 

12 00;i9l 

mq 

on 

13*00752 

2olq 


13*01001 

2i:t/ 

m 

14*00737 

27 1 g 

016 

1(5 00000 

tYMg 


These atomic weights agre^e very closely will] the values obtained 
by Aston, Bainbridgc and others with mass spedrographst This 
agreement of the values obtained by thc^se two quite independent 
methods is very striking, and conlirms the as^ninpiion that energy E 
has mass Efi?, 

The energy of any nuclear reaction can be calculated when the 
atomic weights of the elements involved are known. The above atomic 
weights give nuclear reaction energies agredng with those observed, 
in most cases, but not in all. For exam])h‘, they give for the energy 
of the value 3T ME\\ whereas tlie observed 

value is said to be only 2 MEY, Such discrepancies will no doubt 
be removed when the reaction energies have been more exactly 
determined. 

15. Constitiitioa of Nuclei. 

The forces between nuclear particles liave a very short range and 
become saturated — wliich means that one patticlc cannot interact 
strongly with more than a small niimlxu of otlnn* paitichns near to it. 
Leaving out tlio elec'trosiatic repulsion between iJic protons, the 
forces of attraction betaveen a proton and a neutron are believed to 
be about equal to the attraction l)eUveen two neutrons or two protons. 

The helium nucleus consisting of two protons and two neutrons is 


* Seo p. 236, 



CONSTITUTION OF NUCLEI 


XJL] 


m 


believed to be saturated, so that apparently one nuclear particle can 
not interact strongly with more than three other particles. 

On the liquid-drop model of a nucleus it is supposed that a particle 
111 the interior interacts v^ith the twelve particles next to it but that 
a particle at the surface only interacts with about six nearby particles. 
The potential energy of a particle therefore gets much smaller when 
it moves from the surface to the interior. This produces surface ten- 
sion winch prevents the eiectrostaric repulsion from making the drop 
got larger. 

If we suppose that each particle can only interact with three nearby 
particles there will he little or no surface tension, so that the electro- 
static repulsions betv/een the protons will cause the dro]) to get as 
large as possible with each particle interacting with three nearby 
particles. This means that the drop would change into a hollow 
spherical shell consisting of a layer one particle thick. Each particle 
in such a shell would be near three other particles with which it could 
interact strongly as in the helium nucleus. 

This spherical-shell model of a nucleus has lieen proposed by the 
writer as a possible alternative to the liquid-drop model. 

It is found experimentally that many nuclei have a sot of nearly 
equally spaced energy levels with separations of 0-387 MET. The 
liquid-drop model gives levels much nearer together than 0-387, with 
separations getting rapidly smaller as the energy increases. The liquid- 
drop model does not offer any explanation of the equally spaced levels 
observed. 

The spherical-shell model gives equally spaced levels and with the 
experimentally found spacing (0-387 MEV) enables the nuclear radii 
to be calculated. The nuclear radii so calculated agree nearly with the 
radii found by other methods. It is possible therefore that the shell 
model may prove to be nearer to the truth than the liquid-drop model. 

To calculate the frequencies of vibration of the spherical shell, we 
may suppose it distorted so that its radius r is equal to a(l + ocP^(cos0)) 
where a is the undistorted radius, a a small number and P^^(cosd) 
a zonal harmonic of order 'i'l. 0 is the angle between the radius r 
and a fixed axis through the centre. We have P^ = 1, P^ = cosd, 
P 2 = ]{3 cos^0 — 1), &e. 

Neglecting powers of a greater than two, the volume F of the 

I \ and the area S to 

1 / 

4:TraH 1 + — T cf?y The potential energy P of the distorted shell, 

for very small values of a, will be ThS — — SV where T is the tension 

a 

in the shell. If the electric charge per unit area on the shell is a then 
the force per unit area is ^tto^ = 2P/a. 

fo 
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or 


Tile potential energy is therefore given by 

4 f>rn '4" T“ ,, 4 « 

P = irra-T -^~r — -y- a- — Tra^ 
2(2ri + 1) 3 


^ira^T 


(H - 1)(M + 2) 
271 + 1 


2T 3a^ 

c? j2/2f 4“ 1 


The kinetic energy of the shell when vibrating can be calculated as 
follows . 

For a nucleus with mass number A the mass per unit area is 
Am 14:7x0^ where in is the mass of one nuclear particle. The radial 
velocity, since r = «^(i 4“ is so the kinetic energy per unit 

area is \ a^P^^i? == ^ A^nP/k^, The kinetic energy is therefore 

equal to f P^Hna^ sin 0^7^, or since f P^^ Bmddd = 

2 07Z 4~ I) *^0 

2yi 4“ 1 

The frequency of oscillation of a simple harmonic oscillator with 

potential energy and kinetic energy Imx^ is equal to ~ 
so that the frequency of fho spherical shell is given by 


1 

27r\^ 


or 


/{ 
71 


2Tra^T{>i — l)(ii. + 2) 

{2n + l)Ama^ 

T{n - l)(!i + 2) 


2(25i + 1) 




IT Am 


)■ 


The electric field F at the surface of the nucleus is equal to Ze/a^ 
so that the force per unit area is F^/Stt == Z^e^jSTra^, The tension T 
is given by 2T /a == Z^e^j^rra^, so that T = ZV“/lGWb The frequency 
Vj^ is therefore given by 

= /((Azil)(!L±l)). 

i7raf\j \ Ama |* 


This gives the frequencies for very small amplitudes. It is found that 
the frequency is nearly independent of the amplitude, at any rate 
when A is large, so the variation of the frequency with the amplitude 
will be ignored. 

Let Ap = Then when 7i is greater than 4 or 5 we have 

approximately 

_ f 

* UttAv/ 


so that 
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The nearly equally spaced energy levels found in many nuclei 
have spacings of 0-387 MEV. This energy difference corresponds to 
a frequency difference Ay = 9-382 X 10^^. 

Putting in the numerical values of e, m and Ay, we get 

/ 72 vl/l 

a = 4-65 X • 

The following table gives the values of the nuclear radii given by 
this formula for several elements. 


Element 

A 

Z 

ax 10”^=^ 

2 -47 A’-l^ 

Uranium 

238 

92 

15 3 

15-3 

Gold 

197 

79 

14*7 

14-4 

Silver 

108 

47 

12*7 

11-8 

Cobalt j 

59 

27 

10 4 

96 

Aiuimniiim | 

27 

13 

8 5 

7-4 

Beryllium 

9 

4 

5-6 

5-1 


The last column gives the values of 2-474^^^. 

These values of the nuclear radii given by the spherical-shell model 
agree as well as could be expected with the values found by other 
methods. On the spherical-shell model the nuclear particles are sup- 
posed to be arranged on the surface of a sphere, each one connected 
to three others near it by bonds analogous to the chemical valency 
bonds in molecules. Thus eight particles would be at the corners of a 
cube and twenty particles at the corners of a regular dodecahedron. 

If s denotes the average distance between adjacent particles then 
As^ = 4:7Ta^ approximately. Since a varies nearly as so that a == 
we get as^ = irra^^. The distance between the particles is there- 
fore inversely as the square root of the nuclear radius. For uranium 
s = 3*5 X 10~^^ cm. and for beryllium 5 = 6-7 X 10"”^^ cm. 

Nuclear Fission. 

When uranium is bombarded by neutrons it becomes radioactive, 
emitting j8-rays. It was supposed that becomes and then 

emits a ^-ray becoming If emitted another j8-ray it would 

become g^A^^^ and 94 A^^^ were called transuranic elements. 

In 1939 Hahn and Strassmann found traces of radioactive barium 
in uranium which had been exposed to neutrons. The uranium was 
dissolved in nitric acid, a small quantity of barium chloride added to 
the solution of uranium nitrate, and then the barium precipitated as 
barium sulphate. It was found that part of the ^-radioactivity of the 
uranium was precipitated along with the barium. A thorough investi- 
gation showed that the uranium contained radioactive barium and 
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also many otlior radioactive isotopes witli mass mimbers between 
about 72 and 158. 

The radioactive isotopes found in the aranium in greatest quantities 
have mass numbers betw'cen about 90 and 102, and between 132 and 144 

It appears that iiraiimm atoms combine with a neutron and then 
break up into two parts, one part usually about 40 per cent heavier 
than the other. This process is called fission. The elements producer! 
by fission include lanthanum, barium, caesium, xenon, iodine, tellu- 
rmm and antimony, with atomic numbers from 57 to 51, and bromine, 
krypton, rubidium, strontium, ytterbium, zirconium, nioliimii and 
molybdenum with atomic numbers from 35 to 42. 

ITranium has about 1-6 neutrons per proton but the stable isotopes 
of the elements formed by fission have only about 1*3 neutrons per 
proton. The isotopes formed by fission therefore have too many iieu- 
tL'ons per proton for stability. The excess neutrons change into protons, 
with the emission of /J-rays. This goes on until there are only about 
14 neutrons per proton, and the nucleus is then stable. 

For example, the following transitions occur when a barium atom 
is formed by fission: 

eoNd^«. 

has 14 neutrons per proton and is stable. 

Natural uranium is 99*3 per cent and 0*7 per cent with 
a trace of It is found that fissions with neutrons of any kinetic 
energy from zero up, but only fissions with neutrons with 1*5 
3I£V or moi-e. Thorium amd other elements wuth atomic numbers equal 
to or greater than 90 also fission with neutrons of siillicieiit energy. 

A small number of neutrons is emitted when an atom fissions. 
Uranium atoms give between two and three. A very large amount of 
energy is released by fission. It a])pears mainly as kinetic energy of 
the particles formed. This energy can be calculated from the loss of 
mass. The atomic weight of [P’" is 235*12 with 0^® = 16. The elements 
formed by fission have atomic weights less than integers by about 
0*05 and the two neutrons have atomic rveights T00S9k The loss of 
mass is therefore 042 -f 2 X 0*05 — 2 x 0*00893, which is 0*20 mass 
units. The energy is therefore 0*20 X 931 == 188 J/£'F. The energy 
has been found experimentally by measuring the heat produced when 
a known number of U^^^ atoms fission. It was found to lie 185 MEV 
per iiraniimi atom. 

The energy released by the most energetic cheniica! reactions is 
never more than 10 electron volts per atom, so fission gives about 
20 million times as much energy as any chemical reaction. 

If a neutron goes into a large mass of pure uraniiini 238 mtii kinetic 
energy greater than 1 *5 Jf^F it will collide with a uranium nucleus and 
cause it to fission. The nucleus will emit two neutrons which will cause 
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two more nuclei to Ussioii. Four more neutrons will be emitted causing 
four more fissions. The four fissions will produce eight fissions and so 
on. This is called a chain reaction The chain reaction will proceed 
with great velocity, so that, in a very small fraction of a second, a 
large part of the uranium will fission with an enormous release of 
energy. The mass of uranium will explode Such a chain reaction is 
used in atomic bombs. 

It is found that a chain reaction requires a mass of fissionable 
material greater than a certain value called the critical mass. Neutrons 
released inside fissionable material travel, on the average, an appre- 
ciable distance before they enter a nucleus and cause it to fission. 
With a small piece of material many of the neutrons escape outside 
the material and so do not produce fission The piece of material must 
be big enough so that one neutron released in it, on the average, pro- 
duces more than one neutron by fission. 

The critical mass for uranium 238 is very large, probably many 
tons, so it is not suitable for making atomic bombs The critical mass 
for uranium 235 is much smaller, only a few pounds, so it is suitable 
for making atomic bombs. Natural uranium contains about 0*7 per 
cent of uranium 235. The chemical properties of are identical 
with those of so they cannot be separated by chemical processes. 
Uranium hexafluoride is a volatile liquid and is slightly more vola- 
tile than The U^^^F^ can therefore be partially separated from 

U^^^Fg by repeated fractional distillation. In this way uranium contain- 
ing 10 to 15 per cent of U“^^ can be obtained. Pure can then be ob- 
tained by separating tlie from the with mass spectrographs. In 

this way enough pure has been obtained to make atomic bombs, 

XJ238 fission wfith neutrons having kinetic energy less than 

1*5 MEV, but it combines with slow neutrons forming This 

isotope IS unstable and emits a ^-ray forming a now element 

called neptunium. Neptunium is also unstable and emits a j8-ray 
forming 94 PP^^, another new element called plutonium. Plutonium is a 
radioactive element emitting alpha rays. It is found that plutonium has 
a small critical mass like and so is suitable for making atomic bombs. 
Plutonium has chemical properties quite different from those of uranium 
and so can be easily separated from it by chemical precipitation. 

Plutonium is manufactured on a large scale with apparatus called 
piles. A pile is a large mass of graphite in w^hich pieces of uranium are 
embedded. The graphite serves to slow down the fast neutrons emitted 
by the fission of the in the uranium. 

The neutrons emitted by the fission of the diffuse through the 
graphite, colliding with the carbon nuclei. At each collision a neutron 
gives up some of its kinetic energy so that after about 100 collisions its 
energy is very small. The slow neutrons diffuse back into the uranium 
and about half of them enter nuclei, causing fission, while about 
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half of them enter nuclei, fonuiiig plutonium atonrs. Tlie pile must 
be large enougli so that the number of neutrons whicli escvipe from the 
pile IS only a small fraction of those produced by tlu^ fission of the 
If the fraction of‘ the neutrons which escape is not too large, the 
miinber of neutrons in the pile will increase exponentially with the 
time, so that the rate of generation of heat by fission will also increase 
exponentially. The activity of the pile can 1)e controlled by means of 
rods of cadmium or boron steel placed in holes in the pile. The rods 
absorb neutrons strongly. If the rods arc pushed into the holes beyond 
a certain point the activity of the pile falls exponentially to zero. If 
the rods are pulled out the activity increases exponentially and by 
adjusting the rods the activity can bo kept constant at any desired value. 

The heat generated in the pile is removed by coils of ahmiiniiim 
pipe through which cold water is circulated. Such piles have been 
operated so as to generate one million kilowatts of power in the form 
of heat energy. 

After the pieces of uranium have been in the pile for some time they 
are taken out and the plutonium in them exiracted. The uraniiini is 
dissolved in acid, and the plutonium preciiiitoted from the solution. 
The uranium from the pile contains all the products of the fission of 
the most of which arc strongly radioactive emitting /3- and y-rays. 
It is, of course, necessary to protect the operators of the pile from the 
neutrons, and y-rays emitted. 

Atomic bombs have been made with uranium 235 and with plu- 
tonium. If two pieces of plutonium, each of say j of the critical mass, 
are very quickly brought into contact the resulting mass is 50 per cent 
greater than the critical mass and so explodes. The explosion stops 
when the unexploded material is equal to the critical mass. Tlic energy 
released is largely in the form of heat radiation. It is estimated that 
one atomic bomb is equivalent to about 25,000 tons of T.F.T, 


17. Meson Theory of Nuclear Forces. 

According to the photon theory of light the energy of the electro- 
magnetic field is the energy of photons. The energy of a photon is 
equal to Jip, where p is the frequency. In a static field p is zero so there 
must he an infinite number of photons of inlinitesimal energy. It is 
supposed from this point of view, that electrons emit photons which 
are immediately absorbed by other electrons. The repulsion between 
two electrons may be regarded as an exchange force due to each elec- 
tron emitting photons which are absorbed by the other one. The 
scalar potential in empty space satisfies the wave equation 




Id^ 


= 0 . 


In electrostatics ^ is constant and = 0. The solution of this 
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equation is where is the charge at a distance 

n n 

Tn from the point at which (/> is to be calculated. This makes the force 
between two electrons equal to e^jr^ and their potential energy e^jr. 

The force between two nuclear particles at very small distances is 
much greater than the force between two electrons, but it falls off very 
rapidly as the distance increases. Yukawa in 1935 proposed a theory 
of the forces between nuclear particles analogous to the above ex- 
change-force theory for electrons. 

Yukawa supposes that a proton in a nucleus emits a particle called 
a meson with a charge rest mass /x now believed to be about 

200 times that of an electron. The meson is immediately absorbed by 
a neutron. Thus the proton changes into a neutron and the neutron 
into a proton. The protons are continually changing into neutrons 
and the neutrons into protons. Also a neutron may emit a meson with 
charge — e so becoming a proton, and the negative meson may com- 
bine with a proton changing it into a neutron. 

It is also supposed that neutrons and protons may emit neutral 
mesons. Thus the force between two neutrons or two protons may 
be due to each particle emitting neutral mesons, which are absorbed 
by the other particle, in the same way that the force between two 
electrons is due to each electron emitting photons which are absorbed 
by the other electron. 

On this theory a proton may be regarded as a proton surrounded 
by a neutral meson cloud, or as a neutron with a positive meson cloud, 
or as a mixture of these two states. 

In the same way a neutron may be regarded as a neutron with a 
neutral meson cloud or as a proton with a negative meson cloud or as 
a mixture of these two. 

The emission of y6-rays by radioactive atoms is supposed to be due 
to negative mesons disintegrating into electrons and neutrinos. 

The wave equation for mesons, analogous to ^ f = 0 for 

photons, may be obtained as follows: 

The momentum of a particle of rest mass jtx and mass m is given 
by the equation obtained in Chap. I. The 

energy ^ _ so that cV = ^.) and 

otV = 7? a:® + SO that mV = The equation for 

mV therefore gives A<jS — — i = 0, where % — With 


= 0 this becomes (f>, analogous to A^ = 0 for photons. 
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Tlie boliitioii of tills eqiiatioii ls ~ " e h ^ win ‘re A is a constant. 

Witli fi = 200 wliero i/Zq -- U 1 \ 10 t!u‘ r(‘sl mass of an eiec- 
troii, we get 

LLC 200 'n 9T \ 10 ). 0 X 10^'^ / 27 t ^ 

/, = iwj ViiFs = •"' 

Tbe following ta1)le gives values of for several values off. 


i 

(+Ji 10- « ^ 

10-'" 

100 

10 

10 

10- ^ ' 

0 95 

10“ n 

04Hi 

10-^“ 

0 000073 

. 


Yukawa’s theory is made rather more ])laxisi])le by the di.^covery of 
particles with masses about 200 limes that of an t4c^ctroii in cosmic 
rays. These particles are discussed under cosmi(‘ rays (p 181). 

Yukawa’s theory makes tlie potential energy of the attraction 
between two nuc'fear particles nearly iiivm’sely as i\w distance betAvcen 
them when the distance is less than cm., and vcay small for dis- 
tances greater than cni. The average distance between the 

particles in a nucleus is about I X cm. With } — 4 X cm 

is equal to 1^124, so that o.!| N 10 No\r <f> 

per particle in a nucleus is alioiit 10 AJEV or TO x lO""'"' ergs. This 
makes ^ = 5*2 X 10'”^'^ so that 'x/A -- 72 X The attraction 

between two nuclear particles at very small distances is there fcfre about 
the same as that between two electric chargevs of opposite sign, one 
+156 and the other — 15e, since e = 4*8 X 10“*^^. 
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CHAPTER XIII 
Gaseous Ions 

1. Mobility o! Ions. 

When gases are made to conduct electricity by means of X-rays, 
ultra-violet light, or other agencies, it is supposed that the conductivity 
is due to the presence of minute electrically charged particles which 
are called ions. The properties of these ions is the subject to be dis- 
cussed in this chapter. 

The velocity of ions due to an electric field depends on the tem- 
perature, pressure, and nature of the gas in which they are moving. 
It is proportional to the strength of the electric field, and the velocity 
due to a field of unit strength, usually one volt per centimetre, is called 
the mobility of the ions. A group of a large number of ions m a uniform 
electric field moves with a definite velocity, that of the centre of mass 
of the group, but this is not true of each ion in the group. The ions 
diffuse through the gas when there is no field, and in a field they still 
diffuse, so that the displacements due to diffusion are added to those 
due to the motion caused by the electric field. In a strong field the 
motion due to diffusion may be very small compared with that due to 
the field The mobility of a positive ion will be denoted by f ^ and that 
of a negative ion by 

If a gas contains % positive ions per unit volume, and w, negative 
ions, the current density in it due to an electric field of strength F is 

n2eJ>'2)F, 

where is the charge on a positive ion and that on a negative ion. 
The products and are both positive, because changing the sign 
of e also changes the sign of I'. Practically all gaseous ions are found 
to carry charges of the same magnitude of either positive or negative 
electricity. This ionic charge is equal to the charge on one hydrogen 
ion in a solution, or to the charge carried by one electron. It will be 
denoted by e. The current density is therefore given by 

i= h2n^)eF, 

where both and as well as e, are now regarded as positive. 

10* 281 (dSU) 
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1^. Measurement of Ionic Mobilities. Zeleny^s Method* 

Many determinations of ilie ionic niol)ilitic‘s and have been 
made in various gases at dideront pressures and temperatures. It is 
only possible to describe a tew of them here. 

In 1900 Zeleny made some accurat(" nuMsurenumts of Jq and Jq 
for the ions produced by X-rays in s(‘veral gases at aianospheric 
pressure. 

The gas was ])assed at an uniform rate ilirough a tube TU of 
circular cross-section, along lh(^ axis of which w<us a long insulated 
cylindrical electrode (T^ (fig. I). This (di^ctrode was divided into 
two parts by a narrow gap at 1)E. A narrow beam of X-rays SAB 
was passed across the tube from a source B so that positi ve and negative 
ions were produced in 
the gas over the cross- 
section AB of the tube. 

The electrode OF w^as 
kept at zero potential 
and the tube TT' 
charged to a potential 
V by means of a battery. 

As the ions are carried 
along tlie tube in the 
stream of gas, those of ^ 

one sign move towards 

the tube and the others towards the electrode, Tlie ions produced at 
the surface of the tube which move to the electrode strike the elec- 
trode farthest from AB. If V is small some ions will reach EF, 
and as F is increased the number reaching FP diminishes to zero. 
The value of V just big enough to prevent any ions from reaching 
EF was determined. With this value of V tlie ions starting from 
the surface of the tube at AB move across t<) E. The ions reaching 
EF were detected by means of a quadrant electrometer to which it 
was coniieeted. 

Let the radius of the tube be h and that of tlie electrode^ a, and let 
F be the strength of the electric field from tlie tub(> towards the elec- 
trode. Then F is inversely as r, so that V/{ r log ™ Y provided there 


B 

T 

1 

^ 

ff 

(C 

OE f) 

A 



^ 

t=== U T 

cS 


are not enough ions present to sensibly disturb the li(dd. Tf v is the 
velocity of the gas stream, then in a time dl an ion will be carried along 
with the stream a distance iz^vdi, where or is the distance along the 
tube from AB, and will move in towards the electrode a. distance 
dr = ItFdL Hence dr = kFdxfv, or 


2'77VTdr^ 


27rVMx 

logibjay 



IONIC MOBILITIES 


XIIL] 


283 


Integrating along the path of the ions from r=b, x = 0 to r- 
X = d, where d is the distance between EF and AB, we get 


a. 


Q= f 2rm'dr = d, 

J n. 1 0 

log- 


wKere Q is the volume of gas flowing past AB in unit time. Hence 

._^Q\oghla 
27rVd * 

3, Langevin^s Method. 


Another very good method of finding ionic mobilities was used by 
Langevin. The space between two parallel plates was filled with the 
gas, and ions were produced by a single flash of X-rays got by breaking 
the primary circuit of an induction coil connected to the X-ray tube. 
An electric field was maintained between the plates which was reversed 
in direction at a time interval t after the flash. The charge received 
by one of the plates was measured with a quadrant electrometer. 
This charge Q varies with the interval t, and the ionic mobdities can 
be found from the relation between Q and t. Let the distance between 
the plates be I and the strength of the electric field X, Suppose that 
the charge on the positive ions produced by the flash of X-rays is q 

per unit volume of the gas, 
and that the positive ions 
move towards the plate con- 
nected to the electrometer 
during the interval t. The 
charge received by the plate 
during the interval t will 
then be Aq\Xt, where A is 
the area of cross-section of 
the flash of X-rays. When 
the field is reversed the nega- 
tive ions remaining between 
the plates will go to the 
plate, which will therefore 
receive a negative charge 
Aq (I — ^ 2 X 1 ) , so that we have 



Q = Aql^^Xt -Aqil^ Jc^Xt) = Aq [Xt{k^ -f k^) ™ l\ . 

This expression is correct so long as l\Xt and k^Xt are less than I If 
^2 is greater than as is usually the case, then when t is greater than 
%= Ijk^X we shall have 

Q = AqhjXty 
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and wlien t is greater than = ljl\X we shall have 

Q-^-.Aql 

The rclaiioii between Q and t is shown in fiu. 2. When f=0, 

Q Jql^ since all the lU'gative ions go to the plate, and when i > 
then Q Jql, since ali the positive ions go to tlu^ plate* Jly nicasiinng 
Q for a senes of values of f aiul jilotting the results the values of and 
U can be foinid. /y and h are then given by A 3 ljX(j and IjXt^. 
We have assumed that the charges in ilie gas are not sullicient to ap- 
preciably modify the electric field and that Ihe tune / is so short that 
no appreciable recombination of the ions lakes jdaeie Aetuallv, some 
recombination does occur, Avhicli alters the nbilioo between Q and t 
but does not aflVet the tunes and corresponding to the breaks in 
the curve at C and B. 

4 . Rutherford’s Method. 

Another excellent metliod of measuring ionic mobility's was first 
used by Rutherford. 

Two parallel ])lates at a distance / apart an' used witli the gas 
between them. Ions, of one sign only, are produe<'fl af ihe surtace of 
one of the plates. It now an electric field A is maintained In'tween 
the plates for a time / and then reversed, no 10ns will reacli the other 
plate unless t is greater than l/kX. Thus A* can be determined by 
finding the value of t at vhich the other plate begins to receive a charge. 
This can be done by varying either I or /. Tlui electric field may be 
applied for the time I a great many times, the iii'ld l)«*ing niversed, after 
eacli application, lor long eimugli to return all 10ns in the gas to the 
plate from whieli they started. In this way the charge' to be detected 
can be greatly increased. Idic fiehl is applied and rc'versc'd at regular 
intervals by a rotating commutator. 

All alternating electric field may be used in iliis method. Thus 
if Xq smitTTtjT) the distance the ions move is given by 

k'XJjTT. 

Hence if I the plate will just begin to I'cceive charge. By 

varying / it is easy to find the value of AuY^jT/tt. 

An error may arise owing to diffusion of the 10ns. An ion in a gas 
when there is no electric fic'ld does not remain at rt'st; but moves about 
in an irregular manner first in one direction and t !u'n in another. Thus 
some ions will move a greater distance than IX^^T/tt ami some not so 
far. Those w 4 ich move farther may not get back to the plate when 
the field is reversed and so may get still farther from it the next time 
they move away, and so on. The method therefore tends to give too 
high a value of the mobility* Zelcny's and Langeviifis methods may 
also be affected by a similar error duo to diffusion. This error may 
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be reduced by superposing on the alternating field a steady field X 
m the direction tending to retard the motion ot the ions from the plate 
at which they start. In this case 


sm 


2Trt 




so that the distance the ions move across is 

27rt 




T 


X]dt. 


Here and ^ are the times between which X is positive. This is 
approximately 


IT 


X, 


7T 


f+ 


2rrX, 


)■ 


when X is not a large fraction of Xq, 

The supply of ions at the surface of one of the plates may be pro- 
duced by allowing ultra-violet light to fall on the plate. This causes 
the emission of negative 10ns by the plate. Another way is to have a 
hole in the plate covered with fine wire gauze. The gas behind the 
gauze is ionized by X-rays, and some of the ions of one sign are made 
to go through the gauze by means of a weak electric field. 

6. Results of Various Experimenters. 

The following table contains some of the results on ionic mobilities which 
have been obtained. ki and ^2 are expressed in centimetres per second for 1 volt 
per centimetre 


Gas 

Pzfessuie 
m Mm. of 
Meicuiy 

h 

h 

Method. 

Observei 

Air 

760 

1 36 

1 87 

Zcleny’s 

Zeieny 

Hydrogen 

760 

6 70 

7-95 


Langevm 

Air 

75 

14 8 

21*90 

Langevin’s 

,5 

200 

5 45 

7*35 

i9 

,, . . . . 

415 

2 61 

3 31 




760 

140 

1*70 



,, 

1430 

0 75 

0 90 



Carbon monoxide 

760 

MO 

M4 


Wellisch 

Carbon dioxide . 

760 

0 81 

0*85 

?? 


Nitrous oxide . 

760 

0 82 

0*90 



Sulphur dioxide 

760 

0*44 

0 41 

5? ' 


Methyl iodide . 

760 1 

0 21 

0 22 


,, 

Ethyl iodide 

760 

0 17 

016 


,, 

Helium , . 

760 

5'09 

6 31 

Rutherford’s 

Franck & Pohl 

Argon . . 

760 

137 

170 

SJ 

Franck 

„ (pure) . 

Nitrogen 

760 

1 37 

206‘0 



760 

127 

1*84 



„ (pure) . . 

760 

1-27 

144*0 


„ 1 




It appeai'H that aiohliitv Ute m‘L;<du(* uais i-, Latit^rali^ lather aieater 
than that of tl)t‘ |KKMti\r ions. Tlu‘M‘hK‘it\ ol llto posit i\ c if >ns is ik' irK inversely 
a« the Lais pnvssure In \erv pure aruon ami nitroLn n Kraie k found that the 
iie,!L!;ati\c ions had nineh iari^er vcIociIk^s than in tlu'se aav's nid spee ia!!\ puiiticHi 
A small tjiiantity of o\\u;en aihled to tiii^ pure aiyon reduced /*_* to a inueh soialler 
value* 

Zelen> found that vv,der vapour dinnnisiu's the \eiocit\ ot thi* iieLative ions 
in air and hydro^ein makinc^ it nearly eipial to tfiat ol ilu' pfeitue ions. The 
velocities of the lu^Lutue ions in air, and hvtirotcu at pleasure's down to 

a few inilluneties have been determineil h\ Latte;v and Tizaid, umiut a inodili- 


cation oi Rutherfonrsmetiiod. 
They iouiKi that tht' velocity 
IS approximately a function ot 
X/p or the ratio of tin* eh*(‘trK‘ 
field sirenuth to the pressure 
111 the case of the positive 
ions the velocity is uiveu by 
t\--=-k\X/p^ where l\ is the 
mobility at unit pressure* Idu* 
the nci^utivo lorus r,-- ApATp, 
when X/p is small, hut us 
X/p JiKTe<ises tin* velocity i\ 
increases more rapid! v than 
X/p 



The relations between I’j and r> and X Ip in dry air are shown in f*u^. 3. When 


X IS expressed in volts per centimetre and p in indhmetres ol mercury, 


1080X/>>, and when X/p ls less than about 0 01, /n IdoOA' /a but wlu'ii ATp is 


equal to 0 08 the velocity /u eipial to 1000 cim^sec*, which is ten tiiiuvs ItloOX/p, 


6. Theory of lonie Velocities. 


It will be convenient now to <*onsid(*r the theory of the motion td' ions throui^h 
a gas in an electric ti(‘ld. The ions ,ire supposed to mov(* ahfud in the uas with 
a high velocity and to collide witli the uas moleeules just an tin* uneliarued mole- 
cules do. The av'erage kmetjc energy oi an ion in tiie alisence of an chM‘tnc tiehl 
will be equal to the average idnetie energy of a ga^ mok'cule, that wi* have 
~ where m and m' are the muss<‘S of an ion and a moks'ule, and 

F“ and the average values of the s<|uar(*s of their v'i‘lot‘it i«*s 

In an electric iieid the ions acquire an a\'(‘rag(* vi'locify of drift n in the 
direction of the field. The average nnmientum of an i<ni is then mu, wink* when 
there is no field their avuirage momentum is zero, shu'c there are tla*n us many 
moving in any direction as in the opposite <lireetion. If * is the ihurge on an 
ion then in a field of strength X the force on it is Xf\ so that the fmld gives the 
ion momentum at the rate A> per unit tim<\ Tin* ions k>si* tin* momentum the)' 
receive from the field by colliding with the molemiles, aiul in a stead) held the 
rate at which they lose momentum is etpiai to that at wlut'h tlH*> n*ceive it* If 
X denotes the mean free path of an ion, or tin* av'eragi* dntaiu-e lK*tvvcc‘n its 
colKsions with the gas inolemilea, then the numlier of eoilisions it makes in unit 
time is approximately V/X, This is not exact, because V is not tie* av eragi* veloc'iiy 
but the square root of the mean square of the veloeily, 11 on tin* average an ion 
loses a fraction / of its average momentum mu at ein*li (*oi!ision, the momentum 
it Joses in unit time is Vfmu/X, Henc<* in a steady state 

Xe-- Vfmuj\ 


U 


XeX 

fmV^ 


so that 
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III the (‘ase of an ion iiavitii; a mass very small compared tliai o£ a i^as 
molecule, jTvil! he nearly irniU, so that 


but ill the cdhc oi a he<i\y luii litivini*; a iiums larger tiuiii that of a "as inoieciilc 
/will he a small iracf um. 

7 Mobility aad Coefficient of Diffusion. 


The mobility of an ion majy 
We have 


be obbunod from its eoefiieieni of ditlusioii ii. 





vliere p denotes the partid ])ressiire of th(‘ ions, and r the veloeby of diffusion 
in the %' direction. Also if th(‘re are n, ions per unit volume dp'd) may hc' 
regarded as the force on the ions in unit volume wliicli drives lluuu along vith 
the velocity v. Jn an eleetne iield A" the foiee on the n ions is Ah n, and this uives 
them a velocity kX* lienee, assuming the velo(it;y propurtioxiai to tlio dnvnig 
force, havo ,, 

kX XiH KXob* 

f K ( >1 

or A 

P 

But j) =-: nliiT, where i*i is the g4is (‘onstani for one molecule, so that 

Kr 


k 


n,T 


If CiXa the nniuber of molivules in 1 um. mohviilc or mol, then 

l: 

RT 


where J? is the gas eoustant for I m(»l. \V(‘ iiavi* bbod elect roinagnet a* units, 

and it — S 32 ^ so that at 3tH) K. wi* get, after multiplymir by to eonviuT 
electromagnetic units of held strength intocolts piT centimetre, /r 3b/\. l'h<‘ 

coefficient of ddiusion of oxygmi molemdes diffusing in oxygen at 7<>t) mm. 
and 3t)ffT\ is approximaidy 0* lb, which gives /r 7-4, For (in rgmi diffusing 
through h><lrogen K - 1*3, so that k hi, '‘rin* valiavs found for Aj in oxygen 
and liydrogen are 1*4 and ff 7, and for k,y Ml and H4) cm. per .se<*ond for 1 volt 
per centimetre. Th<'S(‘ values are from four to esght times smaller than the v'alms 
just caleulat(‘(t This is beluweil to imheate that tlit‘ ions arc‘ not singk^ mo|tamft‘s 
carrying a ehargi* e but clusters of siwerai inoleeuks heki togethcT by the eledrica! 
field of the eharge. 

In the case ot the negative ions the elustcTS evidently diminmh in ^dze as 
X/p inereases, and when X'p is greater than about d I the negahve ions are 
reduced to electrons. The motion of eUvtrons in gases is considered m another 
chapter. 

8. TowEsend’s DetermiEatioE oi CoefficieEts of DiilEsioE. 

The coeffieieiitB of diffusion of the ions produced in gases !>y X-rays or other 
sources of ionization were determined by J. M. ’'rownsmuL Towmstaal passed the 
gas containing ions through narrow’' metul tubes, and <letermined the fraction 
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of the iGiiH lortt ])V (iilfuMoii to the ua!K oi 0i<' He aho ciotoriiuncHi the 

ratio of tho iiiobihiv to tht ' enh lueiiail 4)f difius'on in iia' nirlhoti ilos( rihi-d ii]^ 
the chapter oil I fa* motion ot elect roin meases, ldl^^ra^^o, m ai* liai e m on aho\o, 
KS (apial to .‘yc !t'P. if f is equal iu the rharee on om- unnah nt lois :n a solution 
then ne know that r‘yf_ is equal t<> tHkaOO eouiomb-, mi that 1 oa mend's dther- 
nuiiaiions of I K encdiled him to pr«n(> tfsat tin* th.'uee-^ du -a-ea um, uim are 
equal to the efiaine on a unnalent ion in .solutions He found ‘\t tor positive 
ions alwavs !i<*aii\ eipial to tNi.oHO eoufomhs, and Hu* same v\ s- tnu* tor lU'ea- 
tive ions niien tlnq had snmll mohihties, showing that ihi*\ uue Hu. tern of 
molecules like Hu* posituo lens Idie valiU's oi tiie eoethmeut- oi dilTusifm of 
ions iound bv Tonnsmid b\ tlie nairow tula* method are as lihiowr ior ions 
produced b} X-ia\s 



PoMtlVr Ina 

' \( 'Ml n i Inn-, j 

Air J 

! <H>2S 

1 (MICi I 

Oxyaen 

0 025 

. 0<HO 

( ',u boim* ai id 

0 023 

1 tHHti 

l!;vdrouen 

0 I2:i 

! 0 OKI 


Timnsend also measiin'd the loenhuent of dihusion of Hie mus produeed in 
air by several ddbu'ent soiinao of lom/.dion and louiiif tiie loHovsiiic \ allies: 



Pnsitoe bse. ! 

1 

X< b»n . * 

i 

X-rays 

0*02S 

ooi:i ^ 

Hue hum ra\s . i 

o*o :?2 1 

0 013 1 

lT!lra-\iokd huht 

] 

0013 1 

Point dbidiarae 

t>02l 1 

0 03o 

1 


He found that the eoefthaenls of ilitTuMon nma* nniTst*!;^ a** the eas prt^sstiro 
from 200 mm. to 772 mm. of menairy. 

8alics has made measurements of the eueOieients of diifusion <if ions in si^vmal 
gases b}^ Tounsendts tube method, and oblamed results aifiuinu appio,\imat(*ly 
Avith those iound by Tounstuul. 

9. Another Method o! Determining the Charge on One Mol of Oaseons 
Ions. 

The charge carried by 1 nm.-moleeule or mol of jjasemm ions uas detenmiK*ti 
by the writer by an entirely dilTenuit method. Air eontaminu a small amount 
of a solution of an alkali salt in suspension in the form of line spra\ u.m pasHini 
tlu'ough a long platimnn tube heated m a furnaei* to a hi'ih bmiperatuna Tiie 
salt IS volatilized m the tube and is ionized at the high temperature The* charge 
earned by the ions formed was found by meu'-urimi: the current belweiai the 
platinum tube and a eydindrkai <*iedrodV placed along the a,\is of the tube. 
It was found that above about 1300 i\ and with a potiudiul diHereiua* luhweeii 
the electrode and tube of more than OOO volts the imnauii obiamcii wu^ nearly 
independent of the temperature and potential diiferenee. This Haiuralion emrrent 
■was measured for a number of diiferent alkali salts, and was fouml to hi* pro- 
portional to the amount of salt passing into the tube in unit time and iinarselj 
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pioportiGiial to the f'leciiochomu'al iqunalont ot 11 h‘ suit Tin f>f (‘Irc- 

tricit^ cunicd bv tlh‘ ions loniu'd fit'Di I loh cquivahist ci .ho. 0 / ijir 
iised'uas ioimd to be approAiniatelx <KSJ#00 toiilonibs, .JL’reos ooIiiIh 

value !Hi,500 found ni solutums wifhin Hit* bnuts <»1 error llu* s.dt^ list d ucn* 

CsCl CUHKj, Rhl lUqCO^, Itbtl K('L Kb Kib, KF, N'at t Xalb, 

Na/'O^rLil, Li(d, Lifh, 

The ineasiinuiKuits \\hieh ln\o b<‘en inadc^ ou the ratio of tiie (liai'io t'» the 
mass ot ])osjii\e ra\s, uhu h aie d»s< u^sed in the ( liaptiU’ on posit !\^' lav ^liou 
that the positive ions foriix'd in uas<o ,it {ou fire-suro'' inav h.n(^ iliaines Hhieh 
are HOiaU inultipkvs '"d tiu* ionic Miarue c, but ui eases at atniospluuTe pies'.ure 
at anv tt'inperat ore s;<ise«>us ion.** are found to ha\ e < haita oipad to ^ , Fojbabh 
in electric diseharui's with \<ts Uitiuis<‘ lields ioiin liavnej; efiaie<s whuh ate 
small multiples of ^ nnu Ih‘ foinied <'\en at hiufi fuossnre^ 

The f:u‘t that 10ns formed under .an h varied eondiimn-, m iiquul <l<»'tioKt^> 
of any kind, in eases liy an\ .Maiie< ot loni/atum at an\ pn -suie and d ,hu' 
temperature and from <in\ kind of eomponnd i>r <l<munt, alua\ 1 h.i\e t Imf es 
ylueli are siHidl hut (‘\aet nudliplesot lh<‘ lome eliarui^ ^ , hoH-conefu 1 . eh Ifial 
eleetiieity has iin atoinu' eonstif at khi. That h to si\ ffiat eloircuv o » om- 
posed ot small e\aifl\ eipi.il .it(tms <•{ ehtfiaifv and tiial tin* tJmrie on the 
ney.itive atoms I'n equal to t(u‘ « Ihiryi^ on lix' po^Its\e atoms 


10. Recombination oi Ions. 

When posit i\(‘ and n(‘uati\(‘ ions an ])ie‘^en! in a eas they reeiunbme and 
form eleid ru*allv' lumtial nioleeules llie rate >f ie< » imbinat ion h proporhona! 
to the iiumbi'i' iq of posit im* ions .ind to the iiiimlH-r /q. r»f nei'atne pieserit in 
unit volumtu Thus ha\{‘ 


f/iq dii> 

''fU fit 


where oc is a constant (‘ailed iluMsiefruaeut ot nsiunhination. 


tin 

dt 


' JH \ 


f! n, 


//, /qlhmi 


yliich yives ah ulier<‘ /c. is the value iT n when / i>. W'e are miio 

//o ^ 

poBiiiy lu're that lui ions an* removed Irom the •M‘' e\e( pt b\ ie« ombmit a 'U, 
The (*o(dln'ient i>f reeombinat am of aae, m ea h,o bfeii dttumined b\ 
Rutherford, I'ovvnsend, lasnuev in, and others bv im a'^urm ' tlie mlr at wbieh 
the 10 ns disv'ippear, TIu* va{u(‘s of y / found in fbtlerfad rises at atmosphirie 
pleasure varv bidwinn .ItHHf m tsydro'-en and ditto m air, wUft e m tdeetro.daf a* 
units. TIu' factor ( ^ appears fiei nime the quuntitv muu.dlv meaaired 1 . not iht* 

number of ions ii but tlu‘ (‘haio(‘ ot y nt uhieii the\ earn*. Thus we hav(‘ 

f e 

d % 

SO that ^ ^ 

e / 

Lange\in found tlmt K nearlv proportional to tlie pn -Mue of fbe 
betv\('(‘ii 7Bb and IdO mm. <d im'H'ury. \1 pn^ssun^s of several al inusplitavN m 
air and (dfo he lound <7 / to l>e m^aiK uniu'seK as the pressure At ver\ Kv. 
presHur(‘S the tsHdliehait of ns*ombiiiat km probably b(‘e«»mi*s ver\ Miialb but no 
del ermiiiat ions of it iiave been nuuh* at low pre''sau*H, 


7d 


,’)■ 


dii 



GASEOUS IONS 


290 


[Chap, 


A simple of reeoiulmiatirjii iias Ik en t:tven !>y i.aiiueviii iiir h is approxi- 

Biateiv eorre(‘t in aases at pn^ssuios Consider a spluTo of railuis / in «i gas 
ivitli a pusitno ion at its oeiitie, fi theri‘ .in* urns pea* unit volume, 

the number <>l negalue loas enteiing the .sphere piT unit time cm mu to the 

ck'etiit* Held of the* pohiti\e ton will Ix^ 4 7r/“/n(/n J since a positive and a 

negativi* ion move tov\ar(is o.uh otiuu' witli flu* iidvitive velocity (A’l-j" An) and 

when / IS small tiuTc wjH vvv\ s<*l<loni be more than one neLUitivi* urn at the 
siirfact* of the sphere if theu* aic fiositui* ions pn‘S(‘nt m unit volume the 
total number of nemiim^ ions moviiiL' up to positive ions per unit volume in 
iimt time wil! tluTi'fore be 4r:f I so that if we suppose that re« 
combination occurs hi every o.ise we ind 

a 4T:v{ki I Aw) 


At high pressure this formula gives values of a ( m <mrei‘ment w ith thosi^ obsemHl. 
hot e\am])k% iii carbonic acid Lanm*vin tound tliat .d tliree atmoi^piieroH pressure 

- - 0 * 97 . 

4ne{k\ i A^) 


At pressures below one atmosph{*it‘ 7 is mneh ^niallcT than 47 re(/ 9 d An). This 
is due to the fact that an ion may move up to anoilier one and move round it 
and then ditluse away without reeoiubinmg rnless tin* un\ loses kinetic energy 
by collisions when close to the other ion it is unlikely to riHuunbine. The electric 
field c/i- of an ion is loo weak, exc<‘pt at v'ery small distances, to appreciably 
aHecfc the ditliision ol another ion. 


11. Formation 0 ! Clouds on Ions, 

Clouds consistiup: of luiniite drops of water are formed in gases by 
the condensation of su{KTsat.uTated watew vapour on dust particles or 
other nuclei. In the absence of such nuclei no cloud is formed unless 
the degr(3e of su])ersaturation is very high. ( \ T. R. Wilson discovered 
that the ions formed in gases by X-rays or other sourc(\s of ionization 
can act as nuclei for the condensation of sujierBalurated water vapom. 
The apparatus used by C. T. R. Wilson is shown in fig, 4. BB is a 
glass tube about 20 cm, long and 4 cm. in diamieter wliiidi is closed at 
its lower end by a rubber stopper R. Another glass tube iV with its 
upper end closed slkles freely up and <!(>wn inside* liB, A tube I)D 
passing through the stopper connects tlu* insidi* of ('(^ through a valve 
S, opened by pulling T, to a large bottle li, which is kepi, exhausted by 
means of a tube P leading to a pump. Tim tube BB is about half 
filled with water as shown. 

The upper end of BB is connected to a mercury manometer F 
through a stopcock, and air can be withdrawn or ailmitted through 
a tube G packed with glass wool to remove dust particles, A bulb A 
is connected to the top of BB by means of a vvid (3 tube. If the valve 
S is shut and the stopcock Q opened, tlie sliding tube VO, which acts 
as a piston^ may be raised to any desired point by removing some air 
through G. If Q is then shut and S opened a vacuum is produced under 



Cr.OUDS 01' IONS 


the piston, which very su<l<hnily ni(>\(‘S dovii aniii if strik«‘s !!i<^ rubber 
stopper 111 tins why the air in A is nuule In expand \t‘ry lapidly. 
The change of pressure due lo the sudden (*\fnHisio!i can bc‘ nuasyred 
with the mauoiiudiu F, The ex[)ansion [aoducfs siipersatunif ion of 
the water vapour in A, anrl if anv dust part udes are prtoiad a cloud is 
formed winch Falls slowly and linally settles on llic glass v.dls so 
removing the dust partichxs from Ifie gas. 

By repeating this proei^ss two or thrive times <ill dust iMii !h‘ go! lid 
of. In dust-free uir no cloud is fornaHl when ilH‘ (W|Kinsio!i rafi?) 

is less than 1*25. A itli 

Q i'aiios laavusai l*db and 

l%*(S a siHiill numbea' t>f 
drop^, about ftHi ptu eul i(‘ 

j. ' ( <*nl init'f re, apf^ear. and 

d, with (‘XpiUision raiioh 

^ ^ j abo\i» 1%‘IM a \a*i\ dense 

U (*loud IS formed w hieii is 

^ 0 e\idemA due to tauiden 

4- V nation on the mohnades. 

C jl' jj|.p pas'-od 

-p \\ llirougli tie* btilb A then 

i| \\ a {‘loud is ItanuHl with 

n , ; w\paiisi<m ratios inluism 

o r 11 "" I h ‘"“f 

/r~ir^ i E etTeet persists ha* a short 

(rfv'J J ' ihm* alt«‘r the ravs art^ 

^ ir^\ ^ J ir.meieetnMbAs 

[j 1 J sealed into A, it is hiund 

//p " th<it idiarging it to a hnv 

/y Imndnn! volts sii^ps t!ie 

forniati^m <d* any «‘limd 

aft^u* t!M‘ rays are can off. 

This shows that the cloud produet^d })y tln^ npvs is due to condem 

sation on the ions formed by llie rays. (\ T. IL Wilscm hmial that 

the clouds are fornuMl mor<' easily on ncHnitive than <ni positive* ions. 
An expansion of M!b gives a cloud with ui‘gativt* ions, but Idli is 
required with positive ions. 


12. Fiiotograiilis o! Tracks o£ a- and f3-rays, 

0. T. B. Wilson found that it is possible^ to make \isibh* and to 
Xdiotograpli the tracks of individual n-rays and /Brays through ga,os by 
forming a cloud on the ions produeiHi by the rays. For this piirp{e,c* 
a special form of tlie expansion a[>{>aratus is nseik Tlit* expansion 
chamber is a tulH‘ about. In cm. in diameter closed at die ttip witli a. 
glass plate. The toji of the piston is also a Hit pliicg painted black 
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oiir1 iipaiiy as a.s tha lop of tlie p\p;ujsio3i (‘hinihrr. Ilia di^tpiice 
l)et\V(‘e!i tlip top (^f tho pxppnsi(ai rhaniher anti tin* lop of ilu‘ piston is 
about 3 cm , and is hiiddonly iiicroas(*d wlion piston is (‘oniieetod 
to the Aac'Uiiiii botiie a-> \\ith the tir.d aiiparaiiN. A Tatlua' large 
poteiiiial diflereiiee is in.uniamed between the top and Ifottoin ol the 
expansion chamber to nauove ions lornunl immediattdy. If a very 
minute particle of radium is supp'orted i>n a nai inside 1lu‘ (‘Xpaiision 
chamber, them wlien ilie suddtui expansion (xamrs the iraeks ol the 
a-rays appear as long narrow lines ot cloud. To stM‘ them churly it is 
necessary to ilhimmate the ehanihm* strongly. I’lu* iraeks of the 
a-rays arc iisiially straight lines, Imt- occasionally a lr;H*k appears m 
wliidi there is a sudden change of direel ion at one pi ant w liieh is usually 
near the end of ilie track. These Iraeks must be phot»>graphed im- 
mediately after they ha V(‘ beem (orined. They very ijuiiddv disapptsir. 
Two photographs are reproduced luw(‘ ol a-ray iraeks through 
nitrogen, showing collision between an a-ray ami a nitri>gen atom. 
(See fig. 5 , Plate facing p. 157.) 

tlarkiiis and also Black'dt have taken phologi'uphs of enormous 
numbers of a-ray tracks Blackett. obtanuHl scwm'al photogra|>hs 
showing collisions bclAveen an a-ray and a mtrogim atom in wlucli a 
hydrogen atom was knockixl out of the nitrogen atom. The hydrog»m 
atoms gave straight tracks, much narrower than the a-rav tra»*ks and 
easily distinguishable from them. In such collisions the a-ray ap- 
parently remains inside the nitrogen atom and I lie nitrogen atom 
acquires sufficient x'elocity to pi’oduce a short tra(‘k. The iractv of the 
a-xay therefore branches at the a >llision into a long si raiglit very narrow 
track and a short thick track. Collisions are freipumi-ly obsm'ved in 
wdiicli an a-ray track branches into twu) similar short, tracks. This is 
supposed to be due to the a-ray colliding with an atom and rebounding 
froniit, so that the a-ray and the atom botii produce a short track after 
the collision. By m(‘asuring the lengtlis of tlie brancla^s the vidocities 
of the colliding particles can lie estimated, and it is found that in these 
collisions energy and momentum are eonsm'vixl as for perfectly elastrc 
bodies. When a narrow beam of X-rays is examined by this meilioil 
two distinct types of track an* observixl. The i*iedrons shot out of 
tlio atoms give tracks about 1 cm. or so hmg wliiih are not straight 
but contimially change in direction, espeidally towards the end of the 
track. These tracks start out sideways from the X-ray beam and 
more often with a forwanl velocity component tlnin nol. Besides 
these rather long tracks very short tracks an* also observial wliich are 
believed to be due to the scattering of an X-ray ijiiantum by an electron. 
The electron then gets only a small amount of energy and so only gives 
a short track, A short track is frequently associatcx! with a long track 
which starts outside the X-ray beam and is supposed to be produced 
by the scattered quantum. 
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TliiiN C T. E. "WilhijiiE i'nahlt\s aflV('is due "In sni^jp 

and elaciiams to oi5ser\cMl and ithniuura j)li»‘d , and iuis <dii‘adv lad to 
most iiiicavhiiiin an«! iinpoitant 

Diml fh fi uniHulio^f of fh(^ !ofU(‘ i'lodijo 

13. Pj) to ahont I8d7 ihn \.dii{* of iht^ mnio {diaron e (‘oiild onh^ !n‘ 
obtained from ihe nutiihor of molftaih^ m a-, dt‘du(*od frutn i\\o 

viscosity and oilit'r proporfms of bv l!m results of iho kiiulio 

theorv. The produet ufn-fo ih“ iimnbor oi inokamles m I 

gm.“inolecu!e or liio! ol ;uiv iM V, knon n aetairaf elv Iroiii I Iu‘ uhn* ^uro- 
menls ol llu^ ehad locdmnuo.d e<|u!\*denl of but I in* po— ibh‘ « rror 

ill the value <d r'\^d<‘fliuaM! Irorn the kinel jo | heoi’V ol iiases was oU per 
cent or mmao Aiauil lh<d date then* wa*- ne\o?t|ie!a— > camuiaiuii 
evidence a\ a ilalile [a‘o\nej the at(/nui‘ naf ure of ('le<*t luui \ . Tht‘ faet-* 
of electroh'sis alone simwed that tlu" averaue lonie idiarue in lipuid 
electrolytes is always a small inteural multiple <»f a defnnle unit of 
charac, and ilie faet that tiie ray- in a beam of ealiuaie rays me all 
deflect ihI to 1 he sameevteni bv <i imionetu' (iehl show eii that tin* ra\sa!l 
have tlu‘ sanu* value of ( ot and are not a mixture of dilTerent sorts ol 
particles haviiiv (‘ouslant pro[)ertH*s oidv on the a\i‘rau<‘ About that 
time it was sliow n liv 3, d. Thonnon and ot her- that elta-f oms obtauu^d 
from many diiU‘rent soureos ha\i‘ ulentiea! pi'operties, and it was clear 
that these elemrons are (‘on--tit uenf s of the ehemieal atoms, wiiieli weie 
therefore not indivisible particles. ddies<^ eon^diirams were ^iipporltni 
by an immense anuund, of raws e\ idenee durtmx the next ttm veurw and 
the Iheiaw of the atoinie nature of eti‘etri<at\ w<i.s esiabiisbed b«wond 
reasuiitible doubt befori* .Millik*!!! sii(*ee(‘ded m mea^urimi very small 
eleetne eiia rues wdli sulihdent owwwwy tf> sliow that tlaw- wen* always 
exact niu!ti|d(‘s of an atomic unit. Ttiis result <'<une thert‘fore as a 
final confirmation of a well estaldished theory, but was and is mwertlu- 
less of the Idi^lie-t interest and miportama*. 

IL TowiiseiicFs Metlioi. 

The first expi*riiiu‘nis wlu<‘h could b<* reirarded as a diieef defer- 
miiiation of tln‘ nmic eharwe w<‘re mad«' by ‘nwvnsend in IME. Tie- 
results he obtained were not verv (*xaei, but ihe nu'lhod he ih*\a..jHi 
contained s(*vera! of the essential feature.- of the methods iisni in 
subseijiieiit iinestieatioiis. Town-eiid dmwod tiiat it was ptoNiblo 
to make a direct, <ieter!uinutioit ot the ioiue eharye, and started the 
attack on ihe problem. 

Tovvnseiul found that tin' aases t*xoIved in tin* e!^a•i^o!y^i.^ of diliile 
sulplniric ac*id by rallier laru^* eurn*nts feuau densi* <‘!oiids when biiblil^'d 
thronyh water, dliese clouds <*onsist of minutt* drops of \vatt*r eoii- 
taining a trace of some hygrosc<n»ic sulistanee, probablv uud 

they are ileilrically ebarget!. lb* nmasuretl the eliarge carried by 
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tlip cloud and tlic amount of water in and found tlie masa of tlie 
dioplets by nieasiirinu iln* rate at which they fell through the gas. 
In this wav Ih‘ g(d ili(‘ total uunib{*r of drops in the cloud ami the total 
charge on theiin Dividirig the charge by Iln‘ nunibcu’ (d drops he got 
the average charge ]hu’ drop, wdihdi was ahoui* d < electrostatic 

units. Later he found iliat all tlie (lro|)s were not ehargUMl with elec- 
tricity of the same sign, and allowing for 1 his got for 1 lie average charge 
])er drop 5\ 10“^'* e.s.u. Townsend supposed that tlie drops were 
formed on gaseous ions, and so regarded tlu^ ri^siilt obfained as a deter- 
mination of the ionic charge. Tin* drops in Tinwhsend's clouds all fell 
at nearly the same rate, since the u]>per surfam^ of tlie cloud remained 
distinct as it fell. This showed tliat the major d\" of lln^ drops wca’c of 
equal size, and so juvstihed to some extent the assumption that tliey all 
carried (Yjual cdiargc^s. 

The size of the drops was obtained from lln^ ratt‘ of fall hy means 
of the theory, due to Blokes, of the motion of a splu^re tiirough a viscous 
fiincl According to Btokess iluHiry the resisianee to the motion of a 
sphere of radius a through a medium of vis(a>sityr/x, wuth small uniform 
velocity i\ is e(|ual to {yrTfiva. It is assumed in <lcdiicing this expression 
that there is no slipping at the surface of the sphere ami that avp Iji 
IS a small fraction, p licmg the d(*nsitv of the imHlium For a sphere 
of water falling through air, u must he small compared withO-dOO cm. 
The iveight of a sphere of density p is iTra^ptj. so that for a falling 
s]>hcrc we liave . n. ^ 

0\P — /> ) — OTT/XCU, 

when the velocity v has attainerl a constant value. Hence 



which is the expression used by Townsend to get tlu‘ radius a and so 
the mass m =- liraPp of his droplets. 

The weak points in Townsend's determination of e arc the assump- 
tion that all the drops carry equal charges and that» these cnjual charges 
are equal to the ionic charge. It was not clear that only om^ ion went 
into each drop-in fact the way in which the charges got into the drops 
was not known. 


15. Method of J. J. Thomson. 

Soon after TownsencTs experiments appeared, J. J, Tliomson carried 
out a determination of c by a method winch was based on essentially 
the same principles, but in which tlie droplets were formed by condensing 
water vapour on the ions formed in air by X-rays or radium rays. 

It had been shown by 0. T. H. Wilson that such ions act as nuclei 
for the condensation of "winter vapour, so that in J. J. Thomson’s 
experiments it was clear that the charge measured was the ionic charge. 
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This cehifmited invest i<ral ion has tluavfore soiiiai iiiies i)i-* n r< i»anh*(! 
as the first <lirect d(‘t(‘nnnuiiion of lln^ iosue eharii^ie J. J. Thoin^oii 
obtained the cloud on ilie ions by nuMus of F T. R Whlsonts oxpaiihioii 
apparatus descrilied ai)ov<% and icot t-lto mass ol tln^ drops Iroiu tlirir 
rate of fall, lie found the (‘liarn<‘ in the by measiiriiu^ its ncal 
conductivity due to a small oliM'tne iu^Id. Tla‘ etaaluc't ivity is 
to where n is the uumiier of posit iVi‘ or iu\i!;ati\e uhn p^r 

cubic centimetre, and /i| and l\> are the molnhiiiN of the ion-.. The 
mobilities in air vt^re kuovn ami so ne (‘ouhl be eakiilated. 1lie tidal 
mass of water in the elomi was <*aletdated from tin* <‘Apa!ision lutHe 
assuming the expansion to be adiab<itie. In this way J. J. Thomson 
showed that c was lu^arly the sanu^ lor ions prodmsMi !>v X-rays, radium 
rays, and ultra-violet light. Tlio. final result fie got for e was :>* I H) 
electrostatic units. 

The weak points in these (‘xperiinents are the a.^uimpfions ilhii all 
the drops contain only one ion and that tin* iota! mass of water m the 
cloud is equal io that dm^ to an adiabatie exfiansiom As a matter of 
fact the clouds soon (‘vaporate as t !u^ air > 5 arms up, so that tiie mass of 
the drops is not constant. 


1C. Another Method o! Determinmg the Ionic Charge. 

A method of finding tin* ciiarge on the drops wlmfii makes it un- 
necessary to determine the total mass of the (‘loud and t lui total munher 
of drops was proposed by the Avriter in IhUd. Ida* velocity of a splnu'c 
moving through a viscous liquid is proporlioua! to tin* force driving 
it, so that ill a verti<‘al ele<*trie fuTl F wliich <*x<*rts a fon*e on the drops 
equal to iV the velocity ot tin* dnqis will he changed. If e| h the nilo 
of fail with f tb aiul the rate of fall in tlie. field, tinm 

f'l 

//a/ : Fc' 

where m is the mass of the drop, an<I the forc'c Fc is n*(‘koned positive, 
wfiieii its direction is downwards. This givt*s 

Cl) 

Fr, 

The mass m can be gof^ from as m Townsend's and J. J. Tiiomstnrs 
expenmeiits, so tfiat e can be ca!<*ulated fnan and m. 

The apparatus used eonsisfcHl of a i\ T. K. Wilson expair^ion 
chamber containing two liorizontai parallel ohwfrodt*; iH‘twei‘ii whiels 
a vertical electric field e<Hi!d bemaintamed by means of a bafpow giving 
up to 2000 volts. Tin', electrud(*s w’en* ‘bo c‘m. in diaimder and about 
5 mm. apart. The spact* behveen them was i!!uminuti‘d by a narrow 
parallel beam, and the cloud was observed on the axis of the tdec'trodes 
Avhere the field was practkally nuifonm The imist air in t he t*xpansii)u 
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ehambpi’ was irmi/sHi by K lay*-, which iisiialiv cut off ju4 before 
ail expansion. 

It \\<us ioliiui Hial tiu‘ doiph loi‘nn‘(l with uo t‘h‘rtric (hhd consisted 
of (li< 9 )s which vc!\' msirlv <ill Icll at pracnically ilic same rap^ Tlie 
individual drops could b(‘ seen unless |1 h* <‘ln}n! \\j^ \ciy (haisiv and it 
was easv to sec if tluu'e were any dnyts ialhnu at diftercad rates. This 
was not t!i( case lu the eloud near t!n‘ a.xi'- when* it win ohstswed. 

It was also louud that the cloinK hfrucMl m sineessi^^^ expansions 
iincha* tii<^ same conditions all fed <d praetieally the .-aiue rate, so that 
the plan adopted was to measure t!u* tinu* h)i the tt^p of a eloud to fall 
lrcaiiilu‘ upper ideeirofh* to the lower oiux fir>l without any lh‘]cl and 
then with a held. Tins ea\e htUter lesults than wt*re oblanual liy 
ni(*asurin2, iln^ rate* ol lai! for part of the dntaiiee williout any fa^ld 
and for llu^ n^si of the iiist<nu*e with a iitdd applied. to the 

evatioration of thi* ilrops the lati* of fall 1 .'^ not undoim, so that it w’as 
})etier to iiuusure the averant^ rate oxer the whole d!staiu*e without 
any iitdd and tluai with a ii<*ld. Tin* iaet that the clouds for!n(‘d in 
successive (‘Xpan.Mons ail fell at the same rate jiistihed this procedure, 
wliich was adofded becaust^ it t^axt* the best re^uhs and not. lM*eause 
the method of metisurinu Cj and tu on tin* same eloud was not tried. 

It wxus found that m an <‘ieetri< h<*l<l .ill the drop^ did not fall at the 
same rale Kevi*ral sets ol drofis could In* seen and all the drops in 
eacli set lell at tlie sanu* rate. Thn*e sueh sets (*ould usually he dtdeded, 
and it xvas fouml that tlie <*harue.s on the drops m them were nearly 
in the ratio 1 : '2 : d. ddiLs result- showed ch*arly tiiai. the charges on 
the {Imps were inultiphw f)f an atomu* unit, as tiny' should lx* according 
to the atomic ilaHuy of eleidr aaty. 

If tlu‘ X rays wana* ku'pt on dunnn and affm* the expansion a few 
droplets were obiaimu! carrying <*(miparutively large charg{\s, Home 
of these drops eoiihl be imuh^ to ris<* wuth a ]>olenti<d dihVnaH^e of fudy 
a few liundrcd vedts. Tie* <‘harg{*s on thest* dri>ps w{*n* found to be 
rather large !nultipl(‘s of flu* lonie chargi^ am! tiny wen* not use<l to 
determine c, because owdfig to evaporation it {lid not siMan to be possible 
to dtdermim^ their clmrg{‘s witli sutiicnmt mamrmy to {‘^taldish the 
value of the integer exfm'ssirig tin* (diarg{* in ttaans fd* c. It- was only 
possible to lie sun* of liie correct vahn* of tin* inf<HU‘r wlum it w'as not 
greater than two or thnax Owing primdpally to th<* evaporation of 
the drops it xxais not possibh^ to obtain aeeurate results. Tin* nxsiilts 
obtained varied from 2x10""^*^ to *M X electrostatic units. 

The mean result xvas d*l X 

17. Millikan’s Method. 

The problem of making an amirati^ ilirect diderminuihm of the 
ionic charge xvas finally solveii by Millikan about Mis method 

was in principle the same as that used by the writer, but he eliminated 
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the error due to evaporation hj nsing small drops of oil or inerciiry, 
which do not evaporate, and by using a strong electric field and drops 
carrying several ionic charges he was able to make tln^ drops move up 
or down and so keep a single drop under obsiTvation lor a long tune 
and make a sern\s of measurements with it. Millikan made a long 
series of measurements, taking possible precautions to eliminate 
errors, and his final result is believed to be correct to one part 111 one 
thousand. 

Millikan s final form of apparatus is shown diagraiiuiiaticailfy m 
fig. 6. AA and BB are twoeireiilar metal plates with opticallv worked 
plane surfaces. These plates are s(‘])arated bv three glass bloc'ks cut 
from a piece of plane parallel optically woikinl glass Tlu^ distance 

betweiui the plaice is 1 MH 7 I 
mm. At ih(^ CMsiin^ of the 
upper plait' tht're is a very 
small hole as sliown The* 
tub(' 1' leads to a sprayer H 
by me, ins of winch oil or 
mercuiv spray can be |)ro- 
(huaHl and blowui into the 
space a,b()ve the plates. The 
])Iatt's art' supported insidt' a 
metal box V(^ immersed m an 
oil tank DI). (Hass windtwvs 
\VW enable a IxMiu ol liglit 
t() 1)0 passed bt'tw’et'ii lilt' 
plates so as to illuminatt' tlie 
drops at the centre of the [ilattvs. The drops wt'rt' ohstu'ved tlirough 
a telescope in a direction slightly inelnuMl to tlu' htnim tfi light X-rays 
could also be passed btdw'een the platt\s wiieu dtsired. The plait's 
could he connected to a batt^tuy giving up to lOJHK) volts. 

On working (he sprayer lor a few seconds a largt' number of drops 
is formed above ilu' plates, and a ftwv of fht'st' fall Ihrtuigii iht^ small 
hole into the spat^e between the platt'S. idie drops nrv (iuirged, anti 
usually a few liavt' such masses and chargt's that ihtw remain siisptuitltsl 
in the eleetrie field or move vtuy slowly up or down. A dro|) wiutii 
moves sluwiy up may lx* stieeted, and its small upwartl vtitxfity is 
determined by nuusuriiig wuth a chronograph the time the image of 
the drop seen in the ttieseopo taktvs to go from (»ne cross liair in tiu' 
eyepiece to another. The imagt'S of tlie drops art' stam as iniimte 
points of liglit liki' stars, and the instant at which they pass a cross 
hair can lie very accurately timed. Tlu' eh'dric field is then cut <dT 
and the velocity wuth which the drop falls is dedermined. The field 
is then put on and the upward velocity again found. In this way a 
single drop can be kept under observation for several hours and a 
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^rcnit iiuuiy (il)her\atinn-N iujuIp (ai it. The on tlu^ drop eaiibe 

varied wlicn h\ passing X-ray^ InawiMai the plaioa. The air 

is ionized liy the rays and an it>n u.Nually irets (Hi to tin* drop ver\ soon. 
The ehanyo in tlu‘ eiiaiu:e on the when an ion irets on it. is im- 
luediaiidy !nad(‘ evident liy the ehaiiyn^ in tin* xelooit^- of tht* drop in 
the elecirie fiehl. 

For a paituailar drop the cdiarne on it is proportional tor>— 
tlie differenct^ het\U‘cai its \eloeity in the field and that due to gravity 
alone. When ly is an npw<inl veloeify the eharee is proportional to 
tlu' sum of iiie nunierieal values of tln^ two velocaiics. Tlie followiii|T 
table eives a set of ninulnu's tMjiiil to i\ - Uj nmltiplied by a constant 
(.1) vhieli weia^ obtained bv .Millikan in a smaes of (d>srrvut ions on one 
od drop. The elnirire on this dro[> was elianyual fniiii time to time and 
its veloc'ilies wane found. 
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All the numbers found for — }\) when divideil by an integer 
give nearly <Hjual nmnlxu’s. This shows that ihe <*harges on the drop 
were always exmd multipk‘S of a detiiute unit, whieh wms the ionic 
charge, bevause the <*harg(‘ was vari<‘d !>y a<lding positive or lu^gative 
ions one at a time Tliese results show tlial all tiu‘ ions (airry the same 
charge eillnu' positive or negati\tu scj that the ionic^ eliarge is not an 
average value for a quantity which varitis, but a <I«‘linite atomic 
unit. 

The alisoliite value of c w'as foum! from a. very large nunil>er of 
measurements on many dillVrent <irops. The visiajsity of dry air 
was very eareftiily reckdennined, and also of course the exact density 
of the oil used. 

It was found that Stokes's law for a falling drop, 


is not exactly true for very small drops, and tiie deviation wum accu- 
rately determined and allowed for. I'he fmal resuli- obtained was 

e = 4*80 X 10 electrostatic units* 

The ionic charge lias been determined by several other methods in 
recent years. Rutherfonl and Geiger determined tln^ charge 2e on 
a-rays and got e=4*65x 10""^^ and Regener by the same method 
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got 4*79 X This method is described in the cluipter on Cathode 

RaySy ^-rays, and a-rays. 

18. Perrin’s Investigations. Brownian Movements and Diffusion. 

Perrin has made a very interesting series of investigations on tlie 
Brownian movements of small particles suspended in liquids, from wliicli 
he has deduced the num})er of molecules m unit volume of any gas and 
hence the value of the ionic cliarge. Very small particles siis})en(led in 
a liquid continually move about in an irregular manner visible in a high- 
power microscope. This motion is believed io be due to collisions 
between the particles and the moh^ciiles of the liquid 4'lic particle 
may be regarded as a l)ig molecule, and its average kiiudic energy 
should be equal to the average kinetic energy of a gas molecule at the 
same temperature. 

An emulsion containing equal particles per unit volume siispcaKhnl 
in a liquid may be compared with a gas containing n molecules in unit 
volume. The particles may be regarded as exerting a pressure ecjual 
to wdicre m is llic mass of a particka and is the average 

value of the square of tlie velocities of the particles. If wo consider 
a horizontal layer of thickness dx in the emulsion, the dowmvard force 
of gravity on the ndx particles in unit area of the laytu* must be balanced 
by the upward force arising from the variation of the gas pressure p 
due to the motion of the particles. If p' is the density of the liiiuid 
and p that of the particles, we have therefore 

p cx 


dx. 


Putting p= IwnV^, we get 

1 cn 




pp 


Integrating this, and putting n 7^ at x - 0, we find 

log”" 

p I “* 


Perrin prepared an emulsion of e<jual gamboge pa^ticl(^s and placed a 
small quantity of it in a shallow glass cell. The particles in it weiH^* 
observed with a vertical microscope focused on a horizontal plant' in 
the emulsion. The number of particles visible in the fotail plane was 
counted, and by moving the microscope up and down through known 
distances the variation of this number with the. level of the focal plane 

was determined. This gave log an<l so could be cakailated by 

means of the above equation. The densities p and p^ and the size of 
the particles were also det'ermined, so that the mass 7h and hence vn 
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n\sroiis foxs 


fCinp. 


fur i iu P IM t * Hi. S 1 ’ !uii !t « 1 ‘ ^ r 1 f • |0 { 1 0 } i/ H lii^fe 

];isfh<* jUiS'iuuui ifp u i - < nut i non j / in H!ffl \uiuin(‘, 

IXii 1 Ptnini Oti'v «iPSt < P* n! jI tit nuPifn i of ninltiuhN iii inut 
\<sliimtM)l <in\ uos <ii Too nnn ohO M I’m I u>n|h lat iih^ ol hjs 

i‘\|H I !iiu‘!!t ' Fioni tlio liiu Ejuniln I '-X <*1 !nui«’» iiji - u\ d LOdiiiiiie- 
ii!fslu{ ulu or laui nHni«‘'lMtuK InlluW’. aiMi niUM* \i litlTo tht‘ tunic 
c'hafHp ( ran l>t‘ drtlnuM!. lit thn wa^v i\n!n t !*li 
elrrtro^tat u* utiil'' 

Pt‘rr!fi alsouhu !\od i luMlHtii'^ion (d thr p.nttrlis thiuunli {hr II(|ui(l. 
il {h(‘ niiinlH ‘1 u! pail u h s HI upi! Nnhain and A I hu mh ilii irni of 
diriiiMoii \\ r !ia\ (* 

r ' 

h an, 

i I 


whru^ a is tlu^ \ rlu( fj \ ui diiniNiutj in tlM‘ / dn'or t tun Ur a?ni ;r nr the 
A tdoctl y cniupniiriits dur ttMl ihunnn in t lir // a ud „ dinn | iniis \\r Inivr 
also 


Blit 

so that 


jr< U 

h i iK 

<:! 

,rhl 

h . 
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, (tm) . (rn) _ (ini) 

( .r (if t : ' ( i 


}>• I < " ii ( ' ti ^ ( ^} 

/v ( - , - , - , i 

( I “ fa- f : ( i 


XAiw coiHider a lartir nunibrr A* of [Mriiclrs <li'Htribnti‘d in any manner 
ovna* a (‘urtain region in a l!(|Ui<L and !r{ Uirrn al! hr \r!\ far fioin Ihe 
boundary of ihr liquid* The fiartielrs yilt difiusr about so {hat ilui 
re<(ion they ocaaijm will irraduai!\ irrt larma. t omidt r thu moan \alue 
(d tlie s(|uare of the distaner /f ot a partiele fiom anv }i\r<i [h)!!U, and 
take this point as ihr oii;^nu so that //- 'A. Idn* mean 

value of is given by 

j m j 

I /Uf/ </f/ ill 


where the integration is extended o\t*r idl ihe spaei^ w here n is not zero. 
Differentiating with respeet to ihe time f ue net 

b'" eiyyarV:, 

since W -- jfi dxdydz. 
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Putting A (.-.,+ n > !--.>) I <'>!■' wc obtain 



.Kj 

{(^ hr 

' Tx- F/r 


Ki 

/ ,2 


rr. 


r n > 1 n > 

/Si- ri'"*-' 


Tlie second niieirral may be t ransiormed into a suitua* integral by 
(IreenV thi'orem, and, since it is io Ix^ i<ik(m o\ (t a volunu^ so largt‘ tliat 
a H zero near the surface enclosing the voluine, iliis integial js zero, 

I 

Integrating by p<irts gives 


r-^1 


-d 

L 0xJ 

' r r 



(hi, 

I ^ 

since limits. 

Again " 2 j .rdn - 2 [>nr] | 2j dx* ^ 2j a dr, 
since [aa] is zero at the limits. 

In the same way j /y- [[ dij 


and 

Heine 


K 


0 X’“ 


, f “/t > f'-/l \ , , 7 

i ;.a'e-fZ//r 7 -j 


()!{ I f/ I'dijdz, 


so that W(‘ g(d, 


dR^ 

di 


<)Ah 


Since JN- ■ ,?“ d jf~\ P", we se<‘ that tlie mean square of the distances 
of the particles Irom a straight line will increase with the timc‘ at the 
rate 4K, and the mean sqiian* of the distances from a plane at the rate 
2/1. The equation deruiing the coeflicieiii of ditliisioii Ah 



( r 


giveSj since the gas pressure p due to the parti<*les is proportional to n, 
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But — rp/r'j’ may 1 h‘ as the on iht‘ n parti(‘los in unit 

volume \v]iu‘}i eaiises Ihem to nan"** with tho \e!o<*ifv u, so lliat if s 
di'iu^tes i!ie averaue vcdaitv with which tht* partielo^ lall tlirough the 

iKjuid lUKltT iJic ior(*(‘ of gra\ily <j. s\c luive 



u s 


K 


or 


:)/v/(/> p)^ 

.s-p 


This eqnalioii eiia!>l(\s T- to he (‘al(‘ulat(M! froin K aiui .s. Pc^rrin deter- 
juinetl K f)y ohsiU'Vinir the positions ol a rnunhei of the partic'les at 
known iinnss anti so g(*iting the rate at which tin* nuain wjuare of their 
distances from a YtalKul plane inenusisl with Ilu‘ time. This rate, 
as we liave jusi staan is e((ua! to "IK, Ht‘ also found s hy allowing a 
grou[) ot ih(‘ purtwles to fall through t!u‘ lupud for a known tune In 
this w'ay lu^got a,n indeptmdenl. (\st unati* of V - and so of I he ionic eliarge. 
This estimate agreini with his pnwuous result got from tlie distribution 
of the partii'les willi respetd to htagld m tin* htjuid. 

Ferriids results provide an interesting (confirmation id' the atomic 
theory of matter and of (disdruaty. Ills valu<‘ of c is uemually regarded 
as less n3liabh^ than that ohiained hy Millikan. 

The valu(‘ of the ionie eliarge wvis d(M!u<s‘d by Plan(*k from his 
tluwy of luait- radiation. This is diseuss(‘d in th(‘ cdiaptcu on the 
Quantum TIujory. 
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CHAPTER XIV 

The Motion of Electrons in Gases 


L Townsend’s Apparatus. 


When ions arc produced in gases, l)y X-rays or in oiher ways, ai 
atmospheric pressure, it is found that they consist of clusters of several 
molecules carrying the electronic cliarge c. At lower ]>ressiires in many 
cases the posithT ions are clusters of molecules, but the negalive ions 
are merely free electrons. The motion of these eltTtrons in gases lias 



been studied extensivdy by J. B. 
Townsend, of Oxford, and others, 
and tliiscliapter is devoted mainly 
to a discussion of Townseiurs ex- 
[leriments. 

The apparatus used by Town- 
send is shown diagranimatically 
in fig. 1. A and B arc two 
parallel circular inetnl plates about 
4 cm. apart. At the centre of 
B there is a slit S which is 2 mm. 
wide and 1-5 cm. long. (\ D, 
E, and F are metal rings cut 
out of thin sheets. These rings 


Fif?. 1 are (T|ually spaced about 1 cm. 

a])art. In the plane of the ring 
F there is a circular <lisc GHK ■which nearly tills tln^ liole in tlu^, 
ring. This disc is divided into tliree parts by two straight ])ara!lel 
cuts equally distant from the centre. The disc is shown in ])lan at 
G'H'K.'. The different parts of the apparatus arc supported inside, a 
metal case not shown in the figure. The case, can bi‘ exmeiuited and 
filled wnth gas at any desired pressxire. By allowing ultra -viohd liglit 
to fall on the under side of the plate A electrons can be set free at its 
surface. The plate B is kept at a higher potential than A so tlnat the 
electrons emitted by A move through the gas towards B. Bonn^ ol 
them pass through the slit S into the space between B and GIIK. 
The disc GHK and the ring F are kept at a higher potimtial than the 

803 
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j>lat(‘ In ..n Uial fho ,\fnrl? pj n,?oU‘ifi tin* hi nine to 

iiioViMlow!! Olid iiihilK liuivh tiiN d!s«‘ Tnr th f) K art* umhI to 
iiiako i!io (d(*rlrii' iuKi hat\uHMi S afid il nioro nc.nh uoduna. They 
an‘ kepi al poinii lal-^ Madi th<sl tha potenn.il dMIfann haf w eiii Ihani 
an<i i>an‘ prupurf loaal In tite!rdi^f<UHa‘s hniu t ht* pl.ih' 1» d iHMliii’areiit 
potential diHeieiiei^-. <nn iiKi iida Hied (>v suHalhn liatUaios, aiid tho disc 
(JlIK and luiir h' an* kept at /aao potentia! Thn (‘hadi'H* linhl al)ov {3 
1] is al\\a\s inada equal to that below, so t!iai the eletinui'' <in|U!re a 
liiHlorni \ eloeit abo\ e II and eonl inue to inox < v. d h lie* ^aine \ eioeitv 
la-low IK Idle leiiulh of the -.hi S Is [nuallel lo f ht ^eles of the ‘-inp 11 
Idle strip IJ IS ho nini s\id(‘and 7 t ni Iona \^dh Lafe on eaeh sidiMif 
it (to iniiL wide, ddie ilistanee between flu- pLiie !> and tie* disc 
(iilK is 1 eni. As the eii»ctron. Hio\’e down fouii the dit towards il 
t!u*y diffuse (»ui suh'wavs that snnie ol them tall on 1! and ^oim* on 
(1 and K. ddu* three parts oi (in* dee e,oi la* iieulafed and can be 
conneeied to a quadrant eha-t n uneier and nuliietion balanei* bv means 

01 wliich tlK‘ !iega1)\e tdiarLn‘s wbieh they OM-eut* ran ia* miMsunnl. 
Jad /q, aiul b(* tin* eliaruns ieeet\ed bv (* II. and K leNpeet i\'ely. 
The sidewavs diffusion ol the tdec-trons tlmn d( [auaU on flu* ratio 

, This ratio wmh didernuued tor a nundau’ of qaxs 

/q I /q h /q 

pressures jk and valiurs ol the <'le{‘tri(* field stn'ie^lh Z alone the path 
of the e!(*(1 rolls. 

2 Mathematical Theory o£ Townsend^’s ExperiiiieEt. 

L(*t now ennsuk-r tin- tlieen of this (\|k riiuuit. If K is tht* rotdle lanl of 
ditTusiou of the eleefioie in the _[ n. tfien, u in/ ret t. in adar a\< .o y. aiitl r, 

we liavt* *“ K ^ inu.vvhere h i> tin- runniM r oi i-ietlroa, per uiut \olume, and 

< j 

rt iheir .ueraee \el<H‘it\ eainpoie-nt altci/ a. 

Also *- a/V. 

h nr > 

i . 

The partial piassiiri* P oi the eieilroiis i», ja’(i[#ortional to a, .'o that 

— A , 

<x 

with similar ecpmlkaih in //and Fora steady state, in w ha It ^ 0 everywliere, 

we havf* div (a?) 0. or die (/*v) “ 0, siiua* //■? i-. the aiimher of elei Irons iltm- 

inr? thronnh iiiut area in niut turns anti no new eks-trons are yenerafed in the aas. 
p/> />» 

The equation— ^ - y may he saki to pi\e tise vt-loiily oi the eleetrons 

CZ A * 
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(Iu(‘ to <1 lnu« uMiiiil vnliuH*' li t luM (‘ IS pro^oiit a 11 (‘l(M 1 1 1(‘ iH‘ki 

/ al(mi‘ tlu* " 'tu adilitionsl lono //^Z on i\u^ elections, so tliat 

fP Pr- 
r . K ‘ 




1 {,!k< tho oriLon at the itaitre of lh<‘ slit and th(' ;:"<ixis 

al.m.' tlx- julh nl 1 1,,. olo, t mns Alsu lake ,J al.mg the 
slit aiul .<■ iH'.peuauular tu tla- shf in the plane ui the jilate B. 

The etiuatinns ui inotiun u! the . 1 m uuns are then. 

< /' /V, 

A ’ 

Pr, 
h ' 

/V 
k * 


/nZ 


i I 

( P 
< V 
r P 


IMercntiatinu (he-e «.th u-pM 1 1e >1. . n sp,.at.e<.lv, aii.l using dir (i’v) 0, 

r-r <-P i-/' 

r .r’ ( ip < P 


we act 


Z( 


The distnlmtiun of the ehstion, hetiieen the lh.ee parts ul the due is deter- 
mmod almust entirely h> the d.lli.siun alung tlie a axis, so ti.at lur an approxi- 
mate solution re max me ' This uoul.l tie <-xaetK eonect if the sht 

liioii h'or a uts at tempeiatiire 7' we have P -- nlT, where t 
iXhe mis eon'stant for one moii'eiile. It is found that the average kinetie eneruy 
of the'eleetrons exeeeds that of ea.s mole, nles, so that the temperature ol the 
pteetrnns is treater tlian the fein[ierature of the gas thruui'h w hieli they aie 
inn" Fm tlie eleetrons. then, let /> >i/.7’. where T is the te.nperature 

of the gas and [17' that ot the eleetroiis. 'I'liis giv.'S 

r “// Zf ( n 

\‘J:T iz 

The faetor . kT is the same as A’. SIT. where -V is the number of moleeules in 
one granime-iuoleeiile of aiiv gas We haxe 

iV( IHmII elect romagnetie units, 

Sk H-lll,") lllh 

so that, with r Ta i 1">, whieh was ahoiit the temperature in all Townsend's 

work, we , 

(j- !i i: 

where Z is now expressed m volts per eentimetre. A solution of this e<(Uiition is 

H C k 

where A and « are eonstants. This makes « ; 0 at . - 0 except wlnje x - 0, 
and so approximately satisfies the conditions in Townsends appimi^tus for, at 

11 



306 


THE MO'riON OF Ef-ECTRONS TN GASES [Chap. 

3 -0, /? is zcTo, c'vcepl on th« wiiHio .< is nearly zcao. On Hiihstitiiting. 
we find a -- 10 IZ pj. 11ie ratio U is Iherotoro iiwn h\ 


since ilie fin^adth b ot Ihi' strip H, plus lialf tlu^ total of tlie ‘jjap^ on eacli 

side of it, IS 0*50 cm., and z -- 4 em. at tlie disc. TfWiisend obtained a similar 
but nioi(‘ <uaan*d(‘ soiution ot the prnfdem. and i^o uas abK‘ to tind p tioni the 
(‘xpiTunentally loumi a allies oi if. Tlu‘ abo\(‘ e\prc’.'>%ion for /f acn-T nearly with 
TounsendN v«du(AS. 

It IS found m tins way that p is a fuiu'tion of Z in an\ irueu nas. That 
IS, if the pressure p is elianatsi and Z, the (Otsdiu* iield dieimtlu is aho elianaed 
so as to k(‘C'p Z,p th(' s<ini<‘, then p rermuns umdtered 

The following tahh‘ gnes some ot tlu' \alues of p ( tmnpia'at un* of eiec- 
fcrons/tempcraiine of gas - se(‘ ahose) lound in nitronmi gas M 15 (5 


Zp 

a 

m 

120 0 

40 

89 0 

20 

59 5 

30 

4S 5 

5 

4 Id 


ao 5 

3 

21 5 

0*5 

mo 

0 25 

7 5 


Z is in volts per centimetre and p in imlUm(dn‘s of miTimr^n 

Thus, for <‘xaniple, in an eleigne fidd of 20 volts fier eentimetre in nitrogen 
at I mm pressure Z p - 20, and so p 59 5 That is, the kineiie eniTgy of 
an electron is 59 5 times that of a gas nioleeule at 15 1’. With Z 100 volts 
per c<‘ntimetre and p - 5 rnm., p is still 50 5. 

3. Average Velocity and Kinetic Energy of tlie Electrons. 

The average* velocity of tlie electrons in tin* direedion <if tin* idectric 
field Z was found witli the same apfmratiis hy defieding the stream of 
electrons by means of a magnetic iield. A uniform niagiutii* fiehi ot 
strengtli II was produced by means of suitable coils of uin* through 
which a current could be passed. This iield was perpendicular to i!ie 
electric field Z, and paralh*! to the length of the slit. Tin* sfrcnmi of 
electrons was deflected sideways by the magnetic field, and the strmigth 
of the field wvas adjusted until one-half of the {electrons was reci*ived 
by the electrode 0 and the otluT half by the elect roiles // and K con- 
nected together. The centre- of the stream was then defied (a 1 through 
2*75 mm. at the plane GHK. By reversing t!ie field tlui deetrons could 
be deflected in the opposite direction so that half fell on ii and half on 
G and H together. If the average velocity of the electrons along the 
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direction of the field Z Ik W, then the force on n electrons clue to the 
magnetic field II is nlleW and the force due to the electric field is neZ. 
Consequently, if a is the deflection of the electrons while they move 

along the electric field a distance 6, we have ‘ 6 * Townsend’s 

apparatus, a was 2-75 mm. when b was 40 mm., so that 

W-=^^X0-0tS875. 

In this way W was found for dilTerent values of Z and p. 

The average kinetic energy of the elecdroiis is ^ tones that of a 
gas molecule at tlie same temperature. TJie average energy of a gas 
molecule is idT, where k is the gas constant for one inoh‘eiil(\ and T is 
the absolute temperature. If w is tlie mass of one elintron, and T- 
the average of the squares of tlie velocities of the electrons, then 

lmr\ 

so that F" - 

m 


As the electrons move through the gas they accpiire energy by the 
action of the electric field and lose it to the gas molecules by collisions. 
The velocity V wuth which the electrons move about is continually 
changed in direction by collisions, and it is much greater than fk, the 
average velocity of drift along the electric field. V is usually calle<i ilie 
velocity of agitation. It is <‘asy to calculate IF approximately. Tlie 
rate at which electrons receive momentum in ilie 2 ^ direction owing to 
the electric field is neZ, The momentuin of these electrons in the z 
direction when a steady state has been reached is When an 

electron collides with a gas molecule, we shall assume that after the 
collision it is as likely to be moving in one direction as another. Von- 
sequently the momentum of n electrons immediately after collisions 
is zero. On the average, then, an electron loses momentuin mlV {rot 
collision. The number of collisions made by n electrons in unit time is 
approximately 7hV /X, where A is the mean free path. Hence the 

nV 

momentum lost by n electrons in unit time is X n^lF, so that in a 
steady state we ha^'C 


neZ 


h/mFIF 


and therefore 


n^VW 


Townsend's experiments give V and IF, so that A can be calculated. 



3o8 the !\IOTf()N OF ELKCTROXS IN GASIuS fCiup. 

The eneri^v reethxed !»} elect roMh in unit tinu* from the ehnlrie Held 

IS ii(7j]\\ so that tli(‘ a\eraue <mefirv In'-! at a eollMim S'- . Di™ 

St I A 

vidin^j; this In' \\<^ ii,et the a\erm»e fraction id’ the of the 

eleetion loH pen' eolhsKai, lln.^ is 

^e.ZliA . ZeA ,, 

.. j , . ‘Mliee II , 

/M //T I ^ t/f I 

and so can he rahnilated. 


11i(* t<ihli‘s brlow ^t>nio of the reodts oblatnet! in oneral iho 

syrnboh h.i\ inii: the tol!ov\niu nieaiima Z deftru* f'udd, p <so pressure'; 
fi r.itio of a\(‘rau;t‘ (ai<‘re\ ot elefh‘on atid lms nudeeide, l\ a\ < laee \i'lo(*i1y 
ot (inft of el(‘< tftai.>alHne eleetrie thdd, { f iu it \ <‘lo( it \ oi ajitatina nee above); 
/ lafio 211- f'“ Z p IS ifi \olt> jur ((iitatKtie fna niiliuneiie pie.'-.^ure. 
If and I are in e(*iit iinf'tres n(‘r set i>ud, and a the iiUMii free path in eenU- 
nutresat I nun. pres-niire. 


z:p 1 


n 
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1 0 000007 
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0 00OO24 
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i 

0-117 

0 OOOOlb 
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5*0 
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10'* 1 
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1 0 00008 

1*0 

55 
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OOltI 

0 00021 

0 1 

0*2 

5 

•!> 

20 

j 

: 0-00 
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0-015 

1*77 

1 1 

- 

15 

1 

0-001 

0 00015 


The vclouity of drift If' ih uni proportional to Z /a it inereases rather mor 
rapidly than iii motjt cases. This is due inaiuhN to tla* increase in the vtdoeih 
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of aultiition lo the iiiacint' I'ases, arijoii tual lieliunu tiie (auTuy lost at eollisiooa 
IR very small, shouimji; that the casllisions an* alruost |K‘rf(‘( t!y elasiie; evcai in 
iiitroL»en the loss is only about one part m one tfiousaml whcai Zjp is small. 

The mean tree p<\Ui Y<iries with Zip, and seems to pass thromiii a mniimuin 
value as Zjp increases Tin* mean ire(‘ i>at}i in argon is suiprjsingjy iarae wlitai 
Zjp IS small. 

4 Ionization by Collisions. 

When a strea.ni ol electrons is ])assiner t]irong]i a gas in an eleeiri(* 
Held, and the kinetic energy ol iho elecirons is grcmt (‘iiongti, some of 
the cullisions betwi^m electrons and molecules {*ause an clec'troii to 
escape from ilie molcHmle. A moleciih^ is said to b(‘ ionized by such 
a collision, since a moleeuie which has lost an (‘hadron forms a f)ositiV(‘ 
ioii The ionization of gases by a vstr(‘am of rapidly moving (‘hadrons 
was observed iiy laniard, who passcal la'iiaril rays, winch ar(‘ rapidly 
moving electrons, through dillVrent gases. The ionization of gas(*s 
by collisions lias Imen inv(‘stigat<‘d by Tovnsend, and bis ivsiilis 
vill be discnssiid b(‘re. Othm* important invesfjgations on ionization 
by collisions a.re describcal in tlui cliapter on ionization and ra.diation 
potentials. In Townsmidhs (‘xp(‘rim(mts <‘leetroris w<n'e sid free at the. 
surface of a metal plate by means of ultra‘Vioh‘t. liglitu A uniform 
electric field was niamtain(‘d l)etw(‘en ibis plat(‘< and anotlu*!' paralh‘l 
f)laie, whieli was charged posit iv(‘lv, so that tli(‘ {d<‘(‘trons moved across 
from the first plate to the siH*ond. The charge recidved by tiie second 
plate was measured, and of course is propoitional to t!ie numbm* of 
electrons which arrive at it. Tlie s[)ace b<‘tw(‘en llie two plates was 
filled with a gas at pressure p, and the distance Ixd.ween the two plals‘s 
was varied, kca*ping the el(‘i‘trie (i(‘ld stnmgiii between tliein constant 
by making the potemtial ddferema* [iroportional to tb(‘ distance betwe(‘n 
the plates. It was found that i-he ch<irg(‘ receiv(‘d by the second plate 
increased with the distance d b<‘tween tJie plates, so t-lnit y-- 
vhere y is the charge at distance rf, the value of y wlicm d is very small 
and a a constant. 

Let us su])|)Ose that (4e(‘irons are set five by the ultra-violet light 
and that as tliese move across to tlie opposite plate they ionize tln‘- gas 
molecules, i‘ach setting free a electrons from the gas molecules while 
moving I cm. in the dinaH-ion of the electric lield. Then if n electrons 
pass through a ])lan<» at a distance r from the plate from vMcli 
start, we have dn -- andj. This gives log n ^ aa' -k constant, so tliab 
since n at o' 0 we g(‘t 

n~ - 

Tims, putting and we get q=^ as was found 

experimentally. By measuring y and rp, Townsend determined the 
value of a for different (dectric field strengths A, and dihVrent* gas 
pressures p. It was found tlnit a/p is a function of X/p for a given 
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gaB ai a cuUBiuni i<‘{njH‘rafun% vM> that a /^/(A /i). Tlii^ lui^anB, 
ior axainpha that if *Y and p am hoth iiH*n‘aM*d a tunas that Xff 
rciiuuiis ilu^ sanua 1h(‘U n is also UHnaaisod a WV have s<*autliat 

ilia kinetic* entagv of tin* ekrtrons is a Ihik^Ikhi o( X jk and the same 
is true cd the v(do<‘ity If with wlH<*h tliey inovi* ihnmtdi t!ie yas in tlie 
direeiion of the ehadrie fudd We should expeci the nnnilau' of mole- 
cules ionized to (h'pend on 1lie kimda’ emn^y ot the eloeirons, and to 
be proportional to the* nuiuLer of ccdliMons hetween niole(*iii(\s and 
eh‘eirons. Huppose n el(a*irons pass through a la} (*r of the gas of 
ildekiiess (Lv. Tlie tina‘ eacdt edoedron is in this layca* is dA\ li\ and the 
n el(*ctrons make aF/A collisions in unit Imie, F being tlu‘ veloeilyof 
agitation and A the nnaiii Irc'C j)u1h, as Ixdore. The number of collisions 
in tlie layer is, tlimadore, 

dr 

II' A ■ 


If a fraction F of tin' collisions result in ionization, the number of 
electrons liberated pen* unit length is /TF/Allh so that 

a FVjXW. 


Now" V and IF are both functions of A" /a A is invc*rsely as p, and F 
must depend on I w F^ or F only, and so is also a function of A hence 
we must have a™- pf{Xlp). in agreement with tlu^ experimental results. 
If wc suppose that all c'ollisions for w}ih‘h the v(dn(‘ity of the electron 
is greatcT than a certain value rc^sult in ionizatum then we can (*alcuktc 
the fraction F, Lei. F noiv ihmoie the vtdocity of agitation of an 
individual electron, and F- the average of the stpiares of the velocities 
of the electrons, and assume^ that the disiriliution of the \adocities F 
is gmm by AlaxwadFs lawx that is, let tin* mimher of electrons in noit 
volume for which F Isbetwanm F and F ^ dF be J FA '^A/F, so that 
the number of collisions made by these ckadrons in unit, tirrn^ is pro- 
portional to Tlie constant q wall fu* ecjual to wdiere 

m is the mass of an electron and k is tiu^ gas <‘onstant for one mcdecule. 

The nnmber of collisions for wddeh V is greater than divided by 
the total number^ is therefore given by 


fy\-,ryir 

Frr: I * 0 

j;f\-/^y/f’ 

Hence F == (jTV + 


so that 
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We liavo A = ''^herc A^ is the mean free path at 1 mm. pressure, 
and also p— lmnV“ = ^nJiT, so that ^kT ~ and 

Hence (iV > 


and 


XJ¥ 


{2 



'3IVy2 r-’ 


Wlien F/F(jis large, this becomes approximately a pY /XJV , so that 

if F and W become ecpial when V is large, a = f ~ -?-• This tlieory 

Aj_ A 

indicates that a should be very small when V us much less than F^^and 
should increase rapidly witli V when F^ and F are <d)Oiit equal. For 
large values of F the rate of increase of a with sliould Ixicome small. 
The assumption that all collisions lor which F is greater than Fq rt‘sult 
in ionization is not really correct, and it is found tliat tln^ very faht 
electrons of cathode rays produce fewer ions than slower electrons, so 
that this theory is not satisfactory and is merely mtcuided as a rough 
illustration. It is not possible to deduce from measurements of <x 
any accurate estimate of the velocity winch an electron must have to 
be able to ionize a molecule. Accurate methods of measuring this 
velocity have been developed and arc described in the ciiapter on 
ionization and radiation potentials. 


The following table gives some of the vahies of ajp found fiy Townsend in 
different gases lor the values of Xjp uiven in the iirst row ol llu^ 


-v/r 

1000 . 

800 

000 

too 

200 . 

UHL 

Air . . 

10 r> 

0 3 

7 -!» 

5'82 

20 

0*72 

Water vapour 

0 7 

9 0 

7 05 

()*3r> 

3>0 

1 31 

Hydrogen . . ' 

1 



3 7 

2-02 

i*3(> 

Argon 

- _ : 


0 2 

7*5 

4 4 

2 0 

Helium 


- 



2 37 

2*0 


5. Ionization by Positive Ions. 

The equation q ~ " which was found to give the charge^ q 
received by an electrode at a distance d from the plate at wldcdi ele<*trons 
carrying a charge q^ start, gives q accurately wlum a is small and d 
not too large. However, it was found, viih large values of Xjp, for 
whicli a is large, that when d also was large the cliargc q obtained was 
greater than that given by this equation. This wa.s explained by 
Townsend by means of the hypothesis that the positive ions also 
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ionize !iio|(‘eiil<‘S by (‘olh'^iniis wlien T // leiut* Annllii‘r ])nhhible 
(‘xplniiat loH i.s ilait Um‘ po^iti\o loii^ blxaMfo ohMiruii'*, houi tF‘ nega- 
tively (‘iiargeb elec'Irnde \sh<‘H thev "'inkc* i! 1 [e* obtained 

can lie explained I'tpndK well ni either way, and Tns\ n'^^eid’s experi- 
ineiiis do iw)! cniable us to deejd(‘ wineh explanation lorriHi We 
shall eoiisider I'ownsendN explanation h«‘ie, and the a!ternati\i‘ one 
in stadion 7. 

Let a posit i\e aai loin/e /i niohnaih's while it iuo\e^ nnii distance 
in ih(‘ direelKJii of the eleetne held A in ua'* at p?‘<‘s. un* /> lad Pq 
( declioiis sfarl iioin an tdetdrodf* at i ti, and let a be the nuinher 
\\!ii(d{ fiass ihrouLdi a pline at a distant'o i fioin tin*- eleeffodt* Also 
let /// b<‘ the niiinlHn o{ posit i\e ions wlneh pass thronyh this plane m 
the opposite direction. Tlien betwi'cn tlie pluies at f <uid a , d.i 
the niimlier of muhaaih'S ionized is 

ini(Lr Nifid /\ 

sotlnit (lit ihul !' 

and dh! mtdt ' mj^dr. 


since eacli inoleiaile iiaiized gives an elettron aia! a posit i\t‘ loin This 
giv(*s dll , dm iK so that ii m eonstant. At a’ tl we have 

V it^p and if d is the distance* Indween tin* ehadiodes then at ,r d 
xvc Inive /a -- 0, so Unit- tin* constant is eipial to lii nee 

11 IK /po 

aiul dll Ktidf ' {ii^f If) fid.r K {<i - jj)d r Kijjdr, 


Integrating this, we get 

J 


a -fi 

At x-~= 0, ///— so that 


log ja(a — d" i(dP\ ' <*onsta!tt. 


I 

a 


/]) ' coiisLnii* 


Hence 


1 li) • 


~P "uO — tl) i >^<iP 

At X — d, n— )t,i, so tliiit. 


1 


liiilXf 


-/?) ; 

w„a - - ft) 


J , 


d, 


na - 


at 


or 
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When j6 - - 0, this rednoes to 

u,, -= 

as we should ex^iect. By mwisuring g- - and — «„p for difTerent 

values of d, tlie values of a and ^ can ])e didtun lined 'Wluni (f is small^ 

=r nearly, wliicli gives an a])])roxinnite value of a. The best 
values of a and ^ can tluai be found liy trial. 

The following table contains some results given liy Townsend for 
air at 4 mm. pressure with an electric iicld ol 700 volts jku* centinietr(‘. 
The value of a used ivas 8-1(5 and that of ^ was 0 (KKIT. 


d. 

7 'Vu- 


a I'i 

ae di — ij 

Ctil 




02 

5 i2 

4-9 

5 11 

0 3 

11 4 

11 0 

11 C» 

0 4 

2()7 i 

20 1 

2() 5 

0 5 

(H 0 

.59 0 

02 0 

0 0 

1 IS 0 

133 0 

149 0 

07 

401 0 

301 0 1 

399 0 

0 8 

1500 0 

(iSO-O 

1514 0 


We see that represents the values of C|uite well np to d- ~ 0*5 
cm., but for larger values of d, is too small. Tlu^ expression 

liow^evcr, agrees wxdl with all the values of fL Similar 

results were obtained by Towmsc^nd with air and other gases at dilTereni 
pressures, and with dilTerent electric lields. It wars found that 



smaller than a. The folknving talh^ givt‘S some values of /J p. 


XIp. 

i l!}dn>'4en. 

Aivoti. 

Air. 

( 'JU’I Hitl 

I a(t\uU‘. 

200 

1 

0 08 

0-02 


. 

000 


0 22 

(MO 


800 



0 IH 1 

0 0! 

UOO 



— 

(MO 


6. Sparking Potentials. 

The equation 

shows that qjq^ becomes infinite -when a = This means that 

IP (DS 14 ) 
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a disdiargc hiic(‘ hiarttnl wouM cnniiiuH^ in<iollint<‘1v. Tlit» 
a 11 p‘rrfort‘ ,i 4 !\ (ss i li(‘ .'>park!nH fur Ihr dHlaiiee {/, 

prrssuru p, and fluid ^truinxth Ad I1n‘ ^j)ark!!lti: puluntial X uiven 
by X ~ AV/. Wlaai fj is iniittitn <i Miiirh* uhsarun Ium* at tlie 
ii(‘i^ativu pha*i rud(‘ is siiiliiaum tu Mari a i-untinuouN ului'trk* discharge. 
Now the gas aJways I'ontains a Ium free f^luctroic- uwina iu t!c* pre^sence 
uf ira(M\s uf radiuacti\(* bodices, su that if tin* putcniial tliiTcrcaee be- 
tween the two paralhd plates is gradually uichmsimI uidil the fuhd 
reae]u\s iln^ vadue for whi(E a a <Haituiuuus fliscliarge will 

then Marl in tli(‘ gas l)et\vt‘en the phUes. 

Y'’ V 

Xow"^ ^ , where A’Os the ii(‘ld si rennlb fur i !m^ sparking pot caitial 

p 

S, Ilcaiee we have a J{r{^,'p<l)> /a/^X //d), wlita'e / (X/pd) 

and fji(X^pd) denote funelioin of X/pd. lienee tiie (‘qua! ion a ~ 
written 

/(X imI) </){X vdn^ 

This is a relation ])et\v(‘en X and juL so that niiiM have X Hipd), 
where X(pd) denotes a hmelion of pd only. It is found exptu’iinentally 
tliat the sparking judentiul l)(‘twi*en parallel plai(*s in any gas tlepeaids 
on the ])roduct of the gas pressure and the distaiHM* bet wt‘en the plates. 
Townsend found that the obsorvinl sparking potentials agreed well 
with those given by the eij nation 

a - 

For example, in air at 1 nnn. ])ressuTe. with an ehadrie field of 700 
volts per centimetre, it wais found that n SdfJ anti ^ 0*0007. 

These values of a and ^ give d 0*tS71 <uu. when sulrstituted in the 
condition for sparking. Hence X 0-S7I >" Too 000 \u!ts. It was 
found that with rf-~0*(S71 cm, a continuous tlischarge began when 
the ])otential was increas(‘d to 015 volts, which agrees widl witli 009 
volts. 

The sparking potiaitial X - X(pd) lias a minimum for a (aaiaiii 
value of pd. If p is Inqit constant and d gradually imTeased from a 
very small value, X at first falls as d increases, tlnai passes through a 
nmiiiiuim Auiliie and risiss again. When pd is large. X is nearly ino- 
portional to pd. If d is kept constant and the gas pressure varied, 
Achen j) is very small the sparking pot(*ntiul is nny large As p in- 
creases the sparking potential falls to the minimum value, and then 
rises and becomes nearly proportional to p. 

The following table gives some sparking potent in is X in several 
gases between parallel plates 3 mm. apart. The piessiires p are in 
millimetres o£ mercury, and X is in volts. 
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3^5 


All. 

Hydi 

P 

S’ 

P 

510 

1480 

13 6 

214 

790 

8 54 

5 99 

452 

5 4 

2 51 

371 

4 02 

1*89 

356 

3-44 

1 22 

375 

2 52 

0 928 

441 

2 15 

0 536 

863 

1 35 

0-357 

1786 

0-861 


>g(‘n 

vSulphur 

T)io\ul<‘ 

P 

S' 

415 

13 5 

1145 

356 

4 5 

651 

301 

1-61 

471 

278 

J-04 

457 

282 

0 8 

465 

310 

0-43 

621 

356 

0 23 

1590 

780 

- - 


1789 


— 


These results arc due to Varr. The two parallel electrodes were 
separated by a ring of ebonite 3 mni. thick, winch prevented the. dis- 
charge passing between the liacks or the edges of the electrodes. This 
precaution is neccvssary when the pressure is below that at winch S is 
a minimum, becauvsc then the discharge tends to pass across any 
available path which is longer than tlie shortest distance between the 
electrodes. The fact that in any gas the sparking potential is a function 
of pd was tirst discovfuod !)y Jhrsclnm. 


7 Alternative Theory of Action of Positive Ions. 

Let us now suppose that tlie positive ions do not ionize the gas 
molecules, but that they set free electrons wlnui tliey strike the negative 
electrode. Let electrons set free by ultra-violet light start from 
the negative eh^ctrode and move across to the positive electrode. The 
number of electrons which arrive at the positive electrode is then 
and the number of jiositive ions ])roduce<l is 1). These 

positive ions strike the negative electrode, and we suppose that each 
on the average sets free y electrons at it. Hence — 1) are set 

free and move across like the original electrons, and so on. The 
total miniber of electrons that finally get to ihe positive electrode is 
therefore ^ _ jyj 


If we put y = 


/ 3 ' 


■> 


WO get 


n ■■ 


a — 




Comj)aring this with the equation previously obtained on tlie first 
theory, viz. _ 
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we see that since |S is always very small compared with a the two 
equations arc practically identical. It follows that Townsend's 
experiments may be explained equally wtdl by supposing that the 
positive ions only act by liberating electrons at the negative electrode, 
it has been shown experimentally that positive ions do set free electrons 
when they strike a metallic sinface in a vacuum, but further experi- 
ments are necessary to decide on the relative importance of the two 
effects under different conditions. Some physicists consider that 
positive ions do not ionize molecules by collisions under any circum- 
stances. 


IteREUCE 
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The Electrical Conductivitv of Flames 
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1. Conductivity oi a Bunsen Flame. 

Tlie fact that fiaiiiw and tlic coiniii^^ frmu them condiu'l 
electricity was known to Faraday and has Ih-cii tin' hulijcc-t of inaiiv 
investigations since his time Tin* ionic llieorv o! conduc1i\ iiy was 

lirst applied to gases In; 
Oiese as an expLina- 
tion of his expenineiits 
on tile conduelivity of 
llami' gase,',. 

The eleetiical con- 
ductivity of a lliinsen 
flame can be eonveu- 
ieiiily studied with tli(‘ 
apparatus shown in fig. 1. A brass tube All is sufiporied hori- 
zontally oil a woodim stand. Tin' eiul near 1> is closed and eoul 
gas is passed into the other end of the tube from a jet as shown. 
Small quartz tubes are cemented into the Itrass tube m a row about 
25 cm long, and the mi.\ture of gas and air formed in the tube is burned 
at the ends of these ipiartz tubes. In this way a lliinv'n llaine about 
10 cm. higli and 20 cm. long is obtained. The quartz tubes serve to 
insulate till' flame, so that its conductivity can he measured between two 
platimiiu electrodes 11 and F supported by movalile stands H and H'. 
The electrodes may be made of j)ie('es of slii'et plalimim about. 
1-5 X 1-5 cm. welded to sfout platinum wires. If the eleetroiles art> 
connected to a battery through a galvanometer or micro ammeter the 
current through thi' tlame can be niea.suri'd and the way it varies with 
the jiotential dilference and distance between tlie electrodes obseiwed. 

It is found that the relation between the eiirrent t.he potential 
difference F, and the distance il betwi'en the electrodes is approxi- 
mately 

V- Ardj-mi 


where A and B are constants, for any particular flame and electrodes. 
Wlien (I is small, say 1 or 2 mm., the term ACd is negligible, and the 
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ciirreiit is nearly propori lonal to tlie squaie root of the potential 
difference. 

The following table gives soine values of ilie current in anipeies 
obtained with a Bunsen fiaine similar to that just described. 


FoUnti a 

Di^t iiue lu t n Mlt tin 


DiUerc nee. 

1 Cui 

a i \n 

1 S ( ’lli 

1)00 colts 

310 10-'' 

205 10-^ 

270 10-^ 

200 „ 

175 „ 

105 

112 ,, 

40 „ 

07 „ 

57 „ 

IS „ 

10 „ 

22 

10 

12 „ 

2 

5 

4 

2 


If one of the elc'ctrodes is moved near to the surhua^ of tlie fLune so 
that it becomes cooler the current is decreas(‘<L This (‘lle(‘t is much 
more marked with the negativi* electrode tluin with tin' positive elec- 
trode. 

2. Potential Differences in the Flame* 

The difference of potential between any point in the flame and one 
of the electrodes can easily be measured by putting in a line insulated 
platinum wire and connecting it and the electrode' to an (di'ctrostatic 
voltmeter or quadrant eh'ctrometi'r. The instrunuuil used must be 
insulated so that the potential in tlie flame may n<?t be disturlxMl by it. 
The platiiniin probe wire can be covenal with a siiudl 1 us(mI ((luirtz 
tube about | mm. in diameter except for om' or two millimetri\s a1 the 
end of the wu*re. In this waiy it is found that there is a n«Mrly imilorm 
potential gradient in the flame except mur tlu' ehudrode^. dose to 
the negative electrode then' is usually a large and siidd<ui drop of 
potential and a similar but much smaller drop close to tlu' positive 
electrode. This is so wdien both (dectrodes are ri‘d hot aiai not near 
the surface of the flame. Tf eitluT eleidrode is cook'd by moving it 
near to the surface of the tiame the dro]) of potential near it incriMses, 
and becomes nearly equal to the potential (iiffVrencc' between the two 
electrodes if the electrode is allow’ed to get nuudi cooler tiian the other 
one. The effect of cooling the negative electrudi' sliglitly is much 
greater than that of cooling the positive idectrodt' 

The uniform potential gradient is approxiiuately proportional to 
the current. The potential difference between tin' electrodes may 
therefore be regarded as made up of three parks W,, and 
is the potential drop at the positive electrmiig tliat at tlu' negative 
electrode, and that due to the uniform gradient. Fg— /IfV/, where 
4 is a constant, so that 

y = 40<J+F,+ F,. 
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Compariiig tliis with the equation T -- ACd j- iJC-, ivc see that 
Ti -j-~ and this result can be easily verified by meaMiring 

Fi and {"2 yith dilTertaii eurrenls passing tlirough the flame The 
layers near the electrodes in whicli the potential drops occur art‘ thicker 
at the negative electrode than at tlie ])ositive electrode. Tlu* laver at 
the negative electrodt^ may be several millimetres thick wliile tliat at 
the positive electrodes is less than 1 mm. when both electrodes are red 
hot. 

The t(‘m])erature of the hottest part of a Bunsen flann* is about 
200(P K. By altering th(‘ [)io]K)itu)n of gas to air used, the tempera- 
ture can he varied, and by mixing an mcTt gas lik(^ eaiTon dioxide or 
nitrogen with the air supplied to tin* flame tlie tcmqauature ean be eon- 
siderahly reduetsl without putting the flame out. It is louinl that the 
ratio ol the current to tlie umlorm potential gradient in tlu* flame, which 
may Ik* tak(‘n as a measure of tin* conductivity, incr<‘ases ra[a(lly witli 
the temperature. 

3. Ions and Electrons: Theory of Conductivity 0 ! Flames. 

An ordinal} Bunsen flame is a mixtun* of nitroicen, vater vapour, carbon 
monoxide, and dioxide, \uth some h\dro<j;<'n, rmdliane, au<l other h}droeatbons. 
It IS supposed that some of the mohsadi's pres(‘rit in tin* fluni^ Ihh ome itmizcsl 
by eoliisions yith <‘aeh other or \Mth eleidrons or by the action of hvht radiation; 
that IS, olecirons art* set free fiom some moh‘eules so that we get positiM* ions 
and eliK’troiih in the tiame. Some of the <*leetrons may get attached to moie- 
ciilea, so forming negative ions, it is ])io!)<iblc that most of tlie <*!ectronH 
set free do not get atta<die(l to molecules, at any rate in the hotter parts 
of the flamt*. 

The (‘ondiKdivity of the* flame is due to the })resence of tlu'se Ions and elei*- 
trons. Let e denote the charge on a positive ion so tliat - e is the charge 
on one eleidron, and let there bi* jiositivi* ions and n> electrons present 
in unit volume, llien, vheri theie is «in elect rie field in the tiame, th<* positive 
ions diift along m the direction of the held ami the electrons in tin* opposite 
direction if ? denotes the c‘urrent deiisit}, or current per unit area ot emss- 
section, wc have 

i i 

where is the velocity of drift of the positive ions, and in that of the electrons. 
The velocitu'b r, and ?n are probably nearly proportional to th<‘ tu*ld strength A, 
at any rate when X is small. Kenee kiX ami r> - 1%X, wdien* ki and lx 
are the velocities due to unit field and are usually called the mobilities of the 
ions and electrons renpeidively. We have tiien 

i eX(}id\ I Kjjlu). 

The volume density of charge in the flame is e({ual to Kg), so that we 

have 

-4rri«(/q 


wLere x is the distance of the point considereil from the positive electrode. In 



320 ELECTRICAL CONDUCTIVITY OF FLAMES [Chap 

tlie uiiilonn gradient between the eleciro(k‘8 0, so that^ — ?h> and there' 

liX 

fore ? — L), wheie ny and is the value of X in the 

iinih™ gradient, Now F3, the fall of potential due to the uniiorm gradient, is 
equal to A{//, so that, smee wx* get If A' is the area of 

cross-section of the Ihune, then, if w e assume that the current is uniforinly distri- 
buted over the cross-sect ion, we have i C/Ah and 

A — - ’ 

Ah?e(/iq h L,,) 


Also L is niiieh larger than /».q, so iiiai afiproximately ^4 ~ ]/Ah;r/i% 

The fact that the current is lound to be neaily proportional to the uniform 
potential giadient shows therefon^ that the veloeiU of the (^hadrons is nearly 
proportional to the tield strength This is true for lields up to 20 or 30 volts 
per centiiiKdre Near the electrodes, where the potent i<d drops occur, dJ/dx is 
not zero, so tliat is not eqiad to a,. 

The positiv(‘ 10ns and the electrons attract each other so that the electrons 
tend to na'omhine with positive ions, so refoirmng neutial molecules it is easy 
to s(‘e that this recombination must be proportional to both and n, or to 
ai?p?2» w'Ikto a is a constant usually called the eoeOicKuit of reeornliuiation. 
a/qw.j IS eijual to the number of neutial molemiles formed pcT unit volume m unit 
time by the combination ot electrons and positive ions 

fbnsider a layer of thickness dx hetwivn tlu' ])lanes at x and x dt The 
niimbiT of positive 10ns flowing into this laver ])er unit aiea per unit time through 
the plane at ,r is and the number flowing out through 1h(‘ plan(‘ at x i dx 

IS ~j'-{ 7 hi\)dx. The number which disappear liv reeomhiuatitm in the 

dx 

layer is so that if q is the number of mohamles ionized ]>er unit volume 

per unit time, which w'c shall suppose constant from one electrode to the other, 
then 


In the same W'ay, for tlie electrons, 


In the uniform gradient 


dx 






so that - c/n^, or the ionization is e<j,ual to the recomhination. 

If no ions are emitted by the positi\e elect rodig then tii -- () at its surface, 
that is ata;-~^ 0, Thus in the layer at the suH.iee t>f the positive electrode m 
which X is greater than the flow of positive ions in(*reast>s from zero at .r - 0 
to nl\X^p its value in the uniform gradient Xq. Let the tluckness ot this layer 
be Xj,; then we have 


2 


' ‘ d 

-{n-^vXlj- -- nk\X„ 

0 


rXl 

(q - 
- 0 


This equation merely expresses the fact that in the layer X| at the positive eiec- 
trodo there is an excess of ionization over recombination Huilieient to supply the 
positive 10ns which flow' across the uniform gradient. Jn tlu* same way lor the 
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layer near (Ik elcetrotU^ if Ihi.^ dectiode cniit.s no electrons, 0 at 

its .siirfae<\ .uid 

f {f(,v,)dj' nIcoX.. "I (a— oejiiH )djL, 


\\her(‘ d tie* d!st<ui» e Ix'tueea) the electrodes, and tiie tluekiiess of tlie layer 
at tlie neii<itut t.*le(‘trodt\ in q a/Zj/z^ 

Nim i > ^o that //jCj i nj,y is constant from one eleetnnle 

to the otlu r. 1 hu'^* in(‘r(*ases from 0 at ./ 0 Ui cnL^Xq at x ™ X,-, remains 

constant from x to d — / and nu'reases lioin cnk^X^^ at x ~d—7y to 2 , 

at X (L while nxj' is equal to / at a i), decrease's to pnk\X^^ at a* X-j, 
remains <*oo«lant from x ~ Xj to ,i - d — X^, ami decreases from ejdc^X^ at 
X d - Xj to zeio at x - d. DiVKllm^ by we get 

_ / i<l ~ ^An^iu)dr 

h'y ' 

A I . 1 

I {q rxv^n,)di' 

0 


Now q - 'tn^n, is e<|ua! to q at i 0 ami to zero at x X^, and it is equal to 

zero at ( d > » and to q at j d, so that the a\erag(‘ value of g ~ 

over Xj (‘annot diili*!* mueh from that o\ei X. llenet* tlie latao of the two inte- 
grals must bt* neail\ eijual to X^'X,, so that wi* gad /» j Xl\ approximately, 

Wlien both (‘ieet ro<l(*s are kmI hot. it is found that X> is much greater than 
X|, so tlial ky numt Ik* gu‘aler than Aj Xj is so small that it (*annot he deter- 
mmeil aeeuratei\, whi'ieas X^ is several miihm(*tr(‘S. We should expeet the ele('» 
trons to ha\e a ifnndi ure<iter vi'loeity tlmn positivi* imis, since the mass oi an 
electron is several tliousaiul tnm*s sm;dl<‘r tliau that of an ion. 

Hu* drops (d potential m the ia\ers X^ and X^ ean lie caleulated approximately 
as follows* 

The eifualion 47rc(«i— n.^), 


inultipiitMl by 


gives 


.Y 


/‘I /*; 


dX- 

dr 


Aq An T 


Jhtfereiitiating t his with respeid to a, and substituting for 
tk* \aliie q 'x// we g(*t 


dkV 

dd^ 








d 

dx 




Now at .e wa* have //, - (h and at x Xj, q - a;/g so that 

f/-- a// p /2 changes from q at x -- 0 to 0 at *>’ - X^. For an approximate cal- 
culation \u* may tluTefore take //« - a^/pA>-* q I — j for values of a; between 
0 and >j. Assuming this, w<* get 


dJ^ 


— Hrcr 


a- 
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and hy integration — Sttc j -h i j g j | constant. 


TIk^ equation 


dX 


(IX 


- //*) at a 0 becomes and also 

i “ (ix 


at a;= 0 wo liave i ^ wo tiiai 

ydX 47t? 

" r/i 


__ 8rj^ 
<Lr /o> 


Using tins to determine the constant v,v get 
dX^ 

f/a 


,, / I , I \ / .U \ Stt ?* 

-^^ik ‘ 2) j 


At .r— X., X becomch constant so that - (h thendoio 

dr 

. 2f L 


so that 


ff' /‘‘iH 

f. -'P 

<h- L \ X,j ■ 


Integrating this and putting X- -- at .r ~ Xj 

, HTT/Aj / -j *h \ *^ 

we get X “ - — * ' 


/ 1 \ I Y 2 

x^) 


Bmce X is large eonipareil v\ith X^ ext'cpt whim X is neaily eifiial to X^. wt have 
approxurnitcly from thrs- 


X 


l^~‘h I 1 - ' V‘ 


Henec the drop of potential in the layer X| is given by 

-A, 

F: 


This gives 
Now" 


jr _ /Stv/'C •)'> 

'^“UJ • 


) = 


so that finally K = - Y '«’^- 

" " \2kJ \qeiL\ + h)) 

In the same way we obtain lor the potential drop I', at the nei'idive electrode 
T' _ 1 1! / ^ ( I". ' •'> 
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Hence approximately 


h 

El 





Tiie cliEeTcncc of potential between the eleciroclea V is^ therefore given h}?' 


This equation agrees with that found experimentally, viz* 

r - I JiCK 


The ratio T^^/Ei be obtained aeciirately from the observed distribution 

of the pobmtiai fictweiai the electrodes uhcai both (^lec'irodes are red hot, becanso 
Fj is too small to measure a<‘(‘’iratek, but it is ch*ar that th(‘ ratio is ((uite large. 
The eieetiodes eool the flame so that the loin/utiun close to tlie ('lecdrodcs must 
be less than elsewhert^ in Hie fhinua ^vhereas we h,ive supposiHl q constant over 
the distance IxTweiai thf‘ electrodes 

This approximate tlu‘orv of the relation lietwmmi the current and the potential 
in the flame agrees m a general way willi the facts, so that we may say that the 
results obtained are in accordance witii the lome theoij. The tw'o layers and 
>.2 have a total thickness 


and we have supposed that there is a uniform potmitial gradient lietwven the 
layers. As tlie potimtial ditlerenei* iiuTcases i inereas(‘s, so that \ j- 12 mcreast‘S 
and so would (‘ventiadly lieeome ecpial to i/, the distanee between the elecitrodes. 
The current w’ould theii, be equal to IqcfK which is one-half the saturation current 
qed which vould he obtained if there were no recombination. The theory there- 
fore IS only applicable when the current density is less than oue-iudf the saturation 
current density. 

When the potential dilierenee between rid-liol electrodes m a uniform flame 
is gradually increased, then at first the currimt is given approximately by” the 
equation 

r ^J(% h 


but, when F becomes equal to a emdain large value vhich depends on the distaneo 
between the electrodes, the ciirnuit liegins to inonxise much more rapidly with 
than the above equation indicates, if F is inerc'ased rmi<‘h farther an an* dis- 
charge starts and the ebvfcroiles are im‘lt<‘d, 1’his rapid inereasf^ of tlu' current 
IS due to ionization by collisions. Ionization by (‘ollisions in gases at ordinary' 
temperatures is disiuisscd in the chapter on the motion of (‘leetrons in gases, and 
it obeys the same law's in liame and so ncaxl not be further discussed laav. The 
euiTcnts obtained before ionization by collisions sets m are probably very small 
compared with the saturation <*urreni. 

4 , Electron Mobilities in Flames. 

We liave supposed that the velocity 77^ of the (dt^ctrons along? the 
direction of the electric field X is given !>y ^2 - /r.jX, According to 
the theory of the motion of electrons in gases wo have approximately 
/i2 — cA/ni F, where A is the mean free path of the cdectrons, c the charge 
and m the mass of an electron, and F the average velocity of agitation 
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of ilu‘ clectronh. T(m!iM‘ii<l\s slio\\ thai in at 

ordinary tomperaturns V is a function of A" /;, wlitu’o p is ilu^ uas pres- 
sure, and that the avera^^e kinetic encrii;y ol a^»ilaiion of Lie (F'ctroiis 
l/uF- is miieli greater than t!mt of a gas niolcdile at ilu^ same tem- 
perature, provided Xjp is not (‘xiremelv small For examplia in 
nitrogen with X/p equal to 0-25, A" bmng in volts fHU* cmnniK^tre and 
p in millimetres of mercury, he Joiind V to Ih‘ 7*o times ereaier than 
the value corresponding to ih<‘ avTraire etuu'irv of a i>as molecuL. 

In a flame at. about 2000' Iv. the gas chaisiiy is about ] of that at 
the ordinary iemiperature, and so is th(‘ same a.-, for a gas at the ordinary 
temperature at about KK) mm. pn\>sure Thus m a flame with an 
electric field of 25 volts per centimetre \v(‘ should expect ilu‘ \(‘locity 
of the <‘lectrons in the dinrtion of the fudd to about th(‘ same as 
Townsend found in nitrogen with XI p 0-25, whuL v<is 5y Kp) 
cm. per second. Tliis juak(\s /v -5X 10*^25 2 10^ cm. /sec. 
for 1 volt per ccntimein^ This estimate is probably too liigh because 
the kinetic energy of tlic eliadrons in the flame with A' 0 is s(‘ven 
times that at the ordinary temfHTatnre. If we suppose* tlial tlu* field 
increases the kinetic enmgv in t!u‘ same ratio at any Laupta'aturie then 
with X = 25 volts/fin. w(' get 


Z'2— 2 X 


7000 


cm. 


SlH*. 


]/er 


volt 

cm. 


AAirious attemjits to estimate l\> in flanms. bv finding the ll(dd rtMiuired 
to make the electrons move <knvn the flame against the upward stream 
of gases, and liy other similar methods, have (letui math' and n^sults 

varying from j(K)0 to IM),(K)() fur 1 volt pi*r ceniinudre 

obtained. Siieli methods are very dillicult in ilamt'S, beiMuse the 
gases are strongly ionised throughout the flame that it is diiru'iilt 
to prove that electrons ar<‘ moving ilown the flame. Lvstimates of /»v 
by indirect methods are therefore mon* reliabh*. 

Probably the best method of gidting the moliility of 11 h' electrons 
in a Bumsen flame is by measuring the Hall ElTecd. A flame* like* that 
described at the beginning of this cliaptcr is pliced fadwtaai the poles 
oC a large electromagnet, which when excited produces a liorizontal 
field perpendicular to the ])laue of tlu^ flame. Two Hno plafmum wires 
are mounted on the end of a sliaft which turns in a hole bored in one 
of the poles of the magnet parallel i-o the dire(*tion of the mugncdic field. 
The two wares are parallel to the magnetic field and about I cm. ajairi, 
the axis of rotation of the shaft being half-way liciwccn them. The 
ends of the wires project into the flami*, ami they an' insidatfHl and 
connected to an insulated quadrant electronndor. W’lien a current 
is passed horizontally between electrodes in tlu^ Hanu* so that the 
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two wires arc in the imiforni potential gradient Xq between tlie elec- 
trodes, tlie quadrant (dectroineter will indicate a potential ditlereiice 
equal to XJ sin 6, wlune I is tlie distance between the two wires, and 
9 is tlie angle b(dw(H‘n the plane containing the two wires and a plane 
perpend leiilar to tlu^ (deetric field X^. By turning tlie shaft the angle 
6 can be varied m) that it is easy to make the [lotential diflerence zero, 
in which case 0 0 If now the magnet is excited the quadrant 

electrometer is defU^cted, hut by rotating the shaft the deflection can 
be brought liack to zcto Q’he magnetic field rotates the equipoteiitial 
planes 111 the flamc^ through an angle ^ wdiicli can be measured in this 
way. 

If m is the veloeitr of the (deetrons due to tiie electric field 
then tlu‘ magnetic fudd will give rise to a vertical iorce on thcaii 
e(|ua] to //fvu. Hin(‘e the flame is insulat<‘d, this force cannot produ(‘e 
a Amdical current, so that a vcuiieal idectric field is produced o£ strength 
Z such that y . rr . 


The ecjiiipotentiul planes are therefore turned through the angle ^ 
given l)y y 


so that 


i’.> - 


Z 

il 


II 


" tau (j>. 


If wo put r. = A’^Vq, this becomes 

, tan cf} 

“"'■■/I ■ 

cm 

III this wav it has been found that is about 2000 * for I volt 

sec. 

per centiimdne This liigh mobility of the negative ions in fianuss 
shows that they must be electrons. 

The conductivity of the flame as measured by the ratio of tlu^ 
current to tlui uniform Ihdd is found to be somewhat diminished by 
a transverse magnetic* field. When the eurremt is horizontal, and the 
inagnetic field is also horizontal and perpendicular to the current, 
there is a vertical meclianical force on the flame, as with any conductor 
carrying a current in a magmdic iield. This force retards the upward 
motion of the flame whmi the magnetici field is in one direction and 
accelerates it wlum in the op])osite direction. 

5. Coniuetivity 0! Metallic Vapours in Flames. 

Wluui the vapours of certain metallic salts are introduced into a 
flame the electrical conductivity is greatly increased. Tlie alkali 
metals of larger atomic weight produce the greatest conductivity. 
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It is found tliat the relaiion between the cxiiTcnt, the potential and 
the distance between tiu‘ electrodes, and tlu‘ ilistribiitioii of potential 
between the electrodes, for a flame made strongly eoiiduetiiig by an 
alkali salt vapour are quite similar to tliose for a flame free irmii salt. 
The salt increases the lonizataou and so ilu^ current, but does not alter 
the nature of the phenomena. The Hall EfTe<*t also has about the 
same value as in a flame free from salt. It apptnirs that ilu^ negative 
ions in a salted flame are eleefrous, since tluur velocity due to a flcdcl 
of 1 volt per centimetre is several tliousiUid c(*ntimetres per second, 
as in an iinsalted flame. 

Interesting efieets are produced by putting a bead of salt on a 
platinum wire into different parts of an otluTVMse imsalted flanu‘. If 
the bead is put in anywhere, so that the salt vapour (lo(‘s not come iu 
contact with the negative elect roths then tlien^ is no apprecuabh^ eilect 
on the current. If, however, the salt vapour is allowed to get to the 
negative electrode thena very large inennse of the current is produced. 
As wo have seen, most of the fall of ])otenlial lad ween the electrodes 
occurs close to the negative (‘lectroih\ so that we may sav that nearly 
all the electrical resistance of tlie flame is in the layer elosi^ to the 
negative electrode. The salt vapour theiefore has wry little effect 
unless it gets into this layer at the negati\e electrode. 

The potential drop at tlu^. mgative electrode can be made small or 
zero by coating the electrode with lime or barium ovid(\ Tliis causes 
the electrode to emit ehvdrons, so tliat if the elect<rons emitted are 
sufficiently numerous to carry the current- tlu‘ poiiaitial drop disap- 
pears. Tlie uniform gradumi, then ext(uuls right up to the negative 
electrode, and the relation betwiam the ciiirent C and potential diller- 
ence V becomes roughly 

IT AC(J, 

Instead of F- J6W | BOA 

The gindient is then nearly equal to Vjd, which is much greater 
than before, so that the current is proportionally inenuised. A similar 
effect can be produced by putting any alkali metal salt on the negative* 
electrode. 

If the ])otential difference is reverscMl so that the <‘oattMl electrode 
is positive, the current is then given by F- JhV/fl and is the 
same as wlien both electrodes are of clean platinum. Thus with one 
electrode coated with lime the flame acts as a reetdier for an alternating 
current. When the negative electroch* is coateil witti lime the ecjuation 
F = AGd holds approximately, provided the current V is not- greater 
than tlie current the electrons emitted by the lime can (nny. If V 
is increased so that C becomes greater than this, the negati\e drop 
reappears. 

When there is little or no negative drop, putting a bead of salt into 
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any part of tlie flame between the eb^ctrodes inereases the current 
because tlio resistance is not then concentrated at the negative electrode. 
Such experimenf/S show clearly tliat the salt vapour is strongly ionized 
in any pari of the flame 

Different salts of the same alkali metal, for example Ivfl, K2(^0.>^, 
and lvN();j give nearly e(jual coiidiictiviti(\s to a flame It is therefore 
probable that the salts are dissociated and that the imdal is present 
in the flame as metallic vapour. Tht‘ extreme smallness of the partial 
pressure of the salt in th(‘ flame, which is usually of the order of 
mm., makes such a dissociation very probable. 

6. Thermodynamical Theory. 

The metallic atoms in the tiame are lonizt'd by collisions with other atoms, 
or by the action of lii»ht raiiiafion, so thal u(‘ i>ei eleiTrons and posit ivelv charaofi 
metallic atoms The eka'tions and ions reconibuK^ a static of equilibrium benii^ 
established irvhcn the ionization is eipial to the n‘com!)ination. The condition 
of equilibrium (*an b(‘ oliiained by means ot the thermodynanucal tht‘or\' of 
chemical e((uiiihiium m a mixtuie ot gases. It is shown in the chapter on the 
Quantum Tlu'ory (section 7 ) that tlie entropy d> of one mol of a inonatonuc gas 
is given by the eqmition 

where Ic is the gas constant for one rnoliaade, the niimhiT of inolcmiles ol any 
gas m one mol, F the volume of one mol of the gas, c thc‘ bast^ of Napierian logs, 
h Planck’s constant, 0 the absolute temperature, and m the mass of one mole- 
eiile 

Consider a very large quantity of the metallic vapour and let bo the partial 
pressure of the metallic atoms in it, the partial pr(‘ssiire of the po.sitive ions, 
and p-j that of the electrons. Suppose that thi' mixture is in a state of ei^iiilibrium, 
and that one mol of the atoms dissoeiates into ions and electrons. Then, jiro- 
vided the amount of the vapour is so large that this ilissoeiatiou ])roduct\s no 
appreciable change in the partial pressure, the resulting tot<ii change ot entropy^ 
must be zero, by the second law of ttuTmodynamies. Hence 

wdiere d>j is the entropy of one mol of the atoms, that of one mol of the ions, 

that of one mol of the electrons, an<l // the amount of heat tana'gy wliicdi must 
1)0 added to the vapour to keep its temperature constant during the dissuciaiion. 
For |- — d>i IS the increase 111 the entropy of the vapour, and i//0 is the 

entropy lost by th<‘ surrounding boditss wdiieh supjily tlie heat //. Now, in the 
metaiiic vapour, the ions and the electrons are ail monatomic gases, so that %ve 
may substitute for d>|, d>.2, ami <[>3 the above expr<*ssion for <I>. 

Putting pF— it becomes 

<I) -- kf?{i log . 

so that wo get <1>2 — ‘!’i — log ^ j"' , 

where is the mass of on© ion and wq that of one atom. But nii and wq are 
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praeti(‘all} equal, .smec the niav-, oi an (‘leuiioii is iicLiliuiblu comiKued \vi(k 
that of an atom 

<!>.- '!>, L-X Iota’s 


The ecj nation j 'I <1)^ — <I) 

10jL( - — 

Pi I 


H 

0 



0 thendore 

loo . 


Now II IS equal to //^ *i where ls the uutis'im' ni lh<* iriiernal eiieray 

due to the dissociation, tor O yiFis the<‘\tenial uoik liorn^ i,ct -‘X 

where e is the charue on one <‘leetron, and P the potmd lal ddfen nia* 1 liiHiunh w hu‘h 
a char<j;e e must fall to {uajuiie (‘iioieah eneri') to dissociate one oi the metallic 
atoms into an ion and an (‘lectron. 

Then, putting K ~ \ve get 
Pi 

hv^K - ~ f'' I lot? (T’ )' ’! • 

At)" I // ' "I 


All the quantitiiAS m th(‘ hast tiTin on tlie ii'jfhtdiand of tins (‘quation are 
known, so that we ean eaieuLite K at anv teuqieratnre 0, pro\ id(‘d ue know P 
tor the metal Auipoui. 


7. Conductivity with Yarying Amounts o! Salt in Flame. 

In the flame there is some ionization of tlu‘ thune gases in addition to the 
ionization of the metal vaponi Ltd />/ h<‘ tin* p,irli<d prt'ssiirt* of tlK‘ positive 
ions formed innn the tlame gases, aii<i /q' iht* paitial pressurt' ol {Ih^ undHso<iated 

flame molecules, and lei K' - Ai (Mpnhhnum etjustanf for tht^ llame 

molecules. id 

The eondiietivity of the (lame is proportional to tlu* numiHu* of (‘hetrons, 
so that ue have jfLj Jr, uher<‘ J h a eoiLst<mt and ( dmiolts the conductivit y. 
Also p 2 {' iX- ^nice tin* number of ehvtrons must b<* ('(fual to the total 
rmm!)er-of ions Let p Px j- /n [lartial pr(‘ssun* id the nudal atoms, 

neutral and liissoeiated, also lei //“ jti | p/. 

We shall assume p,/ to lie very small compared uHh /qh so thaf approxi- 
matCj p' = ji/. 

Now K-- , or p, , • 

p-p, - k I Jr 


Also 

Hence the equation 
becomes 


A" - so tlmt p/ 

p' “ Jr 


Jr 

Ac 


id I P/ 

Kp , K'p' 
K-\-'Ac' Jr' 


When there is no metal vapour in the flame so that p 0, ltd c — r^, so that 


Aco^ 


K'p'. 

Ar^' 




Tlie partial pressuro p is proportional to the amount of salt in the flame, so 
that tins equation ean he tested by observin^^ how the conductivity varies with 
the amount of salt in the fi<niie When x is iari^e it becomes approximately 
Kp=^(Ae^iy^, and the conductivity should therefore be piofiortioua! to th('. 
sqiiaie root of t}i(‘ amount ot salt piesent A detmite amount of anv salt can be 
introdut(‘(i into a flame liy sprayini^ a solution of the sidt by means of a jet ot 
compressed air, mixinii; the air and spray with c(vd yas and then passiny it into 
the burner in this way th(‘ salt is unilonnlv distiibutod iliroiiyh the flanua 
and tlK‘ amount of it entenny the ilaine is pioportional to the c onceiitiation of 
the solution used. By hndiny th(' <imount ol solution usial up in a known linu^ 
the amount of salt enlmmy the flame in unit lime can be determined 

If g IS the weight oi s<dt per unit \olunie in the salt solution sprayed into 
the flame wo may putp — JJg, where Ji is a (‘onstant, so that 

(/•« ..-Ki 1 J -Iv \ 

a- - 1 A’ \ A' / ■ 


If 1 r/qj IS found for a smies oi v<dues of (/, then on piottiny //.{/(d-— - 1) 
ayamst a a sinuyht line yivnm Iq g - h | at should be obtamed, wliere 

, 6~r Hence K . The eonductivity c of 

— 1 Is Bh a 

the flame is proportional to the ratio ot ttie current to the uniform potential 
gradient between tlu' (deetrod<‘s, so that x - r/c^ ean be easily lietermined 
The follownny table gives the lesults ot a serums oi measurements of x tor a 
flame into wluidi solutions ot emsium (*hlorid(‘ were s[)rayed. 



It appears that is nearly equal to 10 -f the eonductivity 

a** i. 
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of tbo flame vanes viih tlie amount of meiai \apour m it, approximately m 
aecordanee vith llie lonie Iheoiy. Hutular results ha\e htaai «>])trUfKHi \uth other 
alkali mch-als 


The eif nation p, 
p K Ac 


Kp 


^ives for lh(‘ fraction of thc' nu'tal atoms loimed 


A' ! J( 

winch is (‘tiual to , . Jri thc cas<* of cavsium thcatflore m 

h I ax 

the particular ihunc used the iractioii oi liu‘ (ucsnnu atoms ionized was 
10 

^ . With an indefimtcly small amount ot la'snim j j, so that the 

10 -}- a 

fraction ionized is 10/11. dlie mnizalmn <U*<s not faH'onu' (‘omphhe hei^aiise 
there are home electrons in the llanu' when no ea\Mum is piesent 

Jf the number ot metal atoms m unit volume of tin* flame is /i and tlie eorre- 
spondin^ eondueti\jt> r, the number of cleetions in imit \oiume is ubx/g^ 
for we ha\e io - " P^' theretorc 


P 


-■•'o'- 


and b AcJD, Thus the number //.j of <‘l(‘etrons in unit voluim* of the flanio 
can be cahndated from the ratio nbj. To tind a g it is neei^ssaiv to tint! the 
amount of solution enterim^ the flame, ami th(‘ \o]um(‘ ot the flame teases with 
winch it IS mixed. Tie 'volume of tlu‘ flanu* ,aas<‘s tan Ih‘ louml from (he horn 
zontal eross*se(*tion of the flame and th<‘ upward veloeitv ot tht‘ tlaim* mi^es. 
In this way apj can Ik‘ estimated and so Uj tound. fllic miinud density m the 
flame in the uniform potential gradient is so that when /Cj is known 

the mobility of the electrons, can be obtanu'd In this wa> it has beim found 
that Ajs is about 2t>00 cm. per second for 1 volt per ixaiiimclrt*. 

The equilibrium constant K can lx* eakuilated hv nuans o| A iUP^'a We 
have p=r= Bg— nkO^ where n is the number of metal ,itoms per unit volume m 
the flame, k the jj:as constant for onf‘ moleeul(\ and 0 the absolute tempiuMture. 
This gives B when n is known, and K can then b{‘ <‘aleuLd<'d. It is iomul that 
the values of A found m this way for th(‘ alkali metals are iiiMrly eipi<il to those 
given by the thermodyn<um<‘a! theory of the (apnhhnum !>etween the atoms, 
ions, and electrons. I’his shows tliat the quantum thi'ory of the (uitropy of elce- 
iron gas is approximately correct. 

8. Conductmty for Alternating Currents. 

The conductivity of fiainen for rapidly alimiaiing (nirmnis lias been 
investigated with interesting results. Huppose. we, !ui\'e two plane 
parallel electrodes in a Ihmsen flame at a distance d apart, and 
that an alternating potential diffenmee is inaintaiiual fieiaveen tiieni. 
Let the electrodes be symmetricudly placed in the flame and red 
hot. 

The mobility of the positive ions in the flame is veiy small compared 
■with that of the eh^ct.rons, and their mass is (monnously greater* 
Clearly, then, in a rapidly alternating (dectrit^ field aiufditude of 
vibration of the ions will be very small eomparinl with that of the 
electrons. Wo shall therefore tissuine that the positive icjiis do not 
move at all and that thc current is all earrh‘<l by tin*, electrons, ’\\lien 
there is no electric field, let there be n, ])ositive ions per unit volimie 
throughout the space between the electrodes, and an equal number of 
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electrons. When the alternating field is applied let the electrons 
vibrate with an amplitude J. All the electrons within a distance A 
of the electrodes will therefore strike the electrodes and he removed 
from the flame. We suppose 2A less than d, 
so that a layer of electrons of thickness d — 2A 
remains in the flame and oscillates between 
the electrodes. 

In the layer of electrons the density of 
charge is zero, but outside the layer it is ne 
where e is the charge on one positive ion. 

In fig. 2 A and B are the electrodes, and 
the layer ot electrons is between E and F. 
Let the layer near A m which there arc no 
2 electrons be of thickness Aj, and that near B 

of thickness Then + A 2 == 2A, and if y 
denotes the displacement of the layer of electrons from its mean 
position then 

Ai-A^=22/. 


LA 

"I 

1 

\ 

1 

|e 

1 

1 

1 

1 

pi 

1 

x[ 

i 

s X 

1 

1 

! 

I 2 

I 

! 

1 


Let F be the potential diflerence between the electrode A and a 

From x = 0 to x== A. and from 


point at a distance x from it 

dW 

x = d— A 2 to x^ d, we have ^ ' 

jr == A, to — A.> we have = 

cx-^ 


= — iTTp where p = ne. Also from 
0. By integrating these equations 


it is easy to calculate V at x^ d. The integration constants are found 
dV 

by making V and continuous at x^A^ and x^d — A^^ If X 

denotes the field strength in the space between E and F, wc find for 
the potential dillerencc botwiMm the electrodes 


F-- STrpAy^Xd, 


The term Xd will probably be small unless p is very small, so that 
approximately when pis large V = SnpAy, 

The equation of motion of the electrons is 


m 


dh, 

dfi ' 


— Xe — fi 


ii} 

dt’ 


whero ni is the mass and — e the charge of one electron, and (i is the 
average viscous resistance to the motion for \init velocity. AVe shall 
suppose that fx is small, so that approximately 


m 


dhj 

*2 


-Xe. 
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11 tlipu A" auA // At'^\ tlu‘ii A Puitiiig 

f/” ai 3 <l .aibsiUutiti^ in V Htt/jJ//, \U‘ got 


The ciim^nt density / is gi\en apiiroxiinately by 


A/ 

(li 


/lo , 


'Pt 


This shows that i!u’ (‘!eeiro<h‘s in tlu^ llanie boha\(‘ li\e a eoiideiiser. 
For thi* charge on a (‘oiuleusia* ol (‘ap<it*itv C is 0 CE^y'^'h 

and the cumnit (‘huruing it is - CE^y^t'/'' Eoinparing this 

willi lh(‘ expression for I \\t‘ soe that ilu‘ <^Ie(‘trode»> in tlu‘ fhmu* have an 
apparent capacity C per unit <in‘a gi\<‘n )>y 


(/ 



The apparent capacity of iln^ (‘lodrodes in ilie flame can bt^ nu^asiired 
by means of a !iighdre(|utaicy AVlH‘atsion(‘ bridge in which flu* (‘apacity 
of the electrodes is balane(‘d by tillage air eonchmsms. in tins way it 
has been touiKi tiiat is inairly inviTsi^ly as \^l\) and diredly as \/p, 
ill accordance with the llieory. If the viscous n'^istaiua* to the motion 
of the ehadrons is m^t negloetiab tlien the tlie<»ry mdieutes tliai the 
electrodes should behav(‘ like a (‘ondimser shunted hy a liiadi n^sistance. 
By didermimng the a[)[iarent resistaiua^ it is possible to intimate the 
VISCOUS resistance to tln^ motion of llu^ eleihrous and so uei an istmmtc 
of their moliility. Tlie results obtained in this w’uy are of the same 
order as those given by tlie otlier methods. 


9. Mobility of Positive Ions in Flames, 

The mobihiy of the positive ions of alkali metals in flames has been 
estimated liy finding th(‘ strength ()f tlie (dt‘(*trir fithl n‘{[uired to make 
them move down the tiame against the upw^ard stn*am of gases. 

In fig. d FT is a. Bunsen jiaine. A and B are two eleilrodes con- 
sisting of fine platinum wire gratings witli wir<‘s alioui 9*5 cm. afaul 
which arc supported one almve the other in t!n^ flame. A bead of salt 
on a wire J) (‘an be introduciHl into the liamt^ just below^ tlie upfier 
electrode. The upper electrode is cltarged positi\'ely and tln^ (nrreni 
from it to a wire (\ the end of which is in the plane of B at tlu^ axis of 
the flame^ is measureil woth a galvanometer. The wire is eonneeted 
to one terminal of the galvanometer an<l the other it*rminal is (‘onnccted 
to the electrode B, which is connected to tin* earth, llie carreni is 
measured with and without the salt bearl in tin* flame. It is found 
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that wlieii tlie potential difference between A and B exceeds a certain 
value, tlie current down the axis of the flame to C is increased by piittiiii^ 
in the bead. Tins is supposed to indicate the point at which the ions 
fioin tlie salt move down Wlien care is takeii to prevmit salt vapour 
fiom the bead getting into the lower parts of tlie flame, it is found that 
the electric field leqioieil to make the ions move down is about 200 
volts per centimetre. The upwaard velocity of the flame gases is about 
200 to 300 cm. per second, so tliat tlie molnlity of the ions is about 
1 cm. per second for 1 volt fier centimetre The mobility of the eh^e- 

trous being about 2000 cm per second for 
1 volt ])(u- centimetre, it follows l!iat prac- 
tically all the current is (*arn(‘d liy the elec- 
trons, ('xcept close to the neaativo electrode 
Q It is found that the mobility of the ]>osilive 
ions IS practically the sanu^ for lithium, 
sodium, potassium, rubidium, and ca\sium 
ions. 

The mobility of an electron is neailv 
equal to cA/n/F, wbere e is the charge ami 
in the nuKss of an electron, A the mean free 
path, and V tlie average velocity of agita- 
tion. This exjiression was obtaimal by 
assuming that after a collision of an elec- 
tron with a molecule the velocity of the 
electron was equally likely to be in any 
direction. This assumption cannot b(‘ mad(* 
in the case of an ion, because the mass of an 
ion IS comparable w’ith that of a molecule. 

If the velocity of an ion is given by v- - kX, wiiere A’' is the held, 
the force on an ion moving wuth unit velocity through the gas must be 
Xefv - c/Z*. If an ion of mass M is projected into tlie gas with initial 
velocity Fo, the aviuage distance it wull travel in its original direction 
may be (*alculated as folio w\s. 

Liit a large number N of hm be projected into the gas with average 
initial velocity Vq. Them 

wiitwe F is Ike average velocity tln^ N ions in tlie original directiom 
This gives , 

r --- 



The average distance L wiiich they go in the original direction is 




FoW^ 

e 
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tion of the lous, which we denote hy Y, then 




eL 

IF 


In the case of an electron L == A, since the electrons lose all their 
original velocity on the average at the first collision The positive 
ions of the clifoeiit alkali metals in a llame all have about equal 
mobilities, so that it appears that L is proportional to MY. or to Vl, 
since F is inversely as J M. The mobility of tlie jiositn'o ions in flames 
seems to be about the same as that ot the positive ions {iroduced by 
X-rays in air at atmospheric pcessure anil at tlu'. ordinary temperature. 
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CHAPTER XVI 


The Positive Column and Negative Glow 


1. The Positive Column, Negative Glow, Crookes Dark Space, and 
Faraday Dark Space. 


When ail (‘li'ctric dihcliari'c U passed between electrodes in a gas 
at a pressure of the order of i mm. of mereuiy, a luminous cotumu 
c.xteiidmg some distance Irom the positive electrode or anode is usually 
obtaini'd vhieh is ealh'i! the positive column. Near the negative 


electrode or cathode there 
is a luminous layiT se[)ar- 
ated from iho cathode by 
a non-lurainous region 
which is called the Crookes 



dark space. The luminous Vig i 

layer is sharply (hdim'd on 

the side near the cathode, but fa(h'.s gradually on the other side wifh 
increasing distance from the cathode. This luminous layer is called 


the negative glow. 

Between the iK'galive glow and the jiositive eolumu there is a non- 
lumiiious region called the Faraday dark space. The colour of tlie 
light emitted by the negative glow is oftim (piife different from that 
emitted by the positive column. 

Wdien the distanci* betwi'cn tiie electrodi'S is inoreas(‘d. keeping the 


gas pressure and the current) eonsbmt, the distances of the negative 
glow and of the end of the po.sitive column from the cathode rmirniu 
unchanged, so that the length of Ihe po.siiive. column increases by an 
amount eipial to the increasi' in the distance between the electroiies. 

The luminosity of the positive column is sometimes uniform along 
its whole length, but frequently varies jieriodically so that it consists 
of a series of equally spaced bright layers or striie Sf'parated by more 
or less dark intervals. Large currents and low pressures favour the 
appearance of striie. Fig. 1 shows such a discharge in nitrogen gas. 
The discharge, is produewl in a glass tulie about 2 cm. in diameter and 
20 cm. long, having alnrainium disc electrodes sealed in at each end as 
shown. The positive column, consisting of 8 strim, extends from A to 


33S 
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B. Tlu‘ Faraday dark apacp ih baiuacai 1> and i\ lla‘ iia^ative 
between C and ib and the IVookiss dark s|)acM‘ tadwem 1) and E TIk* 
prtvsRiire is aboiii. ] nim. ami the current about 5 luiUiainperes m siidi 
a discharge as this. 

Ah the pressure m such a discharge tribe is redu(M‘d, the positive 
coiiinin gets sliortcu and linallv disappears ex(*ept for a laym* oi liiinin- 
osity on the anode. The in^gative glow and Brookes dark s])ae(* get 
longer, and eventually the (d'ookes dark space extends to the anode 
when tlie pressure is about O-OO'I iiini. Tlie poicndial di (Terence re- 
quired to maintain the discliarge depends on the gas pressure. With 
a discliarge tube 3 cm. m diaineiin* having electrodes 11 5 cm. apart 
and a constant cuLTCut ot 10 milliamperes Townsend olhanied the 
following results: 

Prc««un' m milbmctrcu o[ ) 2 84 l-«,5 l-()4 0 (Hi 0 1 0 20 0-21 013 

mere m 3' . . . . . . j 

Potential diilercnco m volts 650 620 500 470 400 530 500 030 800 

As the pressure is reduced the potential dilTerenc(‘ falls to a minimum 
and then rises again. At very low jiressun's the poiimtad ddlerence 
required to produce a dischargi^ becomes vmy large, and d is possible 
to obtain so good a vacuum that two luindred thousand volts wall not 
produce any discharge. 

2. Potential Differences in the Tube. 

The potential at any point in a discharge tube may be esiiimaied 
by means of a small insulated electrode of lim' wun' projeedmg into the 
tube. The wire is usually enclosed in a glass tubi^ (‘xccqd near its end. 
The potential clilTereiice betAveen the wire and ime of tin* eh^ctrodes 
can be measured with an electrostatic voltmeter. Buch an insulated 



A ' B 


wire takes up a definite potential which is probaiily noi much diflereiit 
from the potential of the ilischargc^ clost^ to it The current in ilic 
discharge is carried by electrons moving towards llic anode and po.^itive 
ions moving towards the cathode. The electrons lia\a^ iniich higher 
velocities than the ions. The wire (Tadrodt* takt‘S up a potential such 
that the negative charge it receives by absiubing elect rons is i*qual to 
the positive charge it receives from the positive ions. It therefore 
probably takes up a potential somewhat below that of the gas near it 
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so that it repels electrons aiul attracts ions, for owiiie; to the hi^uher 
velocity of the cknArons more eJectrous move towards tlie wirt* than 
ions. 

Tlie strength of the electric field along the tliscluxrge can hci found by 
means of two similar small electrodes a few millimetres apart. The 
potential dillereiice between them can be measiiriMl with an iiisulatcHl 

cpia ( 1 ra i.it el ee t romet e r , 
and tlie Geld strengtli is 
equal to the potential 
(lifTerence di\ided by tlu' 
distance bet\v<‘eii the 
electrodes. 

A discharge tube used 
by the writer for such 
measurements is slunvii 
in lig. 1^. A and B 
are two aluiuinium disc 
el(‘C‘lrodes kepi, at a con- 
stant distance a])art bv tliree thin glass rrxls, and connected to wun\s 
sealed through the mids oi tlie tube by spiral springs of line wire. A 
small piece of iron (uiables the (electrodes to be m()V(‘(l along tiie tiilie 
by means of a magnet. (J and 1) are two fme wire (deetiodes enclosed 
111 small glass tubes exce])t close to tlueir emh and sealed into a ghivss 
stopper as shown. Ov turning the stopper t-hc distance betweem the 
electrodes measured along the axis of the tube can be varied. The 

eh‘ctrodes 0 and I) 
were connected to an 
insulated quadrant 
(‘led romet er, and a 
discharge wais passed 
l)eiw(‘eii A and B 
from a battery of a 
large number of small 
cells. 

The distribution 

0 I 2 3 4 5 G 7 a 9 10 u 12 13 14 CMS dectric field 

along tlie diseliargc 
is shown in figs. G 

and i, which represtmt results obtained by Graham and by the WTitcr 
respectively. 

In fig. 3 tln^ field si^rength is constant along ilie uniform jioBitk^e 
column. It ris(\s rapidly near both electro(k\s and is small in the 
negative glow and Faraday dark space. 

In fig. 4 tlie dotted clIr^^e shows approximately the distribution of 
luminosity. In this case the field strength rises and falls in the positive 

13 (dS14) 
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eoliiiiiTi, ilie maxiiiu being in tlie slrne and the minima between 
them. 

In discharges at rather low pressure, aboiit 0*1 mm., wlmi the 
Faraday dark space extends almost to the aiiod(‘, 1h(‘ (leld strength 
clovSG to the anode becomes veiy stnall or even negative. 

3. The Cathode Fail o! Potential. 

Tlnu’e is always a consideralde diflerence of potential between the 
negative glow and the cathode. This is called tlie cathode iall oi 
potential. There is also a smaller fall of potmitial very close to the 
surface of the anode. Tiie electric (ield is theu'lore viaw large and 
positive (dose to the surface ot the anoih^ but is vfny small or even 
negative 1 or 2 nmi from it. The variation ol tfic' field near the anode 
is similar to tliat near the cathode but is spre.ul ovit a much smaller 
space. At tlio cathode positive ions strike 11 h‘ met<d suriaec^ and 
liberate electrons, whereas at the anode electrons strike tln^ metal 
surface and may liberate some ])(>sitive ions from it. 

The cathode fall of potential can b(‘ determuuHl by nu^asuring the 
potential difference hetAveen the cathode' aiui a small win' eh'ctrode in 
the negative glow by means of an elect rovst at i(* voltnudm'. Tlie nega- 
tive gknv does not cover the whole surface of the eailio(hi when the 
current is not too large. As the curri'nl is meri'asiah tlie area of the 
cathode covered by the negative glow^ is pro])orti(mal to tlie current, 
so that the current density in the glow remains constant. When the 
glow covers the whole cathode it })ecoTnes brigliter as the current is 
increased. The cathode fall of potential is inch'pfaidimt of the current 
and of the gas pressure so long as the (aithode is only partially covered 
by the glowg but increases with the current whm the cathod(‘ is eovcu'cd. 
The cathode fall of potential when the cathode is only partly covered 
is called the normal cuiliode fail of potcmiial. 

The following table gives some values of the normal cailiodi' fall of 
potential for cathodes made of different nu'tals. 


ftlH. 

lUutnuim, 

Alnmiuiuitu 

rota-'Mioii. 

Oxygen 

SCO voitH 



l!ydr(»gen .. 

295 „ 

I!KI volts 

172 vc»its 

Nitrogen . . 

232 

‘■’2J 

•.-UT ,, 

170 „ 

Helium 

220 '' 



Argon 

107 „ 


* 


The normal cathode fall of potential is nearly equal to the mininiuni 
sparking potential, that is, the sparking potential between parallel 
plate electrodes when the gas pressure is adjusted so that the sparking 
potential is as small as possible. The large influence of the nature of 
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the cathode on the normal cathode fall ol potential is probably due to 
the emission of electrons by the cathode when bombarded by positive 


ions. 

Aston and Watson made a number of measiireinents of the potential 
difference required to maintain a discharge between }>ara]lel plate 
electrodes. In their experiments the negative glow extended to the 
anode so tliat there was no positive column, and the potential difference 
between the electrodes was practical^ equal to the cathode fall of 
potential. The cathode was entirely covered by the glow, so that i-lie 
cathode fall of potential was greater than tlie normal value. 

It was found that the potential dilYerence F was given by the 
following equation 


V:= 


E-\- 


Fy/O 
P ’ 


where E and F are constants, C is the current density, and p the gas 

pressure. 

Aston and Watson also measured the length D of the Crookes 
dark space and found that 


p Vo 


where A and B are constants. The values of the constants E, F, A, and 
B depend on the nature of the gas and of the cathode. With D in 
centimetres, p in c>f Hg, C in ampere per square 

centimetre, the following tabic gives some values of these constants. 


Cathode. 


0\ygt.n. 



l{ydroh^<^i 


a. 

/>». 

E, 

10"-. 

J. 

/J. 

hi 

P < 10”- 

Aiunimium 

5 7 

0 43 

310 

17 .") 

23 

0 41 

170 

00 

Copper . 


0*40 

340 

2S-5 

47 

0 45 

300 

130 

Platimiin . . j 

1 

8^8 

0-40 

335 

30 0 

45 

0-42 

270 

120 


It appears that, for a given gas and cathode, Y and the product pD 
are functions of s/Cj}). If we eliminate s/Ojp from the eouations 
giving F and D we get 


F-Af 1- 


FB_ 

pD^A' 


so that F depends on pD only in any given case The pTocliiet pT) is 
proportional to the amount of gas per unit area in the Crookes dark 
space, and F is nearly equal to the fall of potential across the Crookes 
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dark space, since the held str(‘n^a,ih in the ne^e.atist^ is qmle small. 
It is also found time the sparking potential hetw^nm pa railed plates is 
a function cd* the amount of gas pen* unit area ludwtsai the plates. 

The electne field strength in the Crookes dark space' has been 
investigated by several physicists by obs<‘rving the pottaiiials taken 
up by a wire electrode at <ldkTent clistances froiii tlic' ('athode. This 
method is iiiireliaLle when the wire is close to the cathode, because the 
wire stops the stream ot positive ions moving towards tie catluifU* and 
so prevents the emission of electrons bv^ tin* cathoih^ iniimMhaltdv behind 
the wire. The wire therelore l>eeomes jiositiwdy charged and so does 
not take up the potential of tlu' gas 

Aston determined the electric liehl in tlu‘ (Vookes dark spa(*e 1)y 
measuring the deflection of a narrow lieam of cathode rays sent across 
the dark space parallel to th(‘ surface of the callnuhc In this wav he 
loiind that tlie held stnuigth is nearly profiorl lonal to tlu' distance 
from the negative glow, so that F - A r, where F is 1h(‘ liih! stitaigth, 
a' tlie distance from the glow, and A a constant. The catliodc' fail of 
potential is therefori' gicaai by 



Aston deternnni‘d A by measuring F at dilTenad ilistaina'S From the 
negative glow’ and found that .Li/T w’as (‘<|ual to the catho<!e fall of 
pedential determined by measuring the potential diflVrtuH’c between 
the iK'gative glow and the cathode. 

4. Theory o! the Cathode Fall of FotentiaL 

An approximate theor\ of the cathode tad of potential can Ih‘ vorlcnl out if 
we assume that the gas m Ifie Cn jokes dark spa<‘e h i(fm/<‘d h\ oolluinijs with 
electrons and with positi\e ions, and tliat elections art IpJcratcd In ctjliismns 
of posili\<‘ ions with the catlujde We also a.ssuuK' that rtbumbiiiat ion of 11 h‘ ions 
and eletirous can be neglected, and tlial Iht nuiubtu* of mus auti cU'ctsous lost 
by diffusion to the uaffs of tlie diseharm* tub(‘ is mappict lablc dlR condition 
winch must lie salisOed m order that a steailv euirent ma\ be maintauu‘d tfirouuh 
a gas between parallel (‘lectrodes with tlH\se assumptions, whui no clc(‘truns are 
set free at the cathode, was worked out b\ Tjwnstaid. A siiuht unxiificMtion of 
Townsend’s tiunry gives the condition when electrons art* Mifjposcd s<‘t frtv at 
the cathode. 

Let aj he the number of positiae ions per cubit* ctuitimetrc at a point, and 
their veiocitt; and ltd and m be the eorrt'sptJiuIimi tjtmntitu*^ for the negative 
ckctroiis Let a denote tlie inimhtT of inoie<‘uk‘s lonr/cHl b\ a nc'jatnt* tit'clron 
in moving 1 em., and lei [i he the tam’esfjontiinu uumbta* for a posit ht* ion 
The electric intensity X varies with the dist,inct‘ j from the cathode, so that 
a, fi, Cl, and are not constant. In the steady stale we ha\i* 

**- 4 ' ffap'i” tk 

i- 0. 


and 
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Aist), the run’iiit deiisit\ is eifiiai io 2) constant, 

stitutmij; €/('-- Hii\ lor wv t;ei 


(L 


I'd A)” 


(x~ (i)H,r, 


a( ’ V. 
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Nub- 


IjCt 


/' 


(K — 'na I 


- Z. 


so tliat 


il 

fh 




( 


Tilt'll 



wliei'c B is constant 

The luiinher oi ])ositir(‘ ions strikinn Ph cathoilt' }>(‘r sifiiarc c*f ntiriU't r(‘ per 
second is equal to n^i\ at r - 0 Let lunnber oi I'ld'tion^ set free 

by ilie impacts of ilu'se positne ions on the catIuKie Hien at i d we ha\(‘ 

This condition nivcs B 

(i : r)e 


r ' 

0 . vK/ 
c 


Let the distance bt‘twccri tbi' e](x*trod(‘s bi^ B, so that at 
This i^ues 


0 - 


(^Z 

e{l !-H 



.r 


or 



HjCj -0. 


Hliich w (lie oonclition requiml. If y = 11. this minces (u (he enndilion Kiven hy 

Towiis(‘n<l 

In a disi Ihu’uji' at inodmMtdy low pressure, when a (Tookes dark space e\!sts, 
the electric intensity is vc‘r\ small m the iK‘uati\e i^low, so that if the positive 
elcctrtKle is anywhere in tlii' neuativa' nlow tlum 

ryZ^B/x-- l'aZ-hh% 

a 0 J u 


where I) is the lemxtli of th(‘ Crookes dark space, bet'unsc a and fd arc both zero 
when X is very small 

L(*t a ■" aiJ)j fi -- i ///p, and Z^ " so that 


.an 

I aZ^hlx - / a^Zi-^^fh/ - 

L> Li 'I 


1 T 


Also let the hdd streni!:i!i X =~ pY, Tfie ecpiation A' ~-A{D — x) beeomc's 

Ai — A//A we net Y -- Ai{pD — //), The equation 

r= 1^ Xdx tluai becomes 

J n 


/ V./., . 


(nW 
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Tor the norinal e.ithofh' fall of potential in h>(iroii;(*it, Skusiaa' ha'iai V 197 

2 ^ 197 

volts', and i>D - 110 In tills t*as(\ therefore, T \ A 

r-^32r.o,i)-,/) 

Now Townsend has chdenained a and p as functions of Y J'p, ho that 
by nsiiig his values ot thcvse cjnantities we can eoinputt' tlu‘ value — 

Jt is found m tins way that thiK mtef^nal im neaiA\ ecpiai to mnt\, and y must 
therefore bc‘ veiy si nail 

The equation p'l — f>Z ~~ Z I ccZ~Yb,MiihIJ 

C III 


(i 1 rk 


c 




where a is the distance from the* cathode. Also ^ijiq 
stitutmg lor iq and in the ecpiation 

4Tre(»i — iq), 
we ii;et, on putting — /qX and r> An A, 

T— '[;r'G'a->G'-r 


(/X 

(Lv 


tqt'i. Hence, suh- 


I ‘ocz-e?dl 

' 0 V 


Let X 7>r, pa = y, -= K.^/jo Iq - ~ A' , //u a - ocip, p ~ 
dP SttC f I /I , l\ryf I r 

W ^ ” '? ^ A'; ■ ■' A-a a M Y ~ i , 


then 




) 

I • 


nliere = c as before. 

Now' AT Ak. a|, and Pj aie all functionK of F only, for Towmscaid has proved 
o^peninentally tluit a//n p ’p. q. and i\ an* all tunetions of X'jl Also v is pre- 
sumably a function of X/p only, since it must depcuid on the velocity of the 
positive ions at x = iK It appears therefore that the abo\ v (‘quation is a relation 
between the three quantitk's E, ?/, and Hencc' w^e nia} write 

r - 9(//,r>n. 


where cp denotes some function of C,'p- and y only. 

r a 

Now the cathode fall of potential V is equal to Xcij\ and thcTcdore 

eo 

F-- Yfbp 
0 


For a given value of C/p\ T is a function of ?/ only, so that pJ) is a function of 
C/p^ only, for p/> is the value of // at which hcaannes very small Ifcaice it 
follow^s that V is a function of CJp^ onl^o If F has a minimum vaiiu‘ W’hen 6'//d 
is varied, this minimum value' will be indcpmident' of p, and the eom'Sponding 
values of 0 will be proportional to p% and the eormsponding values of IJ will bo 
inversely as p. 

5. Comparison with Experiment. 

These results deduced from the theory are precisely those wliieh follow from 
the experiments C)f Aston and Bkinner, Thus Aston found pD and T both to 
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depend on C/p^, and Skinner found the eurrent donnity to ke proportional io 
and D to be inversely as ;p lor the normal cathode lali, which must be a mimaiuiii 
value of P 

At p — 0, the equation lor gives approximately 
dy 

dV^ SttG' 

dy K^jr' 


Since K 2 compared with A\ 
if now we assume that E == (p/-^ - Z/)> 


At p = 0, this gives 


dr- 

dy 


2A,^pD-y). 


dY'\ 

dy 


2A^pD, 


Also 1"' = /'' Y (Id, fcso that ~ 2 V/p^D\ 
and therefore K 


7z(^{pJ)f 


The following table gives the values of pD. Cjp'^y ami Y found hy Bkinner in 
hydrogen, and tiie calculated values of K^. C is in inilliamperes per square centi- 
metre, D m centimetres, an<l p in millimetres of mcrcui\. 


CjyK 

p/>. 

r. 

AV 

0*0742 

MOO 

107 

7-2 10^ 

0-U84 

0 844 

204 

0 1 „ 

0 200 s 

0 024 

ooy 

:i 0 „ 



Mean 

.. r)7xi()“ 


The values of are for 1 v'olt per centimetie at I mm. jiressurc* 

E we ,isHume that tht‘ velocity of the positive ions is mversNy as th(' pressime, 
this gives, for the velocity due to 1 volt per (‘cntimetre at 7B0 mm., 7*5 cm. piT 
second lliis is nearly ecpial to the v<‘locity of ])ositive ions in hydrogen at 700 mm. 
as found by Zeleny, Ijungcwin, and otlu'rs. 

It appears that the* results obtained in the (Vookes dark space are consistent 
with the theory that the lonimtioii is due to collisions, and that recombination 
and diffusion can be neulected. 

The ionization due to tlie positive ions (i is siiiali compared with that due 
to the electrons, so that if we jnit p ™ 0, the value of the integral j is 

not much affected, but must then be l(‘ss tlian unity so that y ^Tt“i 2 uv not zero. 
It IS probable that y is not exaidly zero, and it is difficult to distinguisti between 
ionization by collisions of the ions with the gas molecules, and the liberation 
of electrons from the cathode by the impact of positive 10 ns. It is quite possihh‘ 
that p IS really zero, and that discharges in gases are maintalm^d by the lilKTation 
of electrons from the eat li ode and not by ionization by colhsiona of positive ions 
and gas molecules. 
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li. The Positive Colniiin* 

The eleelne inic^nsity X in Ihe iiiufonii po.siiive colmini dopeiids 
on the gas pTOhsiiiv /a the eiirrfait ( \ and tin* diaiiuhia' nf Ihe 

(hhcliarge In wide 1ii1k‘s, tlie pthsitiM^ I'ohunn !iia\ lah fill the 

wliola cros.s-MH'iioii of the and tluni has a <'orfain ('rosh-sad lou 

wliK'li depends on the [)ressni(* and total (Mimaii This iiidifaites that 
as the (Mirreiit (kaisity iiuaaMses the eleetne uiteiiMtv dnainislies to 
a nimiinuni value, and tluai increases as tlie eurreni density is iuiiher 
increased. The (*ross~sec1 ion ol th(‘ positive ('olunni whiai it d(H‘s not 
iili the tiihe increases (he total eurreni, and the einrent densiiv 
in it [iruhalilv do<‘S lud \ury nuieh the lairreni is mcacMsed. 

The eledrie intensiiv A'" is nearly proport uvnal to 1ln‘ s«|uare root 

of the pr(‘ssure ai pr(‘ssures up to 2 or 2) nun , Imf. at higher pressures 

IS nearly a linear hoidioii of tln^ pre.^sure For (‘\ample. in air irom 
p -- th2 mm. to p 2 82 nmi , A p, and in hydrogen Irom 

p d’2r) mm. to p - i-2t) mm., X 28v^/>. 

Wluai the euri<nil density is very small A" increases rapidly witli tli(‘ 
current, hut soon attains a nearly constant \<du»‘ as the <*urrcni is 
increased. 'With larger curient <haisi1ies almvt* about 1 milhaupa'fe 
per scfuare centinudn' tlu^ dcdrie intensity dimiiiishi^s slieditly as tlie 
current is incriMsed. 

In a unitorm positive column tt\e c(|uatmn 1** ^L^' 2 ) 

becomes h<‘Caiis<‘ l!tut 

velocitv of the electrons m dm^ in ilu‘ electric fidd 
X IS mudi gri'aier than so Hull a[)pro\ima1dy d /azy. ddaneiodty 
r.y has been determined by Townsend, and is a fund ion of F X/p. 
Since A is lurarly independent of (\ ex(‘ept when is very smali, it 
follows that n must be proportional to fh Tlie rut(^ oi production of 
clecdrons and ions in a uniform column must b«‘ iHpial to the rate at 
whicli they disappear liy reeomlnnation and dilTiision to the walls of 
the tube. The rate of prodindion may Ik* assumed to bi‘ proportional 
to the electrical eiuwgy dksifiaied ]>er (aibic centimdrea or to (A. 
Tlie eleetrie iitTl does work on the cledrons, gn ing tluau kinetic energy. 
Wlnai the vidocity of an electron is small il lo.^es \er\ little energy by 
collisions, but wdien the vekxuty exceeds a (*ritiea! \alut‘ collisions result 
m ionization or excitation of the molecule w it!i loss of t he kimd ic energy 
of the electron. Binee (/ is ]>roportional io n, and A is nearly eonslant, 
it folhwvs that the rate of firxxluetion of ions and deidrons, and t hendoni 
also the rate of <lisappearanee, must l)c* nearly proportional io /n 
Reeomlnnation is proportional to so that it appears tliat the loss 
by dilTusion to the wrdls of the tube must be large eom])ared with thf3 

loss by recombination. We luive therefore approximately 
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ACSI — Bii, JCA' ivpi’cw'iits ilic rate of pnHiiiction of and 

Bii flic rato of lo-is. In ilie uniform colmim m a hteady .‘itiifo - ~ 0, 

„ 7ht ]}i> B ,, n- 

so tliat A= - 77 , - . 4 ■ 11 wc take /’2 - A Lkis <^ives 

ylC' Anei'^ Aer.;, “ p 


R} 

irKX 


or 




B 

JvK 


f. 


Accordiii,^' to tins, wlicn X varies as p, B'ArK iiuist bo indopon^lent 
of tlie priNssure /a 

At low [aH\ssurus lari^o ciirr(‘iiis ilio ])osilive <‘olmnii heroiiK^s 
striated. No satisfactory tluanw of the siibdions lia< becni workisl 
out, but in some cas<'s it. a])|K*ars that tht* ])oi(‘ntial diibi'oiKH' bibween 
successive stn.rtions is about erjual to the lonizaiion |K)teniial of tin* 
gasj that is, tlie potential throip^h whicdi an e!e(*tron must fall to ac<juire 
enough eiiei'gv to ionize a g<is niohvuh^ by eollicling wilh it. 

Ill a traiisv(‘rse niagmdie fiidd the positive column is <l(dlect(*d 
siflcways like a flexible conductor carrying a curnmt. ff tlie pcssitive 
column IS in a tub(‘ of cinuilar cross-section uliich it (ills completely, 
a uniform transverse magnetic held causes a coneeiit rat ion of tlie 
luminosity on one suh* of the tulxe so that tlie luminosity is greatest on 
one side ami fad<^s awav gradually towards the other side. A trans- 
verse electric held or Hall lillleiA is produced by the niaguetie held 
in the plane perpendicular to the magnetic held. This Hall EITect 
can be exanimed with the apjiaratus of fig. 2 (p. ddfi). The glass 
sto])])er IS turned until the two vsmall edectrodes and 1) are at the same 
pobuitial so that tliey are in a plane perpendicular to tlie curnait-. 
When a magneiie iiedd is then producer! parallel to the electrodes (j 
and D a pfdiadial diibrence is ])roduc(H! ladvrsm them which can 1)e 
measured with an insulated rpiadrant iderdrometrr. If Z denotes the 
transverse ehvtrie field, // the magneiie fiehl, and p the gas pressure, 
then m air betw'eeii p -- 0*2fi mm. and 2*9 mm. the wnler found 
Z~d*02bS ///p. Ill liydrogen, Z -- 0*0205 ///p, ami in oxygen, 
0*0:]79///p. 

The current is carried almost eniindy by tbe negotive elcxdrons, 
so that tile force on the ele(*trons du<^ to the magnetic field must lx* 
equal and opposite to that due io the transverse electrit* held Z. lleiHaq 
if V is the velocity of the electrons along the* tube, we have 

//cc - Zc, 





(liHU ) 
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Since Z - - A ~ , J is a cunst«int, r -- A hi, so tliat the 

velocity of the electrons aloiijj^ the positive coluinu is inversi*ly as the 
gas pressure. For air, A - 0 025 witli Z in volts \h'v ei'iitimelre, vso 

'^5 lO*'" 

that with Z in electroinagiietic units A 25 x H>\ and r 

... 

cm. per sccoikL At 1 mm. [iressure in air A ‘15 •\oli.s per coiitirnetre, 
and Z/p=~ A5 For X/p -55, Townsend found for the velocity of 
electrons in air about 120 X KH cm. per seeoiuh which is about five 
times that just deduced from the Hall KlTect. This pnhahly indicates 
that the theory of the Hall FiTect just given needs niodiluadion. It 
is found that the Hall Effect in discharge iulies varies along the dis- 
charge in a similar way to the elec'Inc* intensity. U is large m the 
Crookes dark space, and small in the negativi^ glow' and Faraday dark 
space. 

The electrical conductivity of the disNiargi^ can be measured by 
measuring the current due to a small potential difTertiUi^ betaveen 
two small electrodes a few millimetres apart. In this waiv it is found 
that the conductivity is small in the (Vookc*s dark spa<‘e and v(uy 
large relatively in the negative glown It is grcaittn* m liie positive 
column than in the Faraday dark spac(\ Hough Iv speaking, the con- 
ductivity is inversely as the (dectnc mlcnsily along Iht* discdiarge, 
as wc should expect. 

RnrERENOBS 

1. CondKCiion of Ekciricifi/ through Gases. J. J. TiaaiiHon and 0 . P. Thomson. 

2. Eleclncity in Gases. J. S, Townsend. 
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Atmospheric Electricity 

1. Vertical Field in the Atmosphere. Conductivity. 

Besides thiuidorstonuH other less noticeable electrical phenomena 
are observed in the open air. There is usually a vertical electric field 
of the order of 1 50 volts ]>cr metre. The dillerencc of potential between 
the earth and a point in the air above it may be found by means of an 
insulated conducior provided with some device to bring it to tlie same 
potential as the siuToundmg air. A small flame on the conductor, 
or some radium, may be used. The air close to the conductor is made 
conducting so that any charge on it leaks away and it is then at the 
same ])otontial as the air near it. The jiotential difference between 
the conductor and the ground can be measured with an electrostatic 
voltmeter connected to the conductor and to the ground by insulated 
wires. If the conductor is on a pole 10 m. above the ground in the 
open air away from buildings or trees, the potential difference between 
it and the ground will be of the order of 1500 volts. The vertical 
field vanes greatly. In fine dry weather it is usually directed down- 
wards, indicating a negative charge on the earth’s surface. It varies 
with the time of day and season of the year. 

The vertical field has been measured at various heights by means 
of balloons. It is found to diminish as the height increases, and 
usually becomes negligible at about 10,000 ni. 

The air in the open is not a perfect insulator. It always contains 
positive and negative ions and so conducts to some extent. The 
conductivity can be measured by passing a stream of air through a 
metal case containing a charged insulated electrode, and measuring 
the rate at which the electrode loses its charge. Another very good 
method due to (). T. B. Wilson is to use a rather large horizontal metal 
plate placed level with the ground. The plate is insulated and con- 
nectecl to a capillary electrometer, which records photographicaliy the 
total amount of electricity entering or leaving the plate. If the plate 
is covered with an earthed metal cover the charge on it is zero. If 
the cover is then removed, the vertical electric field induces a charge 
on the plate which is indicated by the electrometer, so that the strength 
of the field can be calculated. If the plate is left uncovered the electro- 
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mel:er iiicficatoH a small ciirreiit usually flowing from tlio plate iliroiigli 
ilie elect roiiieber to the groioul. 11 A is Hie area ot ilie plate, F t!ie 
slreiigtli uf tfu* vertical iiekl, and C the eurrent through the air to the 
plate, tlieii C - fiJF^ where /t is the eondiKdivity of tiu‘ air. The 
comhidivity is (»l tlie order of 10"^* in elect rostalie iiiuts. This means 
that a held of 1*5 volts ]kt camtimetre givt^s a eiirnmt ot I x 10“"^' 
electrostatic imits per second or I X lO'*’*'' ampcrch p(*r scpuirt^ eenth 
metre, if we su[>po.sc that there is a downward \ertical iiiTl ol 1*5 
volts per ceiitiiiieire all over the surface of the (Mrih Hien the negative 
charge on the earth is about 2-5 X eleclrosl.dic* unU> or one nullioii 
coulombs. The total current into the eartli inau the air, d (he (‘on- 
ductivity wwre 10"”^ electrostatic units <weivwh<n‘e and the vertical 
field 1*5 volts per centumdre, wmuld be Yo x Hd- cheidrostat ic units 
or 1000 aniper(‘s, since the area of the earth's siulaca* is f) X Hd"' sq 
cm. The current into the earth W'oidd Ihendorf^ be enough to 
discharge it completely m 1000 sec or about !7 mim 

2. How is tlie Earth 's Charge Maintained? 

One of the prolfiems of atmospheric elect rieiiy is to explain how’- it 
IS that the earth remains charged, Ilo\\e\er the tamdiidn itv and the 
vertical field are not known over a suflicieutly large [faction of the 
earth's surface for us to be sun^ that there is n‘all\^ d (urnmt of iOOO 
amperes going into the earth lliiough the air. Tlu* eurrent may be 
upwards over part of the siirJace and dowmw'ards over the rest* 

There is good reason to believe that tlie uppm* ngimis of the atmos- 
phere, where the pressure is low, are conqiaratively good conductors. 
It is found that/ clc<*tne wa\es ur(^ reflected fumi the ufiper regions as 
though tliere wvre a conducting layer at a heigdit of alKuit 50 Km. 
The earth and this coiulucting layer therefore form an imormous (‘on- 
deiiser. the capacity of which is alimit 10^^ cm. or 10(1000 microfarads. 
If this condenser wnre charged so that the charge* on the earth was one 
million coulombs the pot-eiitial dilTerence would lx* 9 10^' volts, and 

the vertical field would be alioiit 2 volts per centimetre. Howawer, the 
vertical field becomes small at 10 Km,, so that tlu* aeduul potential 
dillerencc is ])robably usually not more than one million volts 

Various suggestions have be(*n made to mvqhiin liow the charge on 
the earth is maintaine<l. i\ T. Jl. AVilson considers tliai ram dr()|Ks 
carry dowm enough charge to the eartli to keep up its cliargi*. liairi 
is usiuillv charged more or less, and acimnling to i \ T. R, Wilson more 
often w^ith negative than s\ith ])ositiv(* ehxdricity. Borne obstu'vers, 
howiwer, say it is generally positively charged. Wlien a ligliiiuiig 
flash strikes the earth it must evidently give or take away a (tmsiderable 
amount of electricity. "We miglit suppose ttiat i*noug!i fiasluvs strike 
the earth ou the average to keep up its charge. Wry intert‘sting 
observations liave been ma<le by (\ T. R. Wilson, using ilie insulated 
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pkit‘ apiniratiw When a lliiuulensionu (a*('iii\s auy- 

\vliert‘ iH^ar ilus apparalus a<K*h Hash is raconliMl hv the eh*(‘ire!nt4<er 
showing a siahleii rash ef . This ni{lK*at(‘S a siahhai c'liaii^t* 

ill file V(aiH‘al field, whieli tlien i^radually (di^ini^es haek te its normal 
value The {diaiiL>e ol field du(‘ lo a <|]s{‘har^<^ from a (‘loud io the (‘arth 
can he easily caliaiLiitHl, L<4 a (*h<irge E Ih‘ ou a (‘load at a lua^hi h 
above ih(‘ (nirih. TIh'H' viil he an (mjiuiI arid o|)[K)sifo niducaal ('liarge 
on the (‘arih, and l!a‘ (i(‘ld du(‘ to th(‘se eh<iriit‘s is the same as that due 
to the ehara^‘ /f aho\(" the earth and a charyi* --E at a (h^pth h i)(‘low 
the surface Tlu‘ two (‘haiut's ilau’efon* aef. hk(' a douhhn ol moment 
‘'2EIl and lln^ MU'tieal i'add dm' to tins douf>le1 on ihe eartifs surface 
at a dislama* > is {'qual to '2Eh rf pio\idt‘d r is lanj^e (‘onipart'd with h. 
WlKai ihe cloud is dis(‘hara(Hl !>v a (lash to ilu' (‘arih tin' vertical Held 
therefore suddenly ehanuis hv '1KIEE\ so that Eh (uui be (*al<nilated 
wlien r is knovin T. H W ilson iiot- / hy nuMsuriiiLi; tlu' turn' ladw^HUi 
the Hash and the thumh'P. It was found that.- the nssults obtained 
(‘ould hi' )k‘s1 (‘VplauK'd hv siipposim^ tin' ehart»'(' E to be about dO 
coiilondis, and tin' In'i^^hi h from <S lo lo Kin. l\lon‘ Hashes in wliicli 
llie ciiiTi'nt was upwards tlnin d(A\ awards wt'H' ohsi'rvi'd. To keep 
Ilf) IIm' m'oative ciiaror on tin' (‘arth. assuiniim it is tlu' same all ov(‘r 
the earth, would tlu'refon' n‘(|ujr<‘ about HO mon' upwaard Hashes per 
second than dtjw award fhisln's ou tin' a\(‘ra;jj(‘ During tlmndc'rsiorms 
the electric iii'ld is fn*<|aently <hrected upwairds, iudicat-inu!; a lu'^ative 
charge on tin' elouds. A charge of d>0 coulomlis <ui a cloud is a reason- 
able amount, of ('hvi ricity. For ('xani])I(', a splu'rical cloud of radius 
] Km. with chargi* of 'M) eoulombs would have a ii<'ld at its surface of 
only dOiH) volts fH'r (‘(‘ntiundiv, and tin average density of charge of 
only about 2 Id ' (‘](‘<*trostat i('. units per ciibie eentinn'tre. It seems 
t(i be considi'n'd that lightning Hashes cannot be supposi'd to give 
mon' than a small fraeiion of ihe curnmi. of about 10t)0 ampen's 
beru'ved m‘(‘essary io ku'i'p up tin* negative ciiarge on tin' earth, but 
anyone who has st'eii a viohmt tro])ieal iliimderstorm might be inciim'd 
to doubt this ofiiniom For (‘xamjjle, sufiposc w'e assume that over 
one-ienih of i!ie surfaci' of ihe ('urih then' ari' on the avf'rage ten storms 
per year p(*r hundn'd sijuare miles. This giv(‘S twa) million storms pc'r 
year A current of 1000 ampiTi's gives about 3 X coulombs in a 
yc'ar, so that ea(*h storm would have to give about 2 X ltd coulombs 
to the ('arfh This would nn'an about 1000 flaslu's pi'r storm, widcli 
seems a very low estimate. In tropical storms tln^ ilashes often follow 
each other so (|in(*kly that it is hard to count tlu'in, and the storm may 
remain m the vicindy of one place for several hours. It seems to ilni 
writ.er Cjuiti'. reasonable io suppose that lightning flashes ou the overage^. 
sxip])ly <deetri<*ity to the eaitli at the rate of 1000 coulombs per S('coikL 
In tluinderstorms there is msualiy a rapid upw'ard eurrc'iit of air 
near tlie centre of tlie storm. The expansion of the air as it rises 
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causes siipersaiiiratioii oi tlic water vapour, which tluTcfon^ condenses 
on any nuclei present. Negative ions act as miekn inor(‘ readily than 
positive ions, so that the drojis fonneci will tcnu! to l)t‘ negai i vely charged. 
The drops foiined fall slowly m the air, and the positive ions w ill iliere- 
fore he carried up above the cloud into the upper conducting r(‘gions, 
leaving the cloud negatively charged. The positive charge which gets 
up to the conducting regions will be spread out to a c‘onsiiieral>le extent 
over the conducting layer and will induce a negative charge on the 
earth. If the negatively charged cloud falls far (aiougli it may dis- 
charge to the earth either by a liglitning Hasli (o* liy nua'ely carrying 
its charge down to the earth on the rain drops. In this wav the (nirth 
gets a negative charge and the upper regions a positive eharg(‘ After 
the cloud is discharged to the earth, the positive charge hdt in tlie upjier 
regions will spread out ov^er the whole area of tlu* eoududing layer 
and induce an equal negative diarge ovov the whole surhu'e of the earth. 
The positive charge of course need not be (‘urried up 50 Km. Iiy tlie 
storm; so long as it gets up well above the clouds it will induce a nega- 
tive charge in the conducting regions abov^e it and (‘vaiitually be 
attracted to higher hwels. 

Various other suggestions as to how' the earth is kept chargt‘d have 
been made. A theory due to Ebert relies on the fa(*t. that ionized an 
in contact with liquid or solid bodies acquires a posit ivt* chargi^ owing to 
the negativ’-e ions diffusing more rapidly than the positive. Air at the 
earth’s surface therefore gets positively charged, and Elbert suggested 
that this positively charged air is earned up l\y air lairnaits. This 
theory is not unlike the thunderstorm theory. We may also sujipose 
that rain drops get negatively charged by the ililTusion of negative ions 
into them and that the positiv^e ions are carried up by air cuiriaits. 
Positively charged rain is frequently observedj which is a fact against 
the thunderstorm and Eliert’s theories. 

Another theory due to G. C. Simpson is that positividy and nega- 
tively charged particles are sliot out from the sun and that some of 
these reach the earth. The positive particles are. supposi^l to be 
positively charged atoms which are stopped in the upper regiuns of the 
atmosphere, while the negative particles are electrons w’hich are sup- 
posed to penetrate the atmosphere an<l gc^t into the (Hirth. This 
requires the electrons to have velocities almost equal to tin* vtdoeity of 
light, and it is difficult to sec how such higli-velocity electitms are pro- 
duced. We might suppose that they start from the sun with small 
velocities corresponding to the sun’s temperature and are a(‘celerated 
by the pressure of the sun’s radiation on them, so gidting lUMirly up to 
the velocity of light before they reach the earth. Buck eleidrons might 
be expected to ionize the air, but W. E\ G. Swann has pointed out that 
electrons moving with almost the velocity of light, produce very few 
ions. They do not remain long enough near an atom to do enough 
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work on liio e[(‘(*iroiis in Ilu‘ atom in knook tin*m out. Hwami has tried 
to dfiiHit tlu‘ charuos oarn(‘d hv tliesi* tTairons iiv inoains of a large 
iiisiikitec! iihiss of eopjaua Sonu^ of the last (‘le<‘trons ought, to he 
al)suii)i‘d !>} siieli a masssollial it oiight to a(*(juire a iiegative chargee 
No such c'liarge, hoWiUiue (‘ouhi (hieGed. 

Another suggeGiou dm* to W . E. (!. H\v»uin is that the very [nme- 
trating comiuc* imvs investigated by Millikan wliich come into the 
atmosphere from ou(ddi‘ prodiua* penetrating /iJ-rays which travel on 
mainly in the direction of the (*osmu‘ rays, Thes(‘ ^ rays would thus 
carry a negaiixe (‘harge ahmg a eeitain distanee towards tin^ earth, 
and ilie produet ion of sueh /3-rays througliout the atmosphere all 
clireeted towards tlie earth uoidd result in a tiow of negatiV(‘ eleitricitA” 
into th(* earth foun the atmosphens If // siu'h /3-rays are [iroduci'd 
per cubic (‘(mtimetre per seiamd in the atmospluua* by tlie cosmic rays, 
and they all tram^l a {listunct‘ / towards the earilg tlu* current density 
due to tluun would be nlr, T!u‘ eurrent density re(|uire(l to kc^ep tlu^ 
earth cliarged is a!}out i X Id iTadrostatie units, so that since 
f" 5 X Kt we have I X nl X bX or Ud. If 

then n I wt‘ must luive / Id'Hum Th(‘M‘ /J-rays would ionize the 
air, and the number of ions pm* <mbu‘ (‘entimetre would be equal to n 
tinu‘s the number of lous pnaluciMl I>y one jS-ray. This, however, is 
a large numlKT, siiua^ jS rays ionize strongly befori^ tiny are stopped. 
It seems that tkis iluauy would givt‘ too much ionization and so will 
not do. 

It will be Siam from this disiuission tliat we are as yet very far from 
having a satisfactory theory of atmosphiwie electricity. The facts 
available are not suilic^ient to enaldi^ iletinite comTisions to be reached. 
It IS quid* likely that wium obsm vat ions hav<‘ been made al! over the 
earlh for a long tiim% it wall appcair that th<‘ observations now availalde 
Were quite madeipiait* as a liasis of a theory of the phenomena. The 
ionization of the atmosphere is attril>uted to radioactive radiations and 
to Alillikaids cosmie rays. It is found that tin* uir near the* earth com 
tams minute traces of radium emanation. The a- and /3-rays from this 
emanation and its products are siifiicient to account for most of the 
observed ionization Tfie emanation is presumably evolved by traces 
of radium m tln^ surface of the eartin 


ilnrniiKXC'R 

“The Meelumisoi of a Tiumdersturm.’^ G. C. Simpson, Proc. Bmjal 
April, m27. 



CHAPTER XVIU 


Special Relativity 

1. Ee!ati?ity in lewtonian Dynamics. 

In ordinary physical cxpiTinnnd.^ tln^ huihliiHi: in winch tln^ (wyanT- 
nieiits arc made is regarded as at r(‘st, and iht' posiiioiis aiu! \t'l()ciiics 
of tlic bodies Used are nuMsured n*l<iti\ely lo the biiildmc The 
biiildim* IS oil tlu‘ earth, so that we iu<iv say tied the material frame 
o{ nT'Kmce whadi is itstnl and reyMrrhsI as at is the (‘arih. 

All the material liodii^s m the biuldniR when not snpportt‘d are 
found to hav(^ I he same acaa'ha'ation y \erti(‘allv downwards. If, 
therefore, W(‘ take axes j\ //, : wdth // vertieally upwards aiid ,i ami ;; 
ill a horizontal plane^ the etpiations of motion of a paxtiede are 

nt,r Ad 

- {if(j 1 

m: Z, 

where x, ?/. rj arc the eo-ordinaies ot tlu^ [mriiehn and Ad Id Z an* the 
components of any external iorec whirdi may lie appla‘d to it; the 
axes beiim; sujiposed lo he lixed on the bmhbmj;. I! A Z 0, and 
H///, then / // i —A), and the parthdi* mows willi (‘oiistant 

velocity m a stmiylit line. 

If instead of usina axes fixed on tin* buildimj; ve use axes movini* 
relatively to the bmklma; with constant \ehH‘ify in a straiuht line, the 
equations of motion an* um*hani>ed. 

For examphx siipjiose we use axes //d A fixed on an edexator in 
the biiilclinc; whieh is moving u|)wsn'ds with constant vidomty r, and 
suppose that at time / “ 0 tlie two set^ of axes (‘oinrmh* exactly. Then 
at any later time ,r .rd :d but // //-r Hubstitut iiig these 

values in the ecjuations of motion, we g<T 

ms - A, 
mlj' — /«//■!- r, 
nrJ Z, 

as before. If, bowever, we u.se axes niovinjf relatively to the biiiMiuff 
with a variable velocity, the equations of the parlieie <io nut remain 
unchanged in form. For example, suiqiose we again use tlu' axes 
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iixAii HI) till' (‘1 h\ ,, l HI’ Itiit fill' it itin\ i‘- iiiiv .ini if h .1 cHii'i.i'i) 

lioii '!■ *iu‘n -I - ' .ii'ii ij ;i' , Sirn-.l iiuiiiiH tlusc 

value's in t h<* luiapni va* *ir| 

Jin' \ ^ 

iNiq t!) I", 

iiT. X, 

Intlii'^nasi* li A* f> Z ..'im! ) F - if 0, 

aiu! tlia fKiriiniA iuu\a^ Vv!*1i unilMrin :n a ."4rai2iif> Inaa Tha 

addilHiiial //a^ usixt'S tin* [ja!linl*‘ an ar(**‘l(T.ii hui iMjua! to iii.U 

of f!H*a>a‘A aiai ii*ulrali/'i « fliorijVot nl t in* a(‘('(*lora1 ion of t!i“ a\os. 

Lef O'! Mippoo nou tint an oIm r^or on a inaforia! body anv wlioro, 
noi- lana^-'^ariK on iln* ♦Mith. m* - roo{anixn!ar a\os fi\o<| on (ho body 
and obaan o> I ho niot loii « »f a j><u t lolo t oLn in t‘h' to ( Imso a\o',. Sup[HK>t‘. 
li(‘ ilnd^ tlio poiiioh* oh'xon with <'o?oa<inf \oiooil\ in a ‘-tniiuhi linn 
w in*n ho applios no bao* s V, } . Z (o n and ! hat in yonora! ds o<pia( ions 

\ n<;i Y. >,r: Z. 

Wlait (‘oiioiiisiojis iwn ho flray from (Ins a^ in tiio niolion of his axc^s 
through spaoo^ I- ho oni n h-d fn roiiolndo ( hai In'- a\'os am noi. nir)vi!i^y 
with an aoc‘olorai ion As wo ba\o jnsi Mann a niopon of iho axos 
with ooHsfaid \olooity in a sfiaiold hno niakos no diiT<i'(‘noo, so ii is 
clear that lu‘ cannot draw any coinhinions im to (In* volooify of Ills 
systoni. Also, wt‘ have .'^<*011 that whon an a(’{a*ha‘ation is iriven to the 
axes its < (Tool can bo nonirabyod by af^plynty a suiitiblo fon^o to the 
particle, if ioHowsthaf 1 In* obstnw orV axes may have any aca’ch^ratioii 
provided his^V'-teni e in a field of foroo winch nouiralizi^s this aca‘cicni- 
tion. Tims, if his a\o^ ha\»- an ins'oltn’at am n ui any dinsdion, and if 
there is also pii'Siml a hold of lona^ which tdvos in tln^ partndc^ an equal 
acceleration, then the tapuitioiis of motion <}f the particle relative to 
his a.\<*s w ill be -t' r y 

tfij A, fiijl K ifu /j* 

If, for <‘Xamplo, the olKorvoZs system is in a tinifonn gravitational 
iifld, then Ibis held will gno to hb syslein and axes and to any pariido 
he niav 1 he same aia’floral ion. t^nppose i ids field is in tht‘ directimi 
of his // axis, and that tin* masTs’ation it |)roduc(‘s is/. Then if 
//, A are the c'o (>rdi nates oi a point in this systoim and j\ if, z the 
ct) ordinates <4 the same [ufmt relative to axes at> rest whudi (xiincide, 

with x\ if\ ”A at / d. wa* havt* .r rb // // f i/A/ s z% and 

tlie equations of motion ndative to the lixed axes 

ttit Ab wjf wf ' )\ in: Z, 
hecoiUi^ /fij^ Ab niif lb 

relative to the acceleraieil axes. 
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li appears, ilierefore, tliat the observer cannot draw any conclusions 
as to tlu‘ motion of bis system tlirougb sj)ace from bis observations 
on tile moiiion of a paitiole in bis system. 

It the particle does not move vith iunfor!n velocity in a straight 
line wlieii no forces ane applied to it, this may be due either to a field 
of force or to a non-uniform motion of the axes, but the observer cannot 
tell vbicli (explanation is the correct one. 

On the surface of the eartli it is found that a particbe when no 
forces are applied to it, does not move witli constant wdocity but lias 
an acceleration g vertically downwards. Xn observer in a laboratory 
may oliserve this acceleration r/, but witlxoiii. otlier observations 
outside the laboratory he cannot tell wludluu it is duo to an 
acceleration of the lalioratory or to a field of force ading inside tlu» 
laboratory or to a combination of the t\vo. As a matter of fact, 
the acceleration g is believed to be partly dm^ to the gravitational 
held of the earth and partly to the acceleration of the laboratory as 
it moves witli the earili. 

If there were a fiedd of force in the laboratory wdiich did not give 
the same acc<‘l(U‘ation to material ])articles made of diffenmt kinds 
of matter, such a held could be distinguislual from tin* (dh‘cb of an 
acceleration of the laboratory, since of course an acc(d(Tation of the 
laboratory must give the same opfiosite accederation to any fnn* partkde 
in it. For example, an electric field gives no acceh‘raiion to an un- 
charged particle but gives one to a charged particle. 

The only kind of field of force wdiich giv(\s ilu' same acceleration 
to all particles of wdiatever kind is a gravitational ficdd. We conclude, 
therefore, that observations on the motion of matfuaal particles (‘an 
give no information as to tlie ve]o(*ity or aec(dm’ation of t!u^ material 
frame of reference used, because tlu^ velofdty makes no difleremee, and 
the ehects of the accchuatiou cannot be distinguished from those of a 
gravitational field. 

The fact that the equations of motion of a parti(d(‘ ar(' unchanged 
by a uniform motion of the material frame cd refenaiee may be reftuTed 
to as the special principle of mechanical or N(Wvtonian relativity. 
According to this principle, if r, ^/, i:, f are tlie co-ordinates of a partich‘ 
ill a system S, and y\ t tlie co-ordinates in anoth(‘r system H' 
moving along x with velocity v and coimdding with x\i f -- f - 0, 
then X == xf + vl, y y\ z z\ t t nm the eiiuataons for trans- 
forming the ecpiatioas of motion of any partieh* from H to f>\ 

The fact that when S' has any acceleration ridaiiiu^, to H the equa- 
tions of motion in B' are still the same as in S, providt'd a suitable 
gravitational field acts in S', may be referred to as the gemual principle 
of mechanical relativity. 
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2. file Ether, or Space, 

In the study of solid geometry, the relations of the distances between 
different points on a solid are discussed without reference to the physical 
properties of the material of the solid, and m this way by a process 
of abstraction the idea of the geometrical properties of empty space 
has arisen. It lias been supposed that empty space has no physical 
properties but only geometrical properties. No sucli empty space 
without physical properties has ever been observed, and the assump- 
tion that it can exist is without justification. It is coiiveiiieiit to ignore 
the physical properties of space when discussing its geometrical pro- 
perties, but this ought not to have residted in the belief in the possi- 
bility of the existence of empty space having only geometrical pro- 
perties. 

It is found that a vacuum, that is, a space from whicli all material 
particles have been removed, has important physical properties. 
Light waves can pass through it, and electric, magnetic, and gravita- 
tional actions can take place across it. It has specific mducdive 
capacity and magnetic permeability. The existence of these physical 
properties in empty space, together with the conception of empty 
space having only geometrical properties, lead to the idea that space 
is filled with a medium, which has been called the ether, to which the 
physical properties in question belong. That is, we conceive really 
empty space as having only geometrical properties, and therefore, 
since we find that actual space has also physical properties, we suppose 
that actual space consists of our imaginary empty space filled with 
a medium having the observed physical properties. It is clear that 
there is no logical justification for this way of regarding the matter. 
We find that space containing no material particles has physical pro- 
perties, and since we cannot separate this space in any conceivable 
way into two parts, one having the geometrical properties and the 
other the pliyaical, we must regard the geometrical and physical pro- 
perties as equally the properties of space. 

If the physical properties of space could be removed, the geo- 
metrical properties would probably also disappear, in fact we are not 
really justified in drawing any distinction between these two sorts of 
properties; the geometrical properties of space are just as much 
physical properties as the specific inductive capacity and magnetic 
permeability. Descartes sani that if everything inside a hollow vessel 
were removed its sides would be in contact. There would not even be 
space left in it. This profound remark shows that Descartes was not 
confused by an imaginary separation of the geometrical and physical 
properties of space. 

The idea of an ether is therefore seen to be superfluous, since it is 
based on a purely imaginary separation of the geometrical and physical 
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properties of space. If it is desiriMl io tfo* word etlier it iiuiy bo 

done by using it to mean the actual space ot experien<*e as (listinguislied 
from the various imaginary tvp(‘S of space discussed m geometry !ii 
what follows we shall mw the word spaiw to mean the aeiual spata^ of 
experience with its mseparabh^ geomidrical and ])hysical proper! les 

Material boilies are observed to move nbitivi'ly io each rjtiuu in 
space, and they are said to excite m the s])ace aromiti them fields of 
force A\hich mo\e with them. Also we hav(‘ fields ol force moving 
alone through space, without material particles nKwing wiiii them. 
The distiiH*iion lietvecn maierial partich'S and tlunr fielils of force is 
not very clearly defined The phvsieal propmiies ol the particles arc 
the propertu‘S ol their Helds, and itis not clear that a p.irticL is anything 
more than the centre from which its field radiat(‘S. The moment uni 
of matter for example is helievtal to be the electromagnetic momentum 
of its electric and magnetic fhdds. 

The only kinds of motion of which we ha\e any e\ ideuce ar(‘ the 
motions of material ])artieles and iiihls of lorc(‘ through spat'c. When 
it was suppos<‘d that spac(^ was filknl with etluu whu‘h was imagined to 
be dilTenuit from spaceg the })ossihility o( this ether moving through 
space wars discusseil, but \\\^ ikhmI not now^ (‘onsider this as a possible 
form of motion since w’c do not now admit anv distinct ion h«dween 
ether and s[)ace. 

3. Motion tlirough Space- the Micheison-Morley Experiment. 

We may, how’ever, consider whether the motion of a maieihd systeiii 
through space can produce any efT<*cts observable on llu^ system. In 
particular, is it possible to determine the motion of tiie i^arth through 
space by means of obsiu’vations made in a laiioratorv on the t^arih^ 
We have seen that observations on itie motion of a material particle 
in a laboratory give no mionnation iis to the motion of the i<i!)oraioiy 
through space. If space had only geonudrical fu’opmiies, we should 
not expect motion through it to produce any (d)MU\^a!)h‘ idhwts, hut 
sinco this is not the case then* is no a pnan roasou w'hy motion through 
it should not produce elTecfs wliich could l)t‘ ikhecfed. We havt* seen 
that no vsucli effects on the motion of material purta'les are to be 
pected, but the possibility of electromagnet ic and optical eflVcfs re- 
mains. Up to about the year Hhio all attmupts to deteci any such 
effects failed, and it caiiie to be generally lielieved tliaf. this was due, 
not to the experiments tried lieing msuHicieitlly sensitive, hut: to the, 
nature of the relations between space and matter, which WiU'e suppt)sed 
to be such that tlie determination of the motion (jf a system through 
space by means of observations on systmn was impossihltv This 
idea was adopted by Einstiun as the liasis of his theory of rcduti\'ity, 
a theory of great interest which lends to highly important results. 
Since 1925, however, experiments by D. C. iMiiler on Jlount Wilson in 
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(lililonii.U hr a oriuinallv dia* fu ^liahcKuii, ol sataiird 

at Mulit io that pos-^ihl} ojjfu'al <!iir to lha motion of 

till* aari li t hrmiuh spaoa ('uiiM ihdadad, atid I hat tii(‘ niiOiidt iid(‘ and 
dirinduai ol I ho vt*io<*ity <4 tho t.irlli tlu‘ouii,h spaca^ could h{‘ iiUMsiir(*d 
by o!)st‘r\ a1 lulls made in a !aftoratui\ on ilu‘ tMiih. Tlu-'^o cApcii* 
month I brow M)ino doiiht upon llu^ trenoral validilv of (ho lluHuy of 
rclalixiiy, rhich luaild !u*nc lun! to he altandomal if Miller hs rchults 
had Ikmui fonfirined. The elToi'ts ap[Kinmtly ohsiTVed Ity Mdhu* were 
extremely sinalh and wen* niuhi hktdy iiuo(‘lv duo to errors of some 
imexpeihed kiml. l{e(*ent verv ox.ud n‘pfhiiions of Miihudsmds 
(*x[ienm(‘iii ha\e laded to confirm 3IdlerM restdls 

laU us sufpHHi* find an ohserver on a nudenal sysienp such as the 
earth, winds is nio\ ima ihiouLdi spa<*e with a velocity r, m.ik<‘s ohserwa- 
tions on the veloeitv of liciit. Supp«)se ln‘ <h‘ternu!U‘s the iinu* taken 
by imht to pass from a point J to a point B at a slManee d from J 
and to he refieefed l>a(‘k to J. Also, hd tht‘ vehimiy r (d’ his system 
he in tin* dinadion from J to /> Lt*t tin* In^ht start Irom J at time 
arn\i‘ at» /> at d, am! eel hark to J at L, Thim it the light travels 
through space wnth velo<‘ity <*, wt* have 

fl ‘ r(l, ~i,) (iL-i,), 


so that 




e j n 
2(1 

c{l - n-a‘-) 


Rni)pf?se now that AB is at right angles to ilie velocity n, and that 
the mirror at. B is arranged to reties*! (he light fnan A hack to .1 as 
before. In this ease A Iravids a distance r(/.j - /|) at riglit angles to AB, 

so that tlio ilistance tlie hglit goe.s is 2 J (h — and wc have 


or 




The interval f.| — f| is thendore not the same when t? is along AB as 
when V is at right angles to AB, so that the observer^ by measuring 
the tiinc3 for light to go a distance fl from A and back in diilereiit direc- 
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tioiis ill Ills system, could apparently determine tlie magnitude and 
direction of ilie velocity ol liis system iliTOUgli space. 

We have assumed here that the velocity oC light c tliTOUgh space 
is a constant independent of the velocity of the inatcxial system. 
The source of light used moves uith the system, so that we have 
assumed tliat the velocity of the light emitted by a moving source is 
independent ot the velocity of the source. These assumptions are in 
accordance with the electromagnetic wave theory of light. We suppose 
tliat tlie velocitv of light through space is equal to l/V/x/iT, where 
fi is the magnetic permeability and K tlH‘ specific inductive capacity 
of space. 

An experiment to compare the velocities of light in different 
directions w\as devised by Micheb === .a 

son, and carried out by him and 
Alorlev. and later by D. C. Miller. 

Light from a source 8 (ilg. 1) 
falls at tS on a glass plate M, 
where it is partly reflected to a 
mirror A and partly transmitted 
to another mirror B. The mirrors 

A and B reflect the light back | 

to M, wliere it is again partly ^ ^ ~| 

reflected and partly transmitted. 

Thus two beams arrive at E, 

one of wdiicli has gone along the 

patli HiMAMEj and the otlier E 

along the path If the i 

twm paths to E are equal, nnd 

’white light is used, a system of interference bamls is seem at E. If t 
one of the mirrors is moved towards or nswiy from M, tin* hands move, 
Cliangmg MA by one-half w'ave-lcngth causes a <iark liand to move 
througli the distance betw'ceii twm adjacent dark bands. Tims, by 
observing the interffuence bands seen at E. any change in the difference 
between the times taken liy the light to travimse the two paths can !)e 
detected. The apparatus was mounted in a horkontal plane on a 
block of stone floating on mercury, so that it could be slowly rotati*d 
about a vertical axis and the interference bands <5ouid lie observed 
during the rotation. The paths MB and MA would then rotates rela- 
tively to the horizontal componenii of tlic velocity of the earth through 
space, and when one was parallel to this velocity coinpomait the other 
would be perpendicular to it. We have seen tliat- the time fc^r light 
to go a distance d an<l back along the direction of the motion through 
space with velocity d is ^ 
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wliile perpeudicular to i? i(. is 

_ 2d 

Cy/l ->// 

so that we slioukl expect a shift of the interference bands corresponding 
to a time difterence 

2d I 1 _ 1_| 

r — 

(luring the rotation of the apparatus. The bands would oscillate about 
a mean position twice during eacli revolution of the apparatus. 
Miclielson and Morlcy triinl this (experiment with gre<it care, and con- 
cluded that there was no appreciable (^liect due to the orbital motion of 
the earth round the sim, although they estimated that they could hav(^. 
deteetel the effect due to a velocity of one-tenth of this orbital veloeitv. 
The time difhnimce given above is approximatc^ly equal to r%//r^ 
when vjc is small, and so corresjionds to a path difTerence which 
gives a shift of the bands (Hpial to v^dje^X times the distance from one 
band to the next oius when^ A is tlie wave-length of the light iisial. 
The orbital velocity of the earth in its orbit round the sun is about 
3 X 10^' cm, per second, so that if A™ cm., we get 

a;V/c"-A= 9 X W-djd X X 10““*^= 10“"¥. 


With d =: 10,000 cm., which was about the value used by Michel- 
son and Morlcy, 10~‘VZ-=1, so that the vsliift expected was about 
equal to the distance between two bands. No such shift was 
observed, and this result became the principal foundation of the 
^ theory of relativity. 

4. The Fitzgerald Contraction. 

It was suggested by Fitzgerald and 11. A. Lorentz that this negative 
result could be explained by supposing that material bodies contract 
slightly along the diixHdion of motion when moving through space. 
Thus, in the Miclielson-Morlcy experiment, if the distance along the 
velocity component v is d, and that perpendicular to the velocity d\ 
then the time difference becomes 

2 1 d' _ _d 

which is zero if d --- d '\,/ 1 — 

Such a contraction could not be, detected by ordinary measurements, 
provided all bodies contract equally. The Michelsou-Morley experi- 
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iiionl ■\\as repeated, <hlTemit luaterLiLs hemg u^^H! to fix ilistaiices 
between tin* iiurnms, with the same negative result 

do not kntwv the velocity oi the eailh thnnigli ^fuiee ’WY can 
determine the velocity ol the earth n‘!ati\e to the mui and htarh, but 
these bodies may t»e tnovmg throngli space uilh any V(‘lo<‘i1y. Sup- 
pose for exain])le that the earth were moving through space with a 


\eloeity c. 


tlieii 1 • 




so that iho 


lenglli of a rod 


wuth its length perfiendieular to 1h<‘ dinvtioii of the velocity would be 
double its leugili W'hen jmrallel to the velocity. 

Length tluueforc^ depends on the unknown velocity througli space, 
and so has no absolute value, but is a relativ(‘ (|uantiiy. 


5. Einstein's Special Theory. Loreniz Transforniaiion, 

The ni‘gative result of ih(‘ Michelson-Morley (wperinumi is pre- 
cisely wliat wajiild 1ia\e biam obtained if tlu^ earth wen^ at rest in space, 
ami since no oilier elTeets due to the motion of IIh^ iMilh througli 
space h<ivt‘ Ixaui (ItdectiHl Ein.'^lt'iii wasksl to pul forwaid his 
theory ol relativity, according to winch the motion of a mat (anal svsleni 
through space with uniform vcdocitv iuaki‘s no dilTerenee to tlu* pluiio- 
mena observable in the system by oiKservii's on the sysimm Tliis 
amoimts to su[)posing that the ju'ineipk* (jf ndafnity, which as we have 
seen applies to the motion of material particles, eaii la* (‘xtended to 
include electrical and o])iical plienomena as well. 

Einstein some y(*ars later (le\ doped Ins/p /o/u/ tluHay of nhilivitv, 
according to wdiich no motion oi the material s\stem could produce 
ehects distinguishable from those due to gravitatHuial Ihdds either on 
optical phenomena or on the nioiion of matiaial partii'lcs. 

Aecemling to tin* s[H‘Cial theory of nhitnitv, tin* v«‘!oeity of light 
should be the same in all directions to an ohMU'ver on a sv.stmn moving 
with any uniform velocity through space. Consider two such material 
systems H and ti\ and let tin* vel(K‘ity <d' S' reluti\e lo S be /' Let 
position and time m S be measunsl by^ (‘onu'dinates if, / anil in 

Ijct the tAVo sets of axes coincide at t - i' ^ d, and let the relative 
velocity e he along tin* axes ,r and .ck so tliat to an oh.M*r\a*r on S the 
position of tin* origin of the co-ordmates :k in S' is gi\en by 

and to an observer in S' tlie position of the origin cd" j\ //, ;n f 
is given liy the equation x' - vt\ 

Suppose that at the time t /' P, when the fwf> sens tsf axes 
coiiichh*, a light wave is started at the origin u( caeord mutes. To an 
observer on S this waua* will be a sphere givmi by the fuiuation 

obHerv(*r on S' it will be a siihcTc giceii 
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Tlien^ iiiiist ilierrlorc bo such roIatioiiR between .r, ?/, c;, t anfi 
/, //, :1 f ibei. i--| //* * -- e-/- is equal io |- //^ -j- o'- ™ 

To the ob^ervcT on a point at nsst in A' liaviii^a; co-ordinates 

j\ //, 0 reLit.ive to the N ax<*s will have co-ordiiiates .e~vi, if, c 
relative to (tie S' axes since the oriuin of the H' axes is at x^-ri, 
if^^i),z 0 

To this obsinwer on S a measuring rod, used by an observer on >S" 
and at rest in h'l will moxing along tlie x direction with velocity 
so tliat, assuming the Fil/.gtuahl-Ijonmlz contraction, when the rod 
IS parall(‘l to tlie x axis it will be <a)ntracted, and the units of lengtli 
marked on it wdl be hmgilis ^^1 — instiud of unity. 

The observer on /I will ilH‘r{‘fore eomider tlie / lengths as mea 
siired by tin* ohs(‘r\er on to be measured in terms of a lengtli 
as unit, S(» that the x' ('<)-onlmate of the point in question 
will not be x — vf when measiircal by the observer in hut 
I -- r-/c“ Hence 


./* 


ii 

X2L 


1 - e-/ (“• 

If wc substitute tliese values in .R- 
2xrt~\ rt" 


,r 


1 





'2 ... get 


which is i‘qual to ,/•“ p //- p- zr - - if 

r 


^ ~ (.> 

(r 


Vi -e/e 


Thus, according to the special priruuple of relativity, we have 


X 

Z'\- 


vf 


, and f 


rx 

(X‘ 


ir, r 


yj' 


In the same \vay, to an observer in A" a unit length along x at rest in F> 
will he contracted to a length i — ifijc-, bo that a point m 8^ at 
x\ jf\ z' null have H co-ordinates given by 


y + vt^ . ^ 

V 1 — v^jc^ 


and this requires that i~ 


n-'t- 

c 

Vi ~e/e’ 
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Tliese equations giving .r, //, 2 , / in terms of ?/, Y, f agree with those 
giving /, if, z\ t ill terms of , /y, 2 , t» 


6. Relativity 0! Time. 

It appears that, on a material system, time as well as length is 
related to the velocity of the system through spac<% so that since the 
velocity through spa(*e is imknoyn al>soluti‘ time cannot be deter- 
mined In Newtonian or classical dynamics, lime was considered 
to be iiidependeni of position, but just how the rcdation lieiwcam the 
time of an event at oin^ place and the time of anotlnu’ evcmt at another 
place was to determimHl was not stated. 

Consider a material system H moving through space with an 
unknown but uniform V(‘loc]iy, and let j\ y, z, i lie the space-time 
co-ordmates used by an observer on this sysiem. Suppose the observer 
has a clock at the origin and another precisely similar clock at some 
other point How can he determine the relation between tlie times 
indicated by 11n‘ two clocks? Sup[)ose a light signal sent out from the 
origin at a lime by the clock at the origin, n‘ceiyed at the other 
clock at C, and reli(*cted back to the origin and reixnved there at C* 

If the system were at rest in space we should then have C — 

Blit according to the special princiide of relativity motion through 
space with uniform velocity makes no difference, so Einstein con- 
siders that the relation between the times is given by C”" hi 

any case, whatever the velocity oi the systmn through space may be. 
That is to say, ive define the relation between tlie limits at the two 

clocks by the equation To an obsServer on the material 

system, light travels with tlu^ same velocity in all directions, so that 
fg, is half-wuy ])etween ij and /;j. 

In another system moving with uniform velcHuty c along the x 
axis of the system H and coinciding w^hli N at i f 0, an observer 
on would determim* the relation lK*tween docks in different posi- 
lions in the same way as the observer in H liy means of the equation 

If — ^ The times vso dete.rmined in N' would not^ agree with 

the times in aS" as observed by tlie observer in 8, To the observer in B 
the system H' would be. moving with velocity i\ so that the time if — if 
for a light signal to go from the origin of B' to a point {x\ 0, 0) would 

not be x' /c, but would be given by 

V ~ V light to go back to the origin of S' would be given by 
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3^>3 




■i: 


X 

c 1 “ n 


Thebe ^^ciuations give L^’- 


f ' A i ' 
I <j 


2c 


iA-k')- 


// 1 i ' 

Tims the assumption of the observer in S' that L/ would 

appear to tiic observer on S to be in error l)y ^ {tj' — //). 

Ac 

The observer on S' would consider an event happening at his 

origin at the time ^ ^ as simultaneous with an event at (a^bO^O) 

at tlie time but tlie observer on S would consider these events not 

simultaneous but separatcfl by a time interval — hO nieasured 
in terms ot the unit of lime used on S', 

The assumption that L> in all cases is equivalent to ilie 

assumption that light has the same velocity in all directions to an 
observer in any system, and, therefore, together with ihe Fitzgeiald- 
Lorentz contraction, leads to the equations for x', y', z', f in terms of 
X, y, z, t obtained above by making + y- -f- 2 ^- — cH^ equal to 
^^2 — cYh 


7. Composition 0 ! Velocities. 

The assumption that the velocity of light is the same in all 
directions on a system moving through space with any uniform 
velocity is eijuivalent to assuming that ihe vector sum of the 
velocity of light and any other velocity is equal to the velocity 
of light. 

The usoa-1 rule for the composition of velocities is therefore not 
correct according to the special theory of relativity. Suppose we 
have a particle moving along the x axis with a velocity v in a 
system S, and another particle moving along the x axis with velo- 
city iL We may define the difference between v and u as the velo- 
city of the first particle to an observer moving with the second 
particle. Let the observer tlien bo on a system S' moving witli 
velocity u relatively to S, ITie second particle is then at rest 
in S', and we may suppose that it is at the origin of S', For 
the first particle let x vf, so that for this particle in S' ^ since 
the velocity of 8 relative to S' is — m we have 


t' + ux'jc^ _ 


and 
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SubBtiiuting tlicbc* vjsIirvb m j 


.'/-r 

v/l- «V'“ 


~ li, 
r/'+ 


yi- 


e'- 


er 


j' r — i( 
t' I ““ Hrjc‘^ 


liiit / li' IK tli{‘ velocity of 11 k^ liist particle io 1lu‘ olhservcT in S\ that 
iwK, by tlu' dermition a(lopte<l, llie dilTenaiee betveeu e and a. 

In ilio same way the sum of the two veloedieb // and e *n (‘qual io 

J'-l 

I i »'■/'" . r ' r 

If u - c this ]}(‘coni(‘s , “ (\ iti am*(*enient witli llu‘ ormmal 

I ' r,V 

assimiption that the resultant ol any velocity e and the vehaaiy of light 
c is ecjiial to c. 


8. Invariance in Expression ol Physical Laws. Fizeau’s Experi- 
ment. 

The assumption that motion of tlie jiialena! s\.d«‘m through space 
with any uniform \ eloeity makes no observable dinVnmce to plumomeiia 
on the system may be isxpn^ssed in another w.iy by suMiig that the 
mathematical equations expressing [)liysi<ail lavs iu imms of the 
co-ordmates /. //, :e / in a svstem t> nuist. be identical with the 
eijuations expressing the same laws in terms ui the eo'ordinati\K x\ 
y\ z\ /' in a system H' moving with any umlonn seknaty relative 
to S, The equations for A' must 1ran^fonn into }i!(*nfical e(| nations 
for S' wdien the values ol j\ //, f m itTUis of .rh //. r/, /' an* sub- 
stituted in lliem. 

This pnneiple enables the efTecI of the inotitm of matter witli 
imiforin velocity on phenonuma to be determimMl, hor example^ 
consider the motion oi light through a medium having refract iV(‘ index 
fjL The velocity of the iigiit is c,il when tin* nKniium is at rest, so that, 
if the light is moving along tiie .r axb in a systiun S in whicli the 
medium is at rest then we have / vl ji, wlH‘n‘ ,r S tlie distance the 
light has travelled from the origin in the time /. 

Xow suppose the light is obsenaa! l>y an obserwr in anotticw system 
S' moving relative to S with vidoeitv - r along the .t axis. We have 


a*" “ 


t 



(' — rj'\ c“ 
-s/ 1 -- 



XVilIj FIZEAU^S EXPERIi\!ENT 365 

ho ihat f luM‘«|in! i(Hi 

y ~ li' ^ (/' - 1 \}' jy) 

II 

|!i thl‘ SVhiaii! f 

F i I rjiic 

Th<“ \el<H‘ify of in ilio inodiuni moving with velocity v is therefore 

+ + p/fXC). 

\\ hen !\'c is very small ilnX is a]>|)r<)ximaiely (‘(jiial to 



This r(\suh agrees with th(‘ (‘xptaiiuenlal results of Fizeaii and hlicliel- 
son obtaim‘<l many years lieton* the principle of relativity was 
developed. 

If m a system S a nuMlium of ndVactive index /x is moving along th(^ 
axis with \t‘!ocity r, iiic velocity ol light along the r axis in this 

!!i(*dium is I r'^l j- ^ The velocity of the hglit relative to the 

nKMhum is Hum its velocity to an observer moving with the mcdiimi, 
or the tlilfercnce lietwcmi the twu) velocities, which is 

r//t ’ a 

j . — ‘ /j 

j 1“ njfjLC e 

I _( cli^ + v\ 

\I 

according to the ridatixity formula for the composition of velocities. 

M i }ih)wd / Iv Theonf 

9. An interi'sting way of regarding the special principle of relativity 
is due to Mmkow’ski. The phenomena which we can observe on any 
mati^rial syst-em aS* are a succession of events, each eA?*eiit taking place 
ah a dehnitfe point .r, //, and at a definite time t An event therefore 
has four co-ordimites ,r, ?/, L If the same event is observed on 
aiiotlier mafe.rial .system S' moving relative to S with uniform velocity 
V along the x axis and coinciding with S at 1 = 1 '^ 0, its co-ordinates 
in S' will b(^, af, y'. f and these are related to x, y, z, t in such a way 
that y T 1 / “b equal to .r'-q- y'^-[ c'-- - c-/'-. 

Let T id and r =- id' , where / --- V — 1 , so that a “ d™ ?/2 > b 2;- — 
becomes xr q- “b xS^ q~ ip ~b becomes , 


incnnsiMl by the motion of llu^ miHluim from c//x to ^ — 
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.t'- - 1 - //“ 4 ” -L Tlieii if we take ,/*, //, c', t to be ilie reeUmgiilar 
C0"OriliiiateB of a point in a space of lour dimensions, if-\- z^-r^ 

IS equal to the distance of the point fiom the otigin. 

jf WT iis(‘ another set of rectangular co-ordinates ,r\ //', z\ r having 
the same origin but inelmed to .r, //, a, t, that is, rotate the axes /, //, c, r 
into a new posiia'oii, tlie distance of ih(‘ point {j\ ij, z, r) from the origin 
m terms of the new co-ordinates will be | //“ h 1 and of 

course tins distance is unchangiM! by the change of axes. 

In tlie same way, the distan(*e lietween any two points (a\, q, r^) 
and ( 

I/ 2 '> T2) in the lour-dimensional space is equal to 

^/(,n 2 - ■''i)'-* -H (//> — //i)- -1- ("2 -- 'i)“ 1- Ca •- 

and this l)ecom^^s 

.■/)“ i 0// - .y,')--! (X ! (t/- r/p 

when the axes are <*hang(*(b but its magnitiuh* is iinehanged. If we 
denote the distance between two points in the four-dmumsional space 
by x, then 

(‘^'2 Oh ” //i)" r (-2'” "1)" i ('^2 

and i 

or (hs^ (Lr^ -i- (lif - 1 - (Iz^ 

where ds is tln^ distaiusc' between tavo points very near together, so that 
•^2 '^'j ^^'^6 ^ he called thi^ between the two events, 

and it is the same for all sets of rectangular axCvS m the foar-dinuaisional 
space 

[f we change from eo-ordinat(‘s ,r, ■//, t 1 o y\ z\ r by rotating 
the axes in tlie plane (.r, r) tlirough an angle 0 from r towards x, then 

x' " - X cost? T sind, 

T —r cost? -r (cdaB, 

?/“ - /A 


Cottiparing witli the equations 

X — vf 


t~ vxfc? 

vO — 
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MINKOWSKI’S THEORY 


we see that coti9 — 
r -= ‘id. 


v/l - 


, and T miO ~ 


vl 


s/l-v-jc^ 


3^'7 

5 or, since 






Tims we may say tliat efian,a:in^ from a system S witli axes a\ y, c, t 
to a system aS' movinji; relative to S along with velocity v, with 
axes .r'. y\ z\ f coinciding with cr, ?/, z, I at -- 0, is equivalent to 
rotating the axes i\ //, c, r through an angh^ d in the (.?x r) plane. 

The cosine of 0 is greater than unity, so that d is an imaginary 
angle. 

The four-dimensional space is sometimes called the Minkowski 
world 

If a number of events are represented by points in this space, the 
conhguration of these points will be fixed by the intervals s between 
every pair of tliein, and so vili be the same whatever rectangular axes 
like .r, //, c, r are used. Tlie axes can be taken in any direction in the 
space. For example, if we draw the time axis perpendicular to the 
plane (hdiruHl by any three points or events, these three events will 
bo simultaneous in the resulting co-ordinates. In this way we see 
clearly the r<dativc charactiT of space and time, but it appears that 
there are absolute (|uaiitities connected with events, namely the 
intervals .s‘ between any two of i-hem. 

A curve drawn in the four-dimensional space is called a world line, 
and tlie worhl line of a particle represents the relation between its 
position and the time in any set of co-ordmates which may l>o 
selected. The shape of the world line is the same for any set of 
co-ordmates. 

Since the coniiguration of the points representing events in the four- 
dimensional space represents what happens in the system considered, 
and is independent of the co-ordinate system used, the laws according 
to which the events happen should be capable of being expressed in a 
form independemt of the co-ordinate system chosen. Any vector 
quantity should he capable of representation by a line drawn in the 
four “dimensional space, and so should have four componenihS in any 
particular system of co-ordinates cr, y, r. The length of the line 
representing the vector quantity will be the same for all co-ordinate 
systems, and in any co-ordinate system its direction will he related in 
the same way to the world lines and points which represent the events 
in the four-dimensional space. The interval s between two evimts is 
an example of such a four-dimensional vector. 

The components of such a vector will be obtained by moltiplying 
its length by the cosines of the angles it makes with the axes. Let 
ap ap a 3 , be these cosines for an element ds of a world line. The 
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c;oiii[iOii<‘iit.s o! an* f/./, ////, ^/:, .iiul (haf ^/a 

ami a| -■ dr^ds, lUit f/.s- </./“ j dji^ i r-f//-, aiui 

. A/m^ . A///f (d:Y 
" A/// ‘ \d() V//^ ’ 


fiO lllut 


Tharefore fij 

and HI the t^ame way 

fXo 


dt 

d. - 

Xn 

^ , where 

r- 

d i 

dr 

dt 


d,s 

dt 

ds 

\0‘‘^ — /A 

\A*“ - a- 

a. 

•» 


a-i. 


. dT . ^// (’ 

and a, , /r . , . • 

d,s as " e" 

In ibis way \\v can expre^h Ihe dluaiion cansines of dn in iermh of the 
Vidociiy v eorresfanulnpa, to any pairuadar set of (*o ordinatt‘s j\ //, ;n t. 
Any ve(‘1or F translorms like ^7.s\ so that 

F-- r/-i-iVf 17 17 

-= F7 f F7+ V/-+ VA 

\Tliere F^o 1%', F.^, are lire eompomnds of V along the axes 
x% y\ z\ r\ Let F^ — ?Fo and then 

-F7 k F7+ F/-^ F,A 

V t Biay be called tlu' time eoin])onent of F, wdiih^ f\ is the imaginary 
time component. lAvr a rotation in tin* u\ t ])!u!m% or a eliangt* from 
axes y, z, t to axes x\ y\ z\ f moving along Ox with velocity v 
and coinciiliiig with y, I at t = 0, 


n-;n 

v'l- K^jX 


r.- F, 


just as 


W-lY, 

Tf ’ ' 


X — ef 

V, 


=- F. 


y =y 



XVIIL] 

iilicl 


WINKOWSKrS THEORY 




ct ■ 

Vi 


- JO 

a 


z. 


369 


These equations give 

I'.)’ 

-F..s+F,,H-5v"-F,,>= - - - ' i +T',»+F,»- 

] — V‘-I(r 



10. Minkowski Velocity. 

Let us now consider vclocii}?' m tlic Idinkow'ski w'orld. We wisli to find a four- 
dimensional vector ulneli is independent of the particular co-ordinates chosen, 
and winch may be takim to represent this velocity, (^dnsidcr an element ds of 
the world line of a paitule, and hd the t axis be drawn along ds. In this case 
ds — cIt = icdt, m that ds/dl ic is the velocity of the particle along its world 
line. Let us suppose then that the Minkovski %n*locity of a particle is equal to 
ic in any co-OKlinates, and directed along ds When the t axis docs not coinciile 
with ds then the velocity m has components icoip ica^ ica^, and im,p whicii are 
equal to 



Vl ““ Vi — Vi — Vi •— v^c^’ 

When v/o is very siiitdl, these are approximately 

Vy, and ic. 

Thus the x, y, z components of the IVIinkouski velocity ic arc equal to the corre- 
h],>ondmg components of the three-dimensional velocity v when v/c is very small. 

The time component of the Minkowski velocity is given by Vr == iup so that 
since tv= fc/Vl — we have = cjVl— If we denote the com- 
ponents of the Minkowslti velocity by v^p then 

“J" ^ 

since 


For a rotation jf the axes in the a:, v piano we have, as for any four-dimensional 
vector. 




^mx " ^'mt 

V“ 


where t) is the velocity of the origin of the V, y\ / axes along Ox. 

13 
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11. HMkowsld Force* 

Momentum is llie prodiu-l of ni<hss niul veloeily, so that corre* 
spoiidiiig to ilic Minkowblci velocii y we liave a four-dimeiibioiial vector 
Minkowski moiTieiiiiim, U is ilie mass of a particle at rest, tlien 
its velocity compoiicaiis are 0, 0. 0, ?r, so W(‘ laki* its iiionieiitiiiii to 

have coiii])oiieiits 0, 0, 0, icm^y II is its momentum when at rest, 

— v. —> 

ihen 3 Jq -- win^^ U this ecjuatiou is tnu» for the axes x, f /, t in which 
it is at rest, then it will true in axi'S a', y\ z\ f moving with any 

uniform velocity relative to or, y, .c, i, so wt have* J/ — where 

M is the Minkowski numumium of ilu^ particle moving witli any 

velocity i\ and ic is the Minkowski vtdocily of the parti(‘he Hence 

9)1 e 

Mg — ~7 "'illi siniil'ir equutiniis for 31 ^ aiul 31 g, and 

vi — iS*'"* 

t/? 0 

— JL — . If WO (leliiu‘ the mass m of the moving particle 

V 1 ““ ' 

bythe eqiiaticai Jl/^, as usual, Ihemve havc^m — 

The same result was obtaiiKsl in tUmptcu’ I from (‘h-ctroimigneik theory. 

Force is dolined clnshically as rate of clmnge cjf momentum, so we 
may try to obtain a Minkowski forc'c or four-dimensional vector iorce 
from the rate of change of the Miiikowski momentum. If V is any 
four-dime iifeional vector with components Fg., IL, and F^=iF^5 
then 8F will also be a four-dimensional vector with (‘omponenis 
8F,, SF,, SF„ and SF, = i 8 F,. How^ever, SF/8/ is not a fomvdimem 
sional vendor bec'ause U chanues wdiea th(‘ axivs are changed. We have 
§,s^ = §x“ + -h §c“ — c-cS/-, and Ss dotes not (‘luuige. llen(5c 
(S^/§^)2= so that 8,r does not change. It 

follows that SifVl — does not change with (diango of axes, and 
so SF/Si^V'^l — v^/c^ must be a four-dimensional ve(dor. 

If, then, 8i/ is a small change of the iliiikowski momentum, 
— 

SM/\/l — will be a four-dimenBional v^ador, and so w'c may 

take tke Minkowski force F, s.iy, to be given by 


—V 

F--. 


(UI 

<lf ■ 


This reduces to the cliUSKi(‘al exjjrcssion F ■ 


when v/c is small. 


We have then for the components of the Minkouski force 

_P _ <l W(i'V \ 
Vi-i^l(?'(UWT~ vWV’ 


F. 
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with similar expressions for Fy and F^, and 


F,= 


1 d f m^c, \ 
y j __ df VV i — v^/c^]' 


371 


12. Work and Energy. 

We have assumed so far that the rest mass is a constant. 

For a mass romaiiiiog at rest c The time component 

of the velocity so that =. This may be interpreted 

as meaning that the mass increases at a rate equal to the rate of 
working of the force Ft divided by c^. If wc suppose initially equal 
to zero, then is equal to the work done by the force Ff. Accord- 
ing to this the mass has energy or an amount of energy E has 
mass equal to Ejc^. 

This relation between mass and energy was first obtained by 
Einstein from the theory of relativity. It also follows from electro- 
magnetic theory as was shown in Chapter I. It appears that conser- 
vation of energy and conservation of mass are identical principles. 
The result that E == mc^ has been experimentally confirmed in the 
study of nuclear reactions. It is found that the energy released in a 
nuclear reaction is equal to the loss of total mass multiplied by the 
square of the velocity of light. 

13, World Tensors, 

Consider any two four-dimensional vectors f and q, having com- 
ponents pr = ?f//. We can form 

sixteen products of one component of p with one of q thus: 

Ihqz ipiit 
Mv fu<b nhqt 

prqi m, pzqz wzqt 
Wtqx iptqy wtq. —ihqt^ 

These sixteen products arc^. said to be the sixteen components of a world 
tensor. In general a world tensor is defined as a quantity having 
sixteen components which transform from one set of axes y, z, r to 
any other set in the same way as the sixteen products of the com- 
])onents of a pair of vectors. 

If t denotes a world temsor, its components may be denoted by t 
with two suffixes, as, for example, or t,y^. 

If interchanging the two suffixes docs not change the value of any 
component so that, for example, t^/— and the tensor 

is said to be symmetrical, and can be specified by ten quantities. 
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If tiic Usu sidllxc'S <#i any (‘(anpoiKait, inaral}^ eIia!i|^0K 

tha sign ol tha aonipouant so ihiW. for a\;H!ipl<\ p,, aiul 

L,-- i,,, Uh‘11 i„y. i , aiai ara all /.(‘ro, and iln^ is sa,id 

to ba ski^w-syiiimaincaf and <*an !k‘ spiaaliad bs otily six (fuantal ic‘s. 
viz. t,,/, tf,, 1,,., t,,,, t 

Tlie A'ector (!iM‘rgt‘nce ¥ <d* a. nnrld Uaasor is dcdini'd bv (he cH|uakoiis 
giving its lour conpioneuis. x eoinpoTuait is given !iy 


1 -I I 

(Kr f'jf f : rr / 


a„_ r(-,,. 


where'"''- V', sinei' r/r icdt 'and i,, \n ii!i niimlar ecimhions 

<‘(i fT 

forivTVuiuir, a',. 

The compotieiits ef ihe vwdor diverfieiiee o!' a hkew-syinmetrical 
tensor arc then given by tlie e(|uat.imis 


r„ 

V,- 

u 


C If - » I 

"jz. * SO that 


I'd,., . 

(i,, , 

Hrf 

i'll ‘ 

- ! 
( : 

V(t ’ 

?a, , 


f tba 

O'.r 

! 

o: 

cf/. ' 



^kt 

ox ‘ 

c/ 

f*. 5 

c(i 



"hv 

*<-s, ■■ l" 

i.X 

i^// ‘ 

?z 

, and 

11, ~ 

i,nn 


r, 

?ii, 

_ HI., 

(■!f 

f'v 

u - 

?n, 

< z 

F// 

cx 

y. 




? X 

t// 

V 

Hi, 

. Ui„ 

1 1 -■ 

(A) 

■' ?!, ' 




O':; 


since — t &c. 

Tims if ¥| denotes the. coniponout of ¥ at right angles io ilu) 
axis, so that | yz . yz i yz | j-; jf 

denote ihe tliree-diinensional veetors of wlneli ilie cmnpoiieiits arc 
Ah, Ah, aiul //^i, II y, /i., we ha.v<^ 


t- m 
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WORLD 'I'ENRORS 


F/--- (liv E. 


curl H 


III i,1ie foiir-diinensionaJ spare tlio ciirl or rotation of a vector may be 
(!efin(‘tl just as in 1 hiHie-dimensionnl space. Thus the com[)Ofteiits of 
the curl E of a vector P having components P., P^=%P^ arc 

defined by tiie (equations 



C'P 

rl\ 


?p„ 

pjx 

%’ 

■Ti?/, - --j" 

dz 

R.. - 


?P. 

7^1 — 

dP, 


Zz 

?x ’ 

d.r 

?T 

K- 

' 2// 

_ rlP, 
f'r 

ZP 

cz 

?P. 

dr 


Dillereiitiating with respect to c', li,fj with respect to x, ami 
with respect to //, and adding tlie three equations so obtained, we get 


Til the same way we get 


?;It, 1 

-s 1 

('!! 

^Rri/ j ^R/tz 
dz ^ ?r~ 

^Rr, 

: ^R>Z , 

072,, 

dc ■' 

r ^ — r 
rV dx 


I ^'I^ijr j 

C'T 

' 0:;' ' 

?// 


We have — I?,,,, &c., so that the six components of the curl R 

may be regarded as the components of a skew-symmetrical world 
tiaisor. Thus when a world tensor is the curl ot a vector it must be a 
simw-symmetricai tensor, and its components must satisfy the four 
ecpiations just obtained. 

Let us now supjiOvse that the world temsor R is identical with the 
tensor 1 / previously eonBidere<b so that 


where 


II,. 

iHtXi H'rlf Hf: ■ 


Biibstitiiting these values we obtain 

a//, 3 ^^ _ a/i,. 

dx dy dz 
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o: , 

7E, i i//, 

'!/ 

m c ( f 

(h, 

1 ( II, f ( /A 

?z 

r 7 1 ?j 

1 7II 

?K. 

c (i 

7 1 7 ij 


or iliv H 0, and ourl E 

r ( f 

Tims it appears that if hav(‘ ariv sla*u-svmna‘iri(*al i(*nsor t 

Avliich is equal to the eur! of a four-dinH‘nsionaI \(‘etor P, and if \^e put 

t, //,p ini II. 

we shall have div H 0, div E 1%, 

curl H ?, I - ’ Pf ' CMirl E - ^ 

c if r (f 

where is the time comfKuumt of th<‘ vtahor (inau’Kenee of flu* tiuisor 
t and Yi m the ei)mpoiient perptuuiieiilar to the tiuK* axis. These 
results of course ar(‘. true for any set of axi‘s j\ //, r in the foiir- 
dmieusioual world. 

I i. The Electromagnetic Equations, 

ilaxwell's e(|iiatioiis of the ehs'iruinavnelh* held in Iht* form given 
to them by II. A. Ijorentz are (^si diapter I): 

tliv H th div E p, 

t I / , TEx , _ 1 TH 

curl H- (pv , curl E - — ? 

C V ( 1 1 Of/ 

where His the magnetic lit‘ld strength, E the chechric field strengfli, 
p the density of electricity or charge ]>cr urn! volume, and v the velocity 
of the electricity, (hmparing these ecpiations with thosi* just obtained 
abcuaq we see that if lb p and pyV' tin* tavo sc4s (d <‘quutions 
become idimtical. 

If c is the charge in a xadume 8 which is at rest relatively h) iJm 
axes used, so that p fASb and if we change to axi^s in wiiicli the 
charge is moving with velocity r. tln^ volunu* changes to H /3 sc^ that 
the density of charge IxTornes c/3/N. ifimee, ii we put // p^/3, p 

huvS the same value for aiiy set <h‘ axt^s. p may be* calha! the i\linko\vski 
density of charge. 

The Minkowski cairrcnt density may be dehued as tin* product of 



XVIILJ ELECTROMAGNETIC EQUATIONS 375 

p' and Blinkowski velocity, so that it is equal to pie, and its com- 
ponents are pn,,, p)\, and ?Vp Its time component is 

tliereldre pe, and its component perpend icnlar to the t axis is pv. If 
then Ip p and V| pv/e, it appears that Y is e([ual to the llinkoAVski 
current divided by e. 

MaxwelFs idiytromai^metic equations therefore show tliat the 
three components of the ma< 4 netic held and the three eoniponents of 
the electric field may iie regarded as tlu‘ six components of a skew- 
symmetrical world limsorj which is called tlic electromagnetic field 
tensor. This i.ensor is (ypial lo the curl of a world vector, which may 
be called tin* Minkowski vector potential, and its vector divergence is 
equal to the Minkowski current divided by the velocity of liglit. 

xAs an example, suppose that we have a charge e in a magnetic 
field // =" II, I along ilie ?/ axis, and sup]>ose that the charge is at 
rest relative to the axes If now \V(^ change to axes m which the cliarge 
has a \elociiy 'i\ along the x axis, we arc rotating the axes in the (x, r) 
plane through an angle the cosine of which is jS, Then II„-= and 
so II, I transtorms in the same way as the product of two vectors, one 
along the axis and one along the x axis. The rotation m the {x, r) 
plane leaves a vector along c unchanged in position, but a vector along 
X is (hanged into one inclined to the x axis in the (a*, r) plane, and its 
components are pro[>ortional to ^ along x and along t . Thus 

the magnetic tithi II„ transforms into a magnetic field ^11^^ along y 
and an electric field = —v^^IIylc along c, because Thus 

when the charge e is moving y ith velocity along the x axis in a mag- 
netic field of strength along the y axis, there is a force on it along 
the z axis equal to ^Ilyevjc. The field and the force f^llyevjc 
together give no resultant force on the particle along the 2 ; axis. 

We see in this way that a magnetic field in one set of axes becomes 
a magnetic field and an electric field in another set. Magnetic and 
electric fields are therefore relative quantities, but the electromagnetic 
field tensor t is the same in any set of axes, since it is equal to the curl 
of the Minkowski vector potential, and the latter is a four-dimensional 
vector. 
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CHAPTER XIX 


General Relativity and Gravitation 

1. Priueiple of Equivalence. 

\V(> have s(M“U iliat, hinee a I'ra vital ioiial tieli! uivt's etjiia! accelera- 
tions to material [)articles ol all kinds, it is iinpossihle, !»v oltservations 
on the motion of such p.irtK‘!es m a labor.itnrv, to dislineuish hetweeii 
accidorations diu' to a gravitational field and aecaderat ions due to an 
acceleration of tlie laboratory. 

Einstein [)ut forward ,i i>eneralization ol this pnneiiile which is 
known as tin' pitutiplf af tqiiimkiur According to the priiici[)le of 
eipiivaleiiee, the effects due to a nnifonn gravit.it mnal liidd are precisely 
the same as those due to a unilonn aecelerution ol the inateiial frame 
of refenmce ndaiivelv to which the phenomena are ohser\ed. 

The uniiomi acceleration i.s .supposed to he eipad and opposite to 
the acceleration which the gr.ivitalional Held ai\cs to a [i.irticle of any 
kind. It follow's that if a Irame of reference moves with an acceleration 
ecjual to, and in the same direeiion as, (hat due to the gras itatioiia! 
lield, the elfects due to the Held will he (‘ipail and opposite to those 
due to the acceleration, and there will he no ohserv.ihle elfeets. 

The principle of wiuivalenet' is sup[io.sed to he true for electrical and 
optical pheiionw'na as well as for the motion of material particles. 

According to this, if the gravitational fields (»1‘ the sun and moon 
W'erc uniform over the whole earth, there would lu' no oh.servahh' 
effects on the earth due to thi'se jields. Tin* tides wliieh are observed 
are atkihatcd to the variation of tin* fields with the distance from the 
sun and moon. 

iV good illustration of the principle itf eipiivalenee is the follow mg, 
due to Einstein, imagini" an observer working in a large coniphdi'ly 
closed box, and .suppose lie knows nothing of what goes on outside the 
box. Let the box lie fur from all other matiwia! bodies .so that tlnae 
is no gravitational lield where it is. Xow suppose a rop<‘ attached 
to the box anil the ropi' {lulled so that the liov is maile to move with 
an acceleration. The observer in the box w'ould find that everything 
in the box when iinsuppoiied moved with an equal and oppositi' 
acoeicKitioii relative to the box. lie would conehule probably that 
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box was in a ^ra vilai ioiial To laa^p a body at rest in tho box 

A^oiild re(|uire a foree proportional to llu‘ niass of tlie body. Tlie 
observer could nuMsure ilie accaderatjon by means of a ])t‘ndiilimi, just 
as llie acceleraiiion of gravity is ineasured on the earth. If he could 
observe tlu^ |)alh of a ray of light with sidlicient acciiracv, he would 
find it not exactly straight bccauise of the acceleration of the box. 
lie might conclude that the refractive index of the space in Ins box 
\aTied slightly iroin point to y>oini 

Suppose now that, the box is supjiorted in a iiiiiforin gravitational 
field so that it remains at n^st. tin' observer in the box, according 
to the prineiph' of ef|uivai(*nce. eviuything will be the same as in the 
first (Mse. It follows, for exain[>l(', that light rays must l)C slightly 
deviated b}^ a gravitational fitid. 

The principle of ecpnvahmee does not mean that it is never possible 
to dislinguish betwcHui gravitational Ihdds and aeceh'nitions of tlie 
frame of n'fermicax For (*xampl<% tin' acceleration of gravity y obscrve<l 
on tlie earth cannot lie attributed to an ii})warrd acceleration of the 
earth’s surface (Hpial to y, because siu'li an acceleration would mean tliai 
the dianu'ter of tin' earth wans in(*reasing all the time, which is of course 
impossible. 

The prineiph' of equivalence suggests tliat producing a gravitational 
field m a space is analogous to changing the frame of reference or co- 
onlinate system used to describe phenomena in the space. In the 
{our-i!miensional l\Iink(wvshi w’orld of the special theory of relativity 
the world limvs ol the particles represent plicnoinena independently 
of any co-ordinate system. Lc'i ms suppose that the system wn are 
considering consists of partacles subject only to gravitational forces— 
that is, suppose that there are no electric, magnetic, or other forces 
besides gra vitat ional in t he system. Einstein supposes that the sjiccial 
tlu'ory of ridailvily is true for such a system only when the masses 
of the particles are so small and the distances between tluun so large 
that the gravitational forces are negligible. In this case tlie W'orld 
lines of tlu' parihdes are all straight in any systcun of rectangular co- 
ordinate's ./*, //, c, T wiik'li may be adopted. The interval beiu'cem tw'o 

points J and B measim'd along a wa>rkl line joining tlie points is equal 
// ^ a 

to I (/s, and for a straight line betweem A and B SI (Is=-0, where 

‘ * , . R 

S dc*notcss a variation from the straight line to any infinitely near line 

from J to /i. 

A line for wdiic'h / d.v is stationary, or for which S | (h- 0, is called 
‘ ‘h 

a geodetic line or geodesic. 
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2. Curvilinear Co-ordinates. World Lines and Geodesics. 


Till! interval <h lietwi'cn 1\\u neiniiiiourinir points is the same m auv' 
sy.steui of rectangular co-onliiiiilen, so that fins is (me also of j tin. 

I 

Suppose illut use a sysi>eiu of (‘urvilinear eo onlinaies iiustead 
of file rectangular oiu\s. Tluai, sinc<^ f/s lias tlie saim* \alae in any 


co-oniuiaie sysiian, 
curvilinear S 3 ^sieiu. 


f/,s‘ aluuiir luH^will stil! he hlationarv inihe 

f // 

The world line will still he |i,i\en h\ o| ds - 0, 


where 8 denotes a variation due to changing; from the world line lietween 
A and B to any other line hetwetm A and B whieh is vfT\ near to the 
world line. 

Xow aceordinii; to the prixK‘i]>le of (M|nival(‘nee the efTeeis du<‘ to a 
gravitational fkdd are th(‘ same as tin* ellVcts dm* to changing the 
co-ordinate svstem in a suiiahle wav, so that w(‘ mav assume that m 


a gravitational field thew'orld line of a paiticle w dl hegiviai 


hy8| ds 0. 


If, howTViT, W'e use n^ctaiigiilar (‘o-or<linates in the presimci^ of 
/; 

a gravitational field Si (/,v--0 will givi* straight lines wlien‘as tlie 
i , ^ , 

W'orld lines in a gravitational field will not he straight, because the 
gravitational forces will produce curvature of t!ie lines, \\h' coiudiidiy 
therefore, that rectangular cO“ordinati*s an‘ iin possible in a gravitational 
field. This means that tfie gra-vilational ludd modifies space* in such 
a way that it is impussihle to (dioose <*o-ordinates m wdmdi f/s- is (‘very- 
where equal to d/^ | dif^ d f/ 3 - p r/r-. 

Since a very short element of any curve may lie regarded as 
straight, Ave see that it is [lossihh* to chouse retd angular (‘oa>rdi« 
nates in wdiieh any particular (dementi ds of a W'orld line is givim by 
dir (Lx? h d//“ j- dz^ ~y d'T^ hut the same nHiaiigular co-ordinates 
cannot he used for the su(5(*essive ehunents r/s tif flu* line. 

To see what this means h‘t us takt* a simple ease* from ordinary 
geometry. Consiiler two points A and B Iving in a plamu ami h*t rk 

be an element of any line, from A to B, If S| ds “ 0, tlie line is as 

short as possible. Let x, y be the rectangular co-ordinates of a point 
on the plane, so that dx^^\ dy^. Huppose we draw two sets of 
equidistant parallel straight lines on tlie plums <me std parallel to 
the X axis and the other to the // axis. Let thew* Iim*s hi* giviai by 
.X = 0, ], 2, 3, 4 . . . and "“= 0, 1, 2, 3, I... , and let tin* lines 
he numbered with number's equal to tlie values of x or // at each 
line. 

Suppose now that the vsets of lines are distorted in any way so that 
they become curved. If, for example, they were drawn on a thin 
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sheet of by stretchiiuj^ the rubber they could be changed into 

two sets of curves, line small e(|ual 8quar(ss between the lines would 
be clianaed into unequal parallelograms. We suppose the line between 
the two points J and B io be fi-xed and not moved in any way by tln^ 
distortion of the two sets of lines 

We may use th<‘ numbers on the curved lines as co-ordinates of 
a point on the plane' if we suppose that the distortion did not move 
any of tlu' lines out of ihc' plane. Thus a point half-way between tin' 
two j' line's numbc'red b and 0 and the two // lines numbered 9 and H) 
would have eo-onlinati's ran and 9-5. It is cleat that any such cliangc 
Irom rt'cl angular to curvilinear co-ordmates in the plane makes no 

diflVrenee to / ds and that 8 / d,v ^ ~ 0 is still the condition for tlu' line 

joining JB io be as short as possible, because the length of ds is the 
same in whatever systimi of co-ordinates it is expressed, [f the co- 
ordinates of J are //^ in the rectangular system and those of B ^ 2 . ?/ 2 . 
tlien cl/>*“ (x.j — xj- I (^2 //i)’, and the equation of the straiglit 

line JB is 

n- !h---i}h~yi) „ \ 

.U — 

or y “ ’ ax -j- wliere a and h are constants. Tn the curvilinear system 
the ecpiation of the line AB will not be linear so that the line may be 
said to be curved relatively to the curvilinear co-ordinates if we regard 
a line given ]>y a linear equation as straiglit. The line given bv 

Sj d,s‘ =9 will be straight in rectangular co-ordinates and curved in 

curviliiu'ar co-ordinates, but in any co-ordinates it will be the shortest 
line between A and B, 

Hueli a change to curviluuxir co-ordinates in a plane is analogous 
to changing fnan rectangular co-ordinates tr, y, r to curvilinear co- 
ordinates in the Minki)wski world wdien there is no gravitational liehL 
In the curvilinear system particles move along curved paths as though 
acted on by a iiehl of forc<‘, or in other words the use of a co-ordinate 
system whi<h is accelerated pro<luces an apparent field which is exactly 
like a gravitational fiehb 

Buppose now that when the two si'ts of equidistant parallel lines 
in the filane are distorted the ])laue itself is also distorted into a curved 
surface. Then a line from A to B on the surface cannot be straight, 

but 8 1 ds : 0 will still give the shortest line from AtoB on the surface. 

On a curved surface it is not in general possible to set up a system of 
rectangular co-ordinates in which — d.i? (/?/ everywhere, but any 
small element of the surface can be regarded as plane, and a small local 
set of rectangular axes can be drawn on it in which dd^ dj? ////^, 
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Ac'cordiiiu to Bin^lo^^s tiu^oir, thr (ILstortion in this aiiuloiroiiH 

io tin* ininniuei itfti of a irrax Hat lonai tioM into tta- XInilomski world 
hOppoM's ilial tln^ u,raN itai lonal tioM di'^ioris nr oHr\<% spacH^ 

so that rootaiioiilai oo-ordinatos in \Uuch da- d//“ d:- dr-, 

/ 

evervwlior^o hoi'oiiit^ IrnpoN^ihlo, ImH d| ds 0 ^ll!l u!\os ilio iHNitlon 

of tht‘ woi'M lino of a pjutioK' inan J to /A 

A{‘oon!ii 04 to this tlH‘oiv, llnah iho \\i>r!d lino ot *1 parliolo Indwiaai 

two points J and /> is always oi\nn bv oj ds 0. 

Tlio oravital ional bold Isa our\ aturo or doiorl ion of ilio Minkowski 
four'diinonsiona! world, and tho world IhK's aro uotnlosios m tlii^ dis- 

iortod spaoo, ThcMspad ion d | d.s 0 is pnrolv oooniot no*d, and so all 

1 

parii{*!os of whaiovor mass or n.duro mo\(‘ in iho sanu' wav" in a i^ivon 
iiold. Thati is, Iho vit*ii lonal aiaadorat ion is tho same for a!! kinds 
of nndtor, as is itmnd (^xporimont ally to lio tho oaso, 

\s wo ha\a‘ sism, cdofna, tlu‘ [>aih of a rav of linhl in iho Minkowski 
wan'hl, whon ihoro is no iirav itai lonal hold, hav(* dA dr- d//- 
I d‘A cA//-, W'ln ro n*d/ lias botm put lor f/r, and sbioo in this oaso 

, d./“ ’ dd- ; d:- 

d/- 

wo i£od ds ” 0 for any (^lomoni of ilu* lino. 1dns n^suif cif ootirso nmst 
bo inu' in aiiv svstom of oo-ordinatt‘s and, a<*ot)rdinu to flu^ firincaple 
of oi|ni\ ahaioo, it inu.sr also t*o iruo in a L*ra\ itationai liokl. Tho world 
lino of a ray of liuht Is thorriuro a noodosio of zoro lonnilu 

To tiotonnino tho path of a partiolo or rav of !ii*ht in a nr.u itatioiial 
fiald it is tlii‘roforo ntxa‘ssar\ to fiiHl in what way spaoo is disiortt‘d noar 
inatmaal IxhIios, so that ds may ho oxprossod in forms of aipv sot of 
oo-ordinatos olioson ainl tho (Mpiation of iho world Inn* lH*tv\oon two 
points found in forms of llio oo ordinat(‘s hv moans of tho opuation 

li 

81 ds 0, 11io (*o>on!inatos usod rnav Ik* auvwlindi aro possihlo, in 

Iho <*urvod spa<*o jiiM as, for t‘.\amp]o, anv (*o ordinal os mav bo usod 
to tix tho positions of points on tho surfai'o of a splioro, provniod they 
conform to tho Lnsmiotry of tho sphorioal surfaoo. 

General Expression for Einstein \s Problem* 

In tho curve«! Minkowski world any vory small rooion tiiay bo 
rognrdod as not disiortoib and a sinuH ](K*a! svstom of rodangiilar 
co-ordinates may bo su[>f)ost*d drawn in it. In those hH*a! oo-ordinatos 
j"d//--l dd-^d ■JXknv lot :r.j, bo laktm as the 

co-ordinotes in a sysioni which caii bo usod throughout/ the space. 
Then in the small roghai of the co-ordinutos .r, //, 2 , r these ri*ctanguhu 
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XfX 
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e(hyr(liiiaL\s !h‘ fiinOions of .r^, q \,, ,7;^. 7*1 Hence we luivc 


(lx 


( X, 


-<lx, 


( J.i 


(lx.. 


CX.y 




OXa 


ilx 


4> 


with similar e<{!iaf ions for <///, r/w and dr, 

t!u‘S(* \aiues ol (Li\ <li/^ dz, and dr in the equation 
ds- ~ dx^ I d//“-! dV-J dr-^j wv 

- i 2r/jof/ -1- -| 2(/i 

r [ %_>] -[ '2g.^d.f.^da\, 


wliore the //'s an* fniiHions of the (‘o-oidinates 7 %, 7‘.j, ./q. For 
example, ^ ^ 1 ( X j -1 ( ' ; ) | ( 0 ), utid .r. //, c. r ar(3 

07 1 (Jj (jj 

functions of aq, ./q, jq. This (expression for rf.v- may be written 
d.r* ~ N//^^q/.q//.r, , in which it is und(*rstood that all the sixteen com- 
binations of th«‘ four valm7s 1, 2. ‘L i of /x and v are to be summed, 
and that - //,„. An (‘XfnesHon for dd- of iliis form holds of 

course in any systmu of co-ordinates. 

Tlie nhations betwinm tln‘ r/'s and the properties of the curved 
s|uxce had hem jirevioiisly worked out by Kunnami and other matlie- 
maticians, so that Ihnsiem wxis able to make use of their results. The 
problem is t^o tiiid the relations betw’cen the r/'s which liold in any 
possible co-ordinate system m a gravitational field. The relations 
betw(3en the //'s are sets of dilTerential equations, and Einstein selected 
a set svliicli seenuHl hkifiy to be the emrrect set. In m.ikiug this more 
or less arbitrary elioic’e he was guided by the knowdedge tliat NeivtoiLs 
law of gravitation is certainly a close approximation to the truth, so 
tliat it w'as necM^ssary to choose equations wdiicli gave rchults diilering 
little from KewToiLs theory. Also, in the absence of a gravitational 
field he suppostnl the four-dimensional s])ace to Ix^ undistorted, so that 
the difierential relations between tlu^ had to be sucdi that they 
reduced to tlie relations for an undistorted space at great distances 
from matter, 

Einstein succeeded in finding a s(^t of equations satisfying these 
conditions, and he then wmrkiHl out the theory of the motion of a small 
planet round a hirge attracting mass, and the path of a ray of liglit near 
the sun. The resiilis olitained liave been found to agree with the facts, 
and Ids ilieory is tluTcfore regarded as probably correct. 


4. Theory ol Tensors. 

Thus Einstein’s theory depends on the differential geometry of 
four-dimensional space, ivhich in turn depends on the theory of teuvsors. 
In a space of four dimensions let Xj, aq, xq be the co-orduiates of a 
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point, and let ihe eoiiiponent’^ of a .snhdl <li^p!.nM‘nu‘iii !)»* (h 
dx^. Jf iU)W to anv oihar sat oi ao onliaata-. 1 

.r\p .r^i tiic coniponants of iha siiudi (h-iplnaaiicait will ha 

by 


dj\ 


du 


( / , 


d//, 


' ^ 1 
< r > 


dir. 



P0V(‘!1 


■\Yiili biniilar eipiaiioUh for r//‘E, dd.^, <ui(l d r\, Thi‘so aquatuais may 
be wnitau 


wliare o* is to ba ii;i\ an the valu(‘s 1 , 2, 2 L and il{(‘ four tcTins are to be 
addtsl, 

111 Mluii follows it will h(‘ und(*islood that, wluai a suiliv oaaiirs 
twice in a iiu'ni, ilu* term staiuls tor tha sum ol its lour values curre'* 
s])oii(ling to tlu‘ four vahu‘s of tha siiiHx 1, 2. ‘b am! 1. 

A displaeenuait is a \tH‘tor, and any otlu*r \i‘ator whi(*h is irans- 
forinad fiom ont‘ sat oi eo"or<lin<itt‘S fo anotluu* in tha same way as a. 
displacement is (‘ailed a cohtranu intif ro/o/. A (‘oniravanani v(Hdor 
with components Jb J‘b r(‘{(^rrt‘d to y., ij imnsfonns 

into one with components J'b J'-, J'‘b rah‘nad t(s i\, ab? x\ 
where 




f a’t 






1 fa 


C\f\ 


( X 

f'/, 


Mb 


with similar (‘qua! if ms lor J'-. .TA and J'K 

Thus a coiitravariant vector J' transforms info 


» Jo 


f a* 


where jx-- 1, 2, Oj or 4 and cr~- E 2^ *b or L Binee cr a|qH‘ars twice 
py 

tlu‘ term /T'' is iindarstood to l>e summed, 

Jf </) is a scalar function of pf^sition, tht^ V(H‘tor ha\ mi!; components 
is transformed by the formula 

3 /^^ oXq 8 x^ ?jq 


d<^ fj\ v(f> rtj} 3*r,j T (■/> 




'mm. 
3.rb rMM ' 

U 


since 'ive have dS — dx. + fe-j- dj\: with similar 

equations for 


ar', 


Toq dj> 

rx% (Xn 


d/d d/^ 


and 


?4 

dx\ 


Avectem wdiicli transforms in this 



TENSORS 


XiX,] 


3% 


way in callcMl a cava r Ian f reef or. If Af^ denotcF^ a component of a co- 
varkiit \Tctorj ihim 


(kiitravariniii vectors arc^ iialicatcMl by a raisecl yuffix and covariant 
vectors by a lowered siiilix. Tlu* contra variant vector however^ 
is iisiialiy writi<‘n witli a lowennl suliix. 

Tenrors arc* cjiuudities lauinjj; coniponenis wliicli transform in tlie 
same wny as tin' pTo<lii<‘ts of tlie components of two or more vectors. 
A t(‘!isor wiiicli transforms lik<' the products of t lie components of two 
covanant vecdors is written and transforms thus: 




r /V 

dx\. 


<X. 


dx 


; Ar- 


In fids ('xprc'ssion 0 and r occur twice, so that tliere are sixteen terms 
to be summed. The covanant tensor A^, has sixteen components, 




A) 

X. 

yiu 


4 

j. 1 12 



i.>t> 

A 

As )^ 




-I12 


A ,,, 


In the same wav, we diTine coniravariant tensors wdiicli 
transform like the products of components of coniravariant vectors, 


so that 




o'x 


CJ' 




and mixed tensors ei),, for which 


f) t 

A/i* <r 1 


Thus any component of a tensor in co-ordinates x\ is 

equal to the sum of a. number of terms each of wdiich is proportional 
to one of its components in any other co-ordinates av? 
follows that if a t<ms<a' is i^ero in any co-ordinates, that is, if all its 
components are it wall (u' i^ero in any other co-ordinate system, 

Tf then any law of nature expn'ssing results, relatively to a material 
fraiiH' of nderence, in terms of co-ordinates aq, can be ex- 

pressed by an (Hpiation T 0, where f is a tensor, then in terms of any 
other co-ordinates x\, x\,, x'3, :r'^the Liw will be expressed by T' = 0, 
where T is thf' tensor into which T is transformed by the change from 
Tg, rr^, jTj to x\. x\, x\, x\. 

According to Einstein’s general principle of relativity all the laws 
of nature can be expressed by equatioms of the form T = 0, so that 
all sucli law^s, when so expressed, are independent of the co-ordinate 
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.sTsiPTu used. lu p.niH'ular tlip law of irravitatiou musi Ih‘ (*a[ial)lp ef 
beiiii^ ]aii' ilip form T 0 likr any otbor law (d iiatuns 

Toiesois liauim suflixrs ara .^aid to Im‘ of tla^ seeoufi laiika and 
vectors !na\' i*all<*d fensau's of tli<‘ first rank IVnsors ulnrh traiirt- 
form like the produces of mor(‘ iliau two \<*e1or <*om[a)!uaiis may i)(‘ 
i!(*ii!H‘d iu a similar wav. 

Tii(‘ ])riKiiK*| of A eompouent J,,, of a tensor with a component 
of another omsor is a <*oin|)on(ml of a tensor tlu‘ (‘ompoiients 

of wliK'h are all the prodmds of tlie (‘omponents like with tliose 
like Tlu‘ product of two vi^eouw and />. is a tensor 

Th(‘ prodiid ol and k. .!„/>*'( 

If we multiply by B" W'e ^iref wha h l^ eqmd to 


.'I,/.-' , Jjr- , 

AJB 

\ -iJ’A, 

iuiiil sn is n srs'ilur quant ii\' liaviiijf 

onlv om 

A eompolumt or vahu*. The 

jiroducl (“ailed tin' nuiir 

priuhii (, 

, (o distmnmsli it from the 

ordinary product which is a 

i(‘ns(U' 

liaviuu sixteen eoinponeiifs, 

viz.: 



/1,/d J,//- 


.i,/d 

JJd did 



J,,/d AJl- 

jji' 

A,J‘A 

jjp J,ir^ 

A, IP 

AJP. 


If an upper and lowin' sulliv of a mixed t(ms(U‘ aw both denoiei! by the 
same iidter thmi the summation rule m.d<es tludensor ecpial to tiie sum 
of four tensors. 1 hus. t<»r (n\a tuple if m Jjb w'e put o eweuet 


A:, 


a;,. 


The sum mar be deiudi'd bv J., and so denotes a veetor with conn 


poueiiis Jj. Jo, J;;. J|. Thus putt me a 

^eefor J 


c in JA ehaimes ir to a 


W't^ gt‘t 


This operation is railed co/dmcZ/o/o If we conf raet Aj^ 

A] ; Jj ! J;: * Al 


wdiieh IS an (that is. retains the same value in all systems of 

co-ord imi i c\s), bec^a use* 

mCr fA. 4, 


A' 


a: 


It is important to bo aide to tind out whetlier any fjiiantiiy is a 
tensor or not. This can be clone by timiiipa: its etfuafioiis of I runs- 
formatioiu or hy expressing it as the sum or produ<i of t|UJi!ititieH 
kncAvn to be teiis()rs. A quantity whidi ou inner mullifdicntkio Ipy any 
coiikavariant or oovariant veetor alw'ays giv(‘s a tensor is a tvJiBor. 
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XIX.] 


Tliu^ let the proilueli .1,,, li' tii* a ctjvarianf vector for any B'’. 


•VIso 
so that 


A' IS'‘ '"J 


B- ' /r-, 

C'J , 

r ?x^ 


B'A.i',.. ^0. 


38 s 

Tlieii 


HiT](*e /i' i.s arbitrary* if follows tliai 


wiiicii shows that is a baisor. 


o. The FimdaEiental Tensor. 

(\)ns!dar tho (M|iialio!i r/.x- r/^,, where ft can be 

sliowai at ori<‘e by adual hansforniatiou tliat //^i, is a covariant tensor. 
Thus, 


dj\, I and rby tix\ 


wi‘ have 


</a,y/.y /hr, 1 -/j dj\(Lr\, 


(J\, (X, 

If tills IS written in the furni d/ „dx\, we therefore have 


//. 


( X „ < X 


J dv 


\\ lueli allows that /h,, is a covariant baisor. It is called the fundamental 
tensor. Tlu* prodind. fh,idx^^dx„ is thus of iiie furm and so 

IS an inner |)roduct, and invariant, as it sliouhi be since ds is the same 
in aaiy co-ord nudes. 

The dele null laid 


//ii //i2 dn du 
// 2 t fe .fe du 
ihl diVZ dull du 
//4I dxz dvA f/u 


- - I y>n. 1 


is (feiiotw! by //. If we lause from thus determinant the fth row and 
the /dh columm an<l multiply by ( — i)' * wa^ get a minor of the 
deteriuinaiit, Idiis minor divided by tlie determinant is denoted by 
m that A/.///« Tims, for examph% 


<J 


23 


dll dvz dit 
//ai f/32 du 
9x1 dxz da 


I 1- 
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From tills it iolt^us iliut <}], I rr i\ Im'iiiise 

“! ikntr' ! 

L \ <1 

am! // ffv.^hh ^ M/- 

A l I I 

in tl](‘ samo way //., A/" a ih luH equal to i% 

becauhe //,,,, Uibosa di^ternnnani with two roluiuns KhaiticalAvbicii 
IS thcrelon' e(|ual to zito. 

ilvnci\ if A' is auy coni ravanaui \t‘(‘i<u\ 

(il/t ; //A I- ; 

silica//*^ 0 wliou o* { i\ and f4 ^ when a - n. 

The tlirei'. fundamental tmisors an* 

A.' f/io //"• 

From any covariaiil we can u<‘t mixed tensor 

a eoniravariant tensor /b'‘ and an invariant or scadar 

a 

f). Eqiiiafeioiis of a Geodesic. Christof^ePs Symbols. 

It 

Thcwawld line of a ])artiel<‘ is a ‘^eodiesie deiermine<l by o| A 0, 

t 

where S indicates a variation from the line itself, between two points 
A and B on it, to any oilier line wdiieh is very rdose to the world line. 
The variations are zero at A and Ft 

We have ds^ ^ ^ ghldXf^dxJ., so that 


Also 


3 J ds = 3 Jy/g^jxh 


0 . 


Kow 


8 /v^AAA.- = 




dKijWdr,^ 

Vy/,tc<h^d‘u\. 


-- 8 



(/,/>. dx-t. 

ds ds 


ds. 



dxi,_ dx,, 
ds <h 


^{Ju 


dxu dxi. 
~ds ds 



Also Sffhi, --- §Xj„ and the last two tmns in the above* (‘(jualion arc 

equal (as is seen at, oncx* by simply intercbangiiiy // and A*, which 
leaves the same summations as before), so that 


8 


/ dx/, dxi\ 
ds di) 


^'!hi. dxi, dxi 

dx^, '(h dJ 
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III iJie Iasi ieriii, h.is (mh*!! writh^u for coiivcuieiicc instead ol k, 
but tills obviously makes ik> thfTeieiiee, But 





(I 

(Is 




BO tliat on iniiliiplyini^ by r/s* and int(\2^rating between A and B we get, 
for fbe ge(Hlesi(*s. 


i 


.1 


(l./i, (Lv,, 
(I s (Is 



dx,, 

(h 


d 


ds 


(S‘Xj,)ds=.-- 0 . 


fill cgrai Ills’ th*' W'couil iufcgrul liy parts, and romoinbcnng that the 
variation S is zoro at A and B, wv got 


1" I (Uhl. <l>'h d.ii 

' I i ('Xj, (Is (Is 



[di. 


dj‘i,\ 1 

ds J I 


Sxj,ds — 0. 


Since the variaiions S./^, arc arliitriiry, it follows that 


or 


But 


and 


d-i'h dxu __ , 
f ds ds 

(pj\ (l(f,,„ dxi, 
9i<i> 


<fV'V£)- 


0 , 


<is‘^ 


ds 


} ^{'^1 
" ds ds dxrj 


: 0 . 


ds ds ’ 


d(]up d^'h dx^ 
dxf^ ds ds 


dxf, dxt 
dxf, rs ds ’ 


so that, putting 


1 /?Va/-, 

\ ? Xi 


we get 
The Bvinbol 


.9ai' + 


rh /.■ 

7> 


dx,, 

dXff dx/, 
hs ds 


%/t/A 

f)r;> 

- 0 . 


'h Tc 
. /' J 


is called a Chri staffers ikreeAndex Sfjmbo!. Another 


kind of three-index symbol is defined by 

ihJc\ ^ 

\ r j 

If now we multiply the equation 




h Jc 
L^> J 


9hp 


d^Xff , Vji dXh dXfc 


i 


ds 



f J ds ds 
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by aiui sum ba' p in ih*^ u^ual ssnv \\v urt //J '* 

e(|iui! to uiiily r h and /.uro whi^n r | h, 

(tKr, |// /.'I fi.Vff iKr 

if\* I /• I f/s 


There are four effuatituis of this type, eorrespouiiinty io I he va]ia\s I, 2 , 8 , 
I of r. (/n iH an eleine]\t of a world Inuu tlM\s(MM|uai uaus i!ia\" be said 

to be tile (Mjuaiious of motion of a pari i<‘le rnovinu alorur lln^ world line 

of \vliic*h r/.s* is an element. When the aro ('oiLdani^ .!'''■! n.so 

tlud- '[ Oj wldeh indicates i hai ihewcaTl lines are .^traiyhi, or 

tlie paiiicle moves with unihaan vidocaty m a >traiydd Ime. 


7 . Covariaat Diferentiation. 


Let (f> be an invariant fiineti(m of position so that, since d.s* 
is also invariant, ^W?V/.v is invaiTuit dih ds is a \eetor and its 
compoiumls an' ((h?,r^ Thr eompoiuails 

of course depend on the co-ordinates <‘hosen, but df/> ds is the 
same ill any couirdmales. 


We have 


d<J) ?</> dr^ 

(Ls f Xf, ds ’ 


so tliat 


and iliereiore 


(P</> ^ d /Wy/.r, J f)r/> dh\ 

</s“ dsM'x^J dfS' * (\ii\ dd- ’ 

d d<f> d /ev/>\djy 
(h Zxfi, V xj (/s ’ 

(Ptl> ^ dy> d./'/i dxf, , d<f> d^r^ 
da**^ dx^^dxj^ ds ds c\r^^ ds^‘ 


In tlie last term, of course, h can 1)e ehaneia! to r if desired, 
equation 


we tlien get 


d“av I h k I dxf, dx, 
dd^ \ f J ds ds' 


<F<I> 


1 h k 1 *" 



1 T 1 Px,>^ 


Tsiiig tlie 


Now d“<^/d,s‘^ is an invariant or tensor of zrro rank, and day anti de> 

/ ii li* ^ f 

are arbitraty coiitravuriani vwlorH, so iliai J ’l ■ ! ^ ' 1 'x 

( f I (.r, 


be a covariaiit tensor of the st'cond rank (ef. tlie end of sfH'tion 4 ). If 
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thm we put A/, = and denote the tensor Just obtained by 

.‘I/,;., we set _ 3*4,, ,7; /q 

I r j '■ 


Aki is called llie vovaruod denmiim of jI,, witli respect to xj,, Wlien 

tlie art* (‘uiistants so that 
fliffereiitiation. 

If tire covarauit. v(H*tors, and Jx,o their covariant deri- 

vatives, tlu‘ abovt^ formula gi\es 


I r I 


0, then /I 


hk ■ 


dA}f 
dQ\ ’ 


as in ordinary 


I, B A, B - *7 


( ,r, 


i e I ' 




j K 


Piittuis Ja,,. -- J, v, iC ^-A,B,„, J,^- *J, 5 ^, find 4 a, - 4 ^ 6 ., 

wegtd 


34v,. jA V, _ 

3,r, i e i 


I e 


This ^dvt‘s the eovanant derivative, willi respect to j;,, of the tensor 


8. The Riemaan Tensor. 

Kt)\v <>])tain tin* st^cond eovanant derivative of a vector with 
tespe(*t first to .r,, then to Denoting it by we get 


A/xt ir 



i p I 




[ e j 



l C j _?x\ I p f 



Ecvta’sing tln^ order of the ditTereutiation, we get a sinular expression 
for , and so obtain 

A — 4 

■ ''d» tpi ui ip j+37:\p/“37np/j- 

T!h‘ tlillVrema* Af^^p is a tensor, and A^, is an arbitrary vector 

so that we s<h* that the exprtsssion in the bracket must be a tensor. 
It is <‘alletl the liienumn tensor, and is denoted by since when 
miiltipiuHi by it givi^s A^,,^ 

If the f/\ are eonstauts, tluai aii the three index symbols vanish, 
so that the Riemann tensor is then zero. The equations 
live a set of dilieniitiaJ erpiations between the r/'s, and since is 
a tensor it folkws that if the expiations — ■ 0 are true in any one 

S(‘t of co-ordinates then tlu^y are true in any other set into which the 
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lirst Ket can 1)C‘ iraiisfonnad. Wluai ■th(‘ //\s ara constants thti'o is no 
gravitaiioiiul fi(‘!d, so that iho (‘(|ua1ions 0 are tiH‘ rtdaiions 

between t!u‘//'s wliieb hold when lliere is no liai lenal Held, or when 
the s|)a,(‘e is nndisloHed, or, as we may say, is fiat, (d eonrse, if ww 
use fuiwilinear co-<a'dina1e8 in flat spaian pariieles will nan’-e alon^ 
curved lim^s as Ihouuh acted on by gra\ itatioiud forces, but these 
apfarent forces are due to the ac<‘eleratiou tln^ co-ordinales and 
not it) graviiatioii. If then rectanytilar axes for wdiic'h 

(Li\f d'' d.r/ 1 are possdiie, sinet* the space is Hat. 


9. Einstem’s Law o! Gravitation. 

We are now^ in a position to consuler Einsttmds law of izravitation, 
or the relations hetwiMm the //‘s w'huHi liold in eurM'd space. Tin* 
r/s arc analogous to tln^ gravitational fioiential of Xcwvion's ihcorv. 
To see this, consider an element ds of a world 1hu‘ and suppose that its 
comf)oncntsrf,rj,d*r 2 ,(/,r^, dj\i\rv all zero ex<‘<‘pt dj\, so that d.s- dndj jA 

d S' 

Them if d.r^^ -* /Vrff, we have { i^ow if (f) is the gravi- 

tational potential m New ton's theory, tr- A ^ (j), wdiere a is tlie 
\Tloeity of a particle of unit mass, and A is a constant. Hence, putting 

0 - - tfe/rf/, W'o get 2 (A " (j)). Thus we see that- //n is analogous 


to <j>. Ill Xcwdoids theory in empty space we have 
ox/> <-(p 

' ry- ^ T'A 


d, 


so that, since Kewtou's theory is <*criainly a giual approximation to the 
truth, w'c shoulii expect the ndations hetwism the//\s in empty space to 
be diflVrential e<j nations analogiuis to Ar/? 0. 

Also the relations must lx* consistiml with hut tlieymust 

be less stringent , so as to admit gra vitationui fiehls or rlistorf hm of space. 
It occurred ti) Einstein to try the eontra<ded Eicmiann tensor 
and this guess has proved vsaTisfa(*ti>ry, 0 is a set of 

diflVrential equations hetwaxm the//\s, of the second onler like A^ 0, 
and clearly consistent with 0. The equatiems are iensca e(|ua- 

tions, ami therefore consistent with the gtmerai principle ot relativity, 
other tensor has Ikmui dis<a)vered whi<*h (am he used inst(^ad of 
Putting «T- - /) ill theexpressiim for we get 

T> ... ^ id'p) A 

P I "””0av I /> TM c J i p t € j ! /> I “ 

According to Einstein, these are tlie relations between the [fn which 
must hold in any (*a8c whether tlu^ space is curved or flat. In fiat 
space the more stringent condition ^ - 0 is true. 
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The priiieiph^ of e((niv^alene(‘ can now he stated more fm^ci^ely. 
Ilie relations (I a-iul i?^,, — 0 are relations between the nevond 

differential coeflicients of the g\. It follows that all laws which hold 
in flat space and depend on tlie and first derivatives only will 
also hold 111 curved space. Laws wliich involve the second derivatives 
of the /j\s need not hold m both flat space and curved space. 

10. The Field due to a Particle. 

Now consider the gravitational field 111 the space siirrotmding a 
single hea\T particle. The problem is to find a set of values of the ^’s 
which sai;isfy ~ 0 and the special conditions of the case. 

In flat space we could suppose the particle at the origin and use 
polar co-ordinatt\s r. d, /; that is, let =- 9, Xg ==(f>y = tet, 

so that dr^ \~ r¥d'^ |- E- — c%-. In this case, 

d 22 “" f/aa' g and wdien <T=f=-v. These 

values, however, would satisfy = 0, and not merely 
Let us put c - - 1, and assume (changing for convenience tlie sign of 
ds-) - — r-, ^ 44 =^^ 9<Tr^^ 

wdien a “P T. If these are possible values of the //’s, they will satisfy 
the equations i?^^, --0. It is assumed that A and are functions of 
f only. 

Witli these g\ it is easy to calculate the three index, symbols. The 
determinant g is equal to — sin^d, and - , hence w’e get 

do-ar 

— -i_ i j- 

^ 1 dx^ I ’ 


which is not to he summed. 

Using this expression we find the following values of I 


t a j- 


(in 
UJ 
(121 
12J 
(221 


-dr’ 

1 

r 


fm. 

1 1 j 

/441 

Ilf 


r sin^de” 

^ dr 


jin. 
I I'll . 

i4f 

(231 

13/ 

(331 

u j- 


1 

? 

r 

1 

cotd, 

' — sind cosd. 


The rest of the three-index symbols are zero, lising these values of 



C.ENERAL RELATIVllV \Nn (iR WIT \TH)\ j('Hu\ 


3(»2 

W(‘ now fiiul l-ho va!ut‘s of /t,,,. It is iound llial flaw jiv all zero 

I ct f 

i'XCC'^l^t aii(i /i I j. 

Tile vahus of are lo bo 


/•ii 

It.. 


IL 


7 ? 


11 


dX dv 

1 

1 dx 

dr dt 

'■ ^ \drJ 

' ~ ; d. ’ 

i'C!: 

dr/i 

-1, 


< 

dA\ 1 . 

rfdi 


, dX dv 

j o/e\‘ 1 dv^ 

■\h‘ ■ 

'dr dt 

'\dr) r dr 


Siiiee eacli of llies<‘ Ls to \anisli, \\t‘ obtain four e(|u<d ions. Tlie linsi 

P \ r^i' 

and last ec|nations ^tdve also, whm r x , A <nal v must 


both be zero; tiuu'ofore A - r. 

The othiT two (M|iiatious then ^ive 


€‘(i : /J'l b 
v ( / 

so that e' — I , where w Ls an intt'i^ration ctaisianb This solii- 
r 

lion satisfies all t!ie e(|uations 

Thus it a[){H‘ars tliat the torms assunie<l for the 7/'s van sal isfy the 
et|uations b, and tluw i^ive a spaee sMumef !*iea! about the 

origin, so that tliey are a possible std ior the ease of a Iumvv part hie 
at the origin. The result oluained is 

11. Planetary OrMi 


Kow snp[)ose that an inlinitc^sima! particle is nauing in the space 
near the heavy partich* at the origin. To find its motion Wf^ laav lutlna 

use - 0 or the equations f>f motion 

{pj\. _ /// (ij), da*/, 

Av- \ r ) (Is ds* * 


Substituting the values found above for j we get. when r- = 2 
so that 6, 1 r I 


iPe 


cost 9 Biii 0 



2 dr de 
r (i$ 
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If iiiii ially tlie particle is moving iii the plane B ~ 7r/2, then cldjds •= 0^ 
and cos/i ~ 0, lhat initially 

ilH) ^ 

The pari!{*h‘ ilu^relore remains ui the plane 9=-Trj2. With d—Trj^, 
tile ccpwtioiis tor ,r.. and .fj an^ 

(Pcl> , 2 dr dcf> 
d,P ‘ r ds f/s‘ 
d'^I j di’ dr dl 
d,P dr di^ ds 


0 , 

iK 


Integraling i hese ctjuaiions wti get and == where A and 


d. 


a are (‘oisstatils, aial y: 


1 /H 


The equation lor rhs‘“, with 


dO 0 and sin/i 1, gne^ r/.r - — y V/H — r-^ dcf)^ yilP, This 
with l)econa\s 

dr dr dS dth h , _ '‘Im 

hmct‘ . // iA / - cindy-^l-— , we get 

ds df ds ds r- ^ ^ o 


,lr 

^d<l>> p 


(p 1 + 


^ /c 
r 


2 mJP 


Fuiting a - r~ \ this hec'onuNs 

df( y , <P— I 3 

l,,^l H- 'I 


A'-i 


The corresponding (*(|uation for Newtoifs law of gravitation is 

tnni 

IP ’ 

PdS 

whtue /c is the iiiass of the purtiele at the (origin, and Wg 

may eomhude that /a is tlie mass of the |)artk*le in KinsteiiTs theory, 
TIu‘ additional term 2n(tP is very small in the case td the planets of the 
solar systiam and makes no appreciable difference except in itie ease 
of the planet Mtneury. 

On dillVrcuitiating Emsteiids e([uafcion with respect to ^ and 
dividing by "Muld<j>^ we lind 

d'^u , HI , ,, 
d<f>- 


IP 
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The coriTspoiKliiig Newtonian equation is 

})( 

d<l>- ^ 

solid ioii of wdiieh is 

" /Id’ ' 


representing (ii e I) an ellipse with ilie attracting ])arfiel{* at one 
locus, and perihelion at. </> 0. The adddional imn dnof- in KinsfeinX 

equal-ion is vcut small in eoinparison v\dh //q/r in planeiarv orhits. 
We shall slunv that it corresponds to a slow rotation of fln‘ major axis 
of the ellipse. 

Following the method of siuas'ssixe approxiiiiat loiu we substituie 
tlie a])proxim<iite vahn* of // as derivuMl from ilu^ X<‘wioni.in ecpiatlon, 
ill Einstein s equation, and so hnd 




dcjr ‘ ” }d 
the solution of whieh is 


\ {^ \ i eos</> I Ic- eos2</)). 


Id 1 I aoj ‘ ^ i 

dn 
d(l> 

, 2>//rV 

(1 r 


At periiielion (t is a maximum, and 


im 

\ld 


"JV hAsim/^ » ^ eos2./>). 
0, fleiu’e 

( s n i<j) (h Vi isc/) ,V ' ^ ^ ^ ^ ) * 


If It w(‘re not for tiu* term in (/> cosrA, this would ui\e a perdielion value 
<j> --277 UvS in thc^ Nmv toman t‘as(s AcUuallv tfie value is rj) 2rrd €, 
wh(*re € is small To find substitute Jtt r tor ({> in the preeeditig 
equation. Tims 


0 


Uf( 


ffnrr 


Jr ‘ Id 

neglecting terms of higluu' order; so that 

(Stt/zF 


( 277 ), 


III the case of the planet Mercury this formula gives for tlu^ rotation 
of the major axis of the orl>it in oiu^ hundn^d year.^ approximate!}?^ 
sec. of arc. 

It has been known to astronomers for a long tom* tfiat, after 
allowing for all disturbing influences due to the either planets, tliere 
is a rotation of the perihelion of Mercury's orbit of about 13 see. pet 
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{‘(‘iitiuv which (MiHiot Ih‘ cxplameil by the ISre\vtoniaii theory The 
tact that El nsl (Mil’s theory gives just this observed rotation is a re- 
markal)h‘ success for his theory. For the other planets tlie correction 
is iiiapprecialiha 

12. Deflection o! Light Bays by the Snn. 


Th(* path of a ray of light in a gravitational field according to 
Einstein's theory is tlie same as that of a particle moving with the 
velocity of Jiglit. For such a particle ds ^ 0 where ds is any element 
of its path in tlu^ four-dimensional \vorld. 

For any particle v^e have, as alreadv shovm. 


and 




2i}ia 

li^ 






where li 7^d(l)lds. For a light ray, ds~0 and therefore h=^oD. 
The differential equation b(‘eomes 


d^-i 

dct>‘ 




When m= 0, this is satisfied by 

'll = - cosS, 
V 


the equation of a straight line, f being the perpendicular from the 
origin. 

Substitute this first approximation as before in the small term on 
the right. TIuls 

dhi , 3i>? 1 -b cos2<i 

dip-' 2 

a solution of which is 

« = i co,s^ + {1 _ 1 cos2^), 

where, as in the first approximation, the angle is measured from 
the point where u is a maximum. This equation will give « 0 

(or r~-=* coj when ^=::=^q-e or — e, wdicre c is small. To 
find €, we have 



3<i 6 <;i'.XKKA[. Rlif^A'i ivrrv \NI> CRAVrr \ I lOM jt'iup. 


'J/ 

'File asympt.ot j(* dirediuiis of ih(‘ rav Ihondore (i(‘\jala hy ‘ nuiiaiis 
ironi tJia oiaati dim-tion. 

The filial (k^viatioii ol a mv w]nc]\ slaris from aii dihtaiici^ 

oil oiK‘ and iravols to tui nilinite <hsia!u*e on the oihoi sale la 
tiierefoiH' ynen by 

A 

V 


Thus thc‘ h.uht from a star passing by th(‘ sun should be dmuated at 
tlH‘ earth through an angh* lw//> 

We havi*, taken the gravitational potential to equal to /////• 
and the velocity of light to lie unity ^o lliat (an* unit of mass !s very 
large. 

The gra\dtational attraction in dynes betwi'cn two parti(‘les of 
massifs }ii and m' gm. at a distanci* r cm. apart- is w}u*re 

(i ~ t>*bb X 10 f fence if (j IS the ac<*(derat!on of a partH‘h‘ at a 

distance r from a mass /// then// If the unit of mass is t() be 

a mass which giviss an acaadiTat ion (Mjual to tin* ve!ocit\ of light- in 
cmitimeires pen* second to a part-ich* at. a distan(*(‘ from it eipial to 
the number of cimtimetn^s light tra\e]s m I s«‘e. tlnm wi* have 
dXlO^^b '9 '< wliere in is this rnwv unit of mass expressed 
ill grammes, Ibmee in * 27 \ thOb, wbi(‘li is e(|ual to 

*1 X gm. ^ ^ 2* 10*^=^ 

The mass of the sun is ni*arly 2 X gm. or ‘j’ 5 >; 10~*' 

in the new unit, and its radius is 7 X 10^*^ cm or 2%)2m\ln*n the unit of 
length is h :< em. lleiuic for a ray of light which just grazes t!ie 
sun's siiriace the dcwualion A should la* 


X o X 10' 


8*0 nr, 10-*' 


or A - 1-77 s(H\ of ann 

Tin' apparent positions of several stars wlnm near the sun liavt* bt'cn 
determined by photographing tln'in during a tol«d solar «*elips(a and 
it has l)een found that there is a deviation oi tin* light ajiproximaiely 
equal to tliat given by Einstein’s formula A - *1/// 

IF). Displacement of Spectral Lines. 

Ill the four-dimensional world tin* interval ds between two events 
is supposed to lie the same in any co-ordmate system. Also all atoms 
of the same kind are supposed to be identical in structurfu so that the 
interval (In between the emission of two suecessiw* Ilglii \vav(*s In^ an 
atom should be, the same for all such atoms. The presence of a gravi- 
tational lield should not alter (Is heiauise, as we have seen, the tdTec*ts 
due to gravitation are the same as those due to changing eomrdinates* 
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XL\.] 

i Aii.sitle]* two irloiitical atoms, one at tlie surface of tlie >suii and 

one on ilie earili. Let them botli be at rest so that dx- - dij ^ dz ~ 0. 
Tlieii if ds IS the interval between the emission of two light waves by 
either atom we liavc 



for the atom on the sun, and dd^ ^ dt^ for the atom on the earth, since 
'Imjr IS negligible for the earth. Hence 

dl I "Im ni 

Thus d(' is slightly longin' than dl, so that the spectral lines emitted by 
elenuaits in tile sun should be slufted sligliily towards the red end of 
ilie sfx^ctrum is equal to 2T X so that the change of wave- 

haigth IS V(‘ry small, only a few thousandths of an Angstrom miit. 
As the result of very careful measurements mainly by C. E St. John 
it IS now l)eliev(‘d that tliis minute ellect actually exists, in a,greement 
with Einstein's i.lu^ory. 
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CHAPTER XX 

Mathematical Notes 


1. Vector Analysis. 

Many phybical quantities are iicctors, that is, ((unntitics which liave 
direction as well as magnitude, ior cxain])le, velocity, accelej'ation, 
force, momentum, angular velocity. Quantities which are detormini'd 
by a number alone without any reference to direction are called scalaiti, 
for e.xample, mass, energy, electric charge. Two vi'ctors are ec[ual if 
they have equal numerical magnitudes and are in ilie same direction. 
Vectors can be represented by straight lines. The length of the line 
representing a vector is taken equal to the numerical magnitude of 
the vector, and the line is drawn parallel to the direction of the vector. 
It is necessary to regard the line as drawn /rowi a point A to anotlu'r 
jioint B, and the direction of the vector represiaited is from A to B, 
or an arrow head may be put on the lino to indicate tlic dircctfion of 

the vector along the line, as AB. The vector V (in inodmi works 
usually printed thus in heavy type) represented by a line from A to 
B is sometimes said to be of ojiposite sense to tlie vector V' repr('sent.ed 
by the line from J3 to The word “ sense ”, however, W'ems inappro- 
priate, and we shall say that two such vectors an*, of opposite si</n, so 
that y ■= - V'. 

If A and B are two vectors, and A ~ B, then this vector eijuation 
means that the magnitudes of A and B are equal, and also that their 
directions are the same, so that tlic^y could both he represented by the 
same line drawn from one point to another. 

if a vector V is represented by a line AB and another vector U 
by a line BO, then the vector R represented by the line AC is called 
the sum or resultant of the vectors V and U, and this is expressed by 
the vector equation 

R= Vd- U. 

The difference betw'een V and IT is taken to be the sum of V and 
— U, got by drawing a line AB to reprosimt V and a line BJ) equal 
but in the opposite direction to BO which represents U, and taking 

AD to represent the diiierence V— U. 

m 
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iL‘lativ(‘ to reciaiigular axcvs .r, y, z any \ector ¥ lias three com- 
ponents may be (hmoted by Pb, V.. These components arc 

scalar qiiantiticis. A vector of magnitude in the direction of the 
X axis may be represented by the symbol where i is a unit vector 
111 the direction Oa. But it is sometimes convenient for brevity to 
denote the vector fb i simply by . If /, n?, n denote the cosines of the 
angles Jict ween a Vi^etor V ami the axes x, y, z, then = VI, V^j = Vm, 
|A — Ibi, where V dc^notes the numerical magnitude of the vector ¥. 
II the vector ¥ is repri^sentcd hy a line OP drawn from the origin 0, 
then wo can go from 0 to P by moving along the x axis a distance 
Pbj then parallel to the y axis a distance and finally parallel to 
the c axis a distanci^. F,. Thus we see that V is given by the vector 
equation 

¥-¥, d ¥,H"V,. 

If two vectors A and B are equal, so that A == B, it follows that 
A^,=rzBy, and Any vector equation is there- 

fore equivalent to three equations between the x, y, z components 
of the vectors. For example, if E~¥ — U then R^,= F^ — 

== ^ Ab - fX ■— The magnitude F of V is given by 

F’-l^rH-F.^+F/. 

This equation is often written — F^,^ + + F/, because it is 

clear that only the magnitude of ¥ can be involved, so that the bar 
above the F may be omitted. The magnitude of a vector V is often 
written | ¥ | instead of V. The equation 

with = VI, Vm, and P-b— Yn gives the well-known result 

If /, m, n are the direction cosines of ¥, as above, and A, /r, v the 
direction cosines of another vector B, then the angle 6 between the 
two vectors is given by 

cos d = Z A + m/r + %v, 

for ? == ¥^ + ¥ 2 / A V., so that the component of ¥ along ¥ is 
equal to the sum of the components of ¥,„ and ¥-; along ¥, or 
A Fa + juF^; + pF; 3 , which is equal to ZAF-f ?^2f6F+ nvPb and the 
component of ¥ along ¥ is equal to F cosi9. 
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2. Scalar Product and Vector Product of Two Vectors* 

Tlie product of the niagiiitiule of ihe (‘oiuponeiii of a vector ? 
aiofifi; another one U and the niaaiiiitude of IJ us called the M‘(daf prod 
or dnu/ prod^ai^ of ¥ and I). It may bt‘ dtaioted by (¥ * U). Tims 
(¥ * U) ~ - YU COS0J when* 0 is ibc anyle betweeii U and ¥, Also siiu'e 
E co.G-A7, + iuF,+ c|A, and u\^XlY idK U idd vc 
have 

(V*U) OMEd- v/Jy+ rid (i) 

As an example of a scalar product we may consider the work done by 
a force P when its point of application is displacts! a distance D. The 
work is (P * Ti) .. FD cus0 F, D, + FJ), d- 7 Id . 

An angular velocity about an axis may be regarded as a vector. 
The direction of this vector is taken to be that in which an ordinary 
riyht-lianded screw would move along the axis when rotating with the 
angular velocity. 

The outer product^ or vector product, of two vectors ¥ and U is dehned 
to be a vector of magnitude 17/ siud. where 6 is ihe angle beiweiai 
V and IT, mnl dircciion that of tin* rotat-ion from ¥ to U, through Uie 
angle 6. It is denoted by [¥ • U]. Thus [V * U| is a \(‘c1or eijual to ihe 
area of the parallelogram formed by V an<l U, and sis din*<‘iion is per- 
pendicular to the plane containing ¥ and U. The angle 0 is taken to 
be the positive angle less than IbCE bidweim ¥ and U. The viHdor 
[V*U] is of opfiosite sign to the vecdor [U*¥j, since the direction of 
rotation is reviirsed, so that 

fV-Ujd- [IT- ¥]--(). 


As an example of a vector product we may takt* tla^ fonn* per unit 
length on a current C in a magnetic field H, whieh is equal to CII dniK 
and is p<Tpendieular to C and H. It is <‘((ual to [C* Hj. 

The components of the, vector product are e<jual to the projedions 
of the area of iiio parallelogram formed by ¥ and U (m the plaiuns 
p(U‘pendiciilar to the axes. This |)rojf‘Ction on the xy ])!an(‘ A (npial 
to the area of tlui parallelogram funmal by the points (il 0). (/J, 

and (Fj., Vy), which is easily s(‘en to be equal to fd/h., -- Id/d- 
components of the vector ])roduct are therefon* given by 

[vui,-r7A-^r,7d. ..... (2) 

Another example of a vi*ctor })ro(hict is the moment of a force F acting 
at a point P with co-ordinates x, y, z abotit an axis through the origin 
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to ilia plana cuiilaiiunu; iln* ioica and the oii^din This 
IS ccfiial io Fr muO, r - OP, and 0 is the angle between OF 

prudiiced and F. The .r eompi meat of tliis vector product is tlic moiiiciit 
of F ai)Oui Ihe .a axis, which is equal to //i'h — so that 

l,F ~ zF, 

If U, ¥, W are three w^dors th<*n (U • [¥ • W] ) can easily be seen 
to be tliC volinne of tin* paralhdepiped formed Ijv the three vectors. 
Heiiei^ if (U*[¥'W1) i) the three vectors luiist lie in the same 
plane 


3. Scalar and Vector Fields. 

Th(* jield oi a vedor or .^ealar (juaniity is a region throughout whhdi 
at many point 1li(‘ (juanidy Inis a delinite value, which in gimeiai 
varitss from point to point. For (‘xainphg tlie space around (‘l(‘drically 
cliargcd bodies is a r(cfo} jivld of tlic ciecdric field strengtlg and tlie 
atmosplKTe is a , scalar Jicid of tin' density oi the air. 

In the. i‘u*ld of a scalar S the vector called tiu' qradicat of 8 is defined 


to be a vedor the components of which a, re and or, if 

^ f J C if (} z 

at any point in the held we draw” a surface on which 8 is constant, 

then the gradient of 8 is normal to tin' surface, and its magnitude is 

the rate of variation of 8 per unit length along tin' normal. Jf p denotes 

the distiinec measund along a (uirvi* wliich is normal to the surfa<‘es 

' r X P 

of coilstant S, ilicn t;r.ul S- Z-, uiul (griKl 6')^,-- C , ferad S)„— C , 

' (< j) od' c if 

? H d ' V 

(grad 8) so that we have the vedor ecjuation, grad 8- 

and also 



li is evident that' the component of grad S in any direction Is equal to 


roS' 

ds’ 


wdieri' ? H is an infinitesimal displacement in the given direction. 


J. Line Integrals. Potentials. 

Consider a curve of any sha])e drawn in a scalar or vector jfield. 
Lei the distaiKM' measured along this curve he so that ds is an element 
of the curve. If Q {lenotes any quantity whicli lias a definite value at 
every point in the fithd, then the sum of the iirodnets of the lengths 
of the elcanents d»s‘ of the curve and the vahu's of Q at these elements, 

or j Q(U, is called the line integral of Q along the curve. The line integral 
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for tlie part of the curve beiwcGii two points A and £ on it is clenotiHl 
hyj If ¥ is a vector^ and Vs denotes its component along the 

curve^ then I is the line integral of Vg Sbloiig the ciii*ve. The 

product Yg ds is equal to tJie scalar product of ¥ and ds^ so that 

I " r, = f^(V‘ds) 1 yr,dx+ v,j du + 7 , dz), 

where dx, dy, dz are the components of ds. For the gradient of a scalar 
S, or grad we have therefore 

J ^(gTnd>S),dn^- 

SO that 

f"(gTad>%d.s = ,'^,,-,S_,. 

Thus the value of the integral^ pgrad SJdb' betwoou two points A 

and jB depends only on tlie values of £ at A and at B, ond is independent 
of the position of the curve joining A and B along which the integral 
IS taken. 

If a vector ¥ is equal to ( — grad B), where B is a scalai*, then B 
is called the potential of E. Hence 

j '' l\ ds = - (grad >% ds == 


that is, the potential difference between two points iti the vector field 
is equal to the line integral of the vector component along any curve 
joining the points. The components of the vector are e(|ual to the 
components of ( — grad B). so that 




dS y 


TA ~~- 



Tlms if we knotv the potential of a vector at all points in the fuhl we 
can easily calculate the vector at any point. 

Examples of potentials are electrostatic potent iul, magnetostatic 
potential, and gravitational potential. 


5. Vector Iiines and Tubes. 

A line draAvn in the field of a vector V so as 1o evcTywliere 
along the direction of V is called a vector line. 

If we take a very small closed curve in the field and draw vector 
lines through all the points on it these liims enclose a tube callc^d a 
vector tube. 

The magnitude of the vector at a particular cross-sectiou of a 
vector tube can be represented by drawing vector lines iiisnle the tube 
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iiDifomily (lihiribiited over the cross-section, so tliat tlie number oi 
tlie lines is f)roporliona] to the product oi the magnitude of the Avetor 
mid the are<i of the cross-section. Thus if a denotes the area of a cross- 
section of the tube and V the magnitude of the vector at this cross- 
sectioiiy then we suppose the number of vector lines drawn in the 
tube to be proportional to aT. The number ol lines per unit area of 
cross-section is then proportional to V. In a very important class of 
cases 1 he number ol lines is constant from one cross-section to another, 
but this is not so in general (see below). 

tiistead of supposing the magnitude of the vector represented in 
this nay ])y the number of vector hues drawn in the field, we may 
suppose tlie vector tube divided into a number of equal smaller tubes 
])ropoiii()mil to the ])roduct aF^ and so have the number of tubes 
per unit area proportional to the magnitude of tlie vector. In this 
case V is inversely proportional to the cross-section of the Ametor 
tubes. 

If tlie tubes are drawn so that the number ])er unit area on a surface 
perpendicular to the vector V is equal to the magnitude of V, the tubes 
ari^ called unit tubes of Iho vector V. Tlie cross-section of a unit tube 


at any point is then ecpial to 1/V. The field is not widl represented in 
this way unless the tuIxAS are of small cross-section, but, of course, 
we may if necessary divide the unit tubes min as many smaller tubes 
as wc like each of cross-section IJnV^ Avhere n is any convenient 
number. 

The unit tallies may be closed tubes, or they may start at one point 
and enrl at another in the field. The number of unit tubes which start 
per unit volume at a point in the field minus the number which end 
])er unit voliinie at the point is called the divergence of the vector ¥ 
and is written div V, The dh^ergenec of V may also be defined by the 
equation __ edh 

dx ay dz 


div ¥ 


( 3 ) 


That the two definitions are equivalent will be shown in the next 
section. 


(I Green’s Theorem. 


An important theorem giving transformaiioiis of volume integrals 
into surface integrals was discovered by Green. A special covse dis- 
covered earlier by Gauss is known as Gauss’s theorem. 

(kmsider a closed surface of area a enclosing a volume 8. Let A 
be any function of position which has a d(Tinite auIiio at all points 


f) d 

inside the closed surface, and consider the int<*gralj taken 
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over tlie volume S. Draw n line througli ilie \olumi H parallel to f\w 
X axit5 and let it cut the closed surface at two [joints F and Q. Tiie lino 
^0 i 

integralj along this lino from P to Q is eqnai to 


If we nniltiply this by the small rectangular area (///dz we 
tlierefore the volume integral of dAjtx over the Yoliiiiie ol a rod 
of uniform cross>sectioii dijdz and length r/ 4 , — .r^. Let do he the 
area cut oil on the surface a by the rod at Q. Then il / dtmoies the 
cosine of the angle between tlie outward drawn normal in u at Q and 
the X axis we have dijdz-- Ida, since (hj dz is ecpia! to llic projection 
of da on the i/z plane. Hence A.^d^/dz— IJ^^,da. In the same way if 
da' is the area cut oh at P and V the cosine ivf the angle between the 
outward iiornnxl to o at P and the x axis, tlien 


Aj.di/dz ~-rj,,da\ 

Hence 

(. t y — A p) djj dz I A (j da I l'Af.da\ 


How the whole volume H may lie d!vdde<l up into small eliuiients 
like Xp)dy dz, and ioreachof these the \o!ume iiii(‘gral of TJ/e.r 

is equal to an ex])ression like that just found. see therefon' that 
the volume integral of Tzijdxlox the whoh^ volume A is eipial to the 
sum of all these quantities like lA^^ da~d I' A pda. But this sum is equal 
to the integral of L4 da over the whole surface a, since wlien i!u‘ whole 
volume 8 is divided into rod eltnnents the ends of the elements will 
cover the whole surface a. Hence w(‘ get 

f dxdfidz - I fA da. 

J ,s ^ 


In the same way, if a/ and a are the cosine^ of the angle betw'e(ai an 
outward drawn normal to a an<l the y aiul z axi‘s, and P and any 
functions of position inside the volume 8, then 


and 


Adding tlie three results we gcd. 


w. 


dA , ?B , t(! 

* i 

c'!/ ( : 


^ dx dij dz 

j uAl da, 

a 

i 

dx dij dz 

f )<(Uh. 

a- 

e gc‘t 


) dx djf dz 

1 (U : / 


wliich is (h'cen’s tlicoreni. 

If a-- 1 '„ v,„ c-- F,, 
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¥ is a va(‘ior, liKai. 

^"vliora Tu (l(‘iK)toR the eoinponeDt of V along the outward normal to 
(la, so tliat 

Now since tlu‘ normal cross-section of a unit vector tube is 1/F, the 
section by a surface th(‘ normal to winch makes an angle 6 with V is 
l/EcosO. Thus, if Vn"- i"eos0, wc see that the nniiibcr of unit 
tubes leaving the closed surface through the element of area da is 

Ecosfb/cx--^ fbida. i fence j F^da is equal to tlie total number of unit 

wetor tub(‘S coming out of the volume S through the surface o. 
Tilings (uiteiing the surface are liere understood to be reckoned 
negatne. 

Thus it appeurs lliat 


f /?f\ , Clb/ , ?FA j j j 

a,;+ 


is equal t-o the total number of unit vector tubes leaving the volume 
H, Tliis is true for any volunui, so that if we consider a very small 
one we .sec that dV, JV,, JV, 

d J' ?y dc 

is equal to tlie iiuinl)cr of unit tubes wliich start from it per unit volume. 


We have therefore 


(liv V 


dv, 

^ 1 / 


'N- 


0 ]/, 

0s’ 


and so, jmtting clxdydz— dS, we get 

/ div V did ---- I V „ da. 

J 8 J cr 


O') 


(fi) 


Tliis result is often called Gauss’s theorem. 

Green’s theorem enables a volume integral of any function ot 
,T^ y, and c which can be exjiressed m the form 

pi dB dO 
dx ?y dz 

to be transformed into a surface integral over the surface eiKdosiiijj 
the volume. 

The volume S may be tlio space between two closed surfaces, one 
inside the other, in which case tlie surface integral is taken over botf 
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siirkices, ilie iiornialh aie drawn in hoih (viv-h ifi the djK'ctinii 
from tlie eiicdosed voUitik* lo the vSiirfaec*. 


7. Motlier Form of Green’s Theorem. 

4 i n ri 


Let 
so that 


dJ dB dC o-ifix , dcf)?f , Pfcf (fdJj 


df ' 0: 


^ .r ,/■ .r ' ? ij ? if ? : ? ; 


^.nves 


‘ 0 ?/ * 0 

If ? ^ 1 t H ^ f ho denoted by A?/f, Grecuhs iluanviu now 

rdr- 0//" dc- 

j , -1- (grad <j> ■ grad </;) ) d,H 

In the same way, interchanging f and ijs, wo gi‘t 

f ■ h (grad grad xjj) ) rW - f </; da. 

Tims, by subtraction, 


8. Solution of Poisson’s Equation. 

As an example of the use of tins form of Greeids iheorein, we may 
find the solution of the equation 


02J ^ r‘bl . 0LJ 
a>'''r/y^ ' 0:2 




or AJ ”={ 0 , where A and co are scalar functions of j\ //, and 
Put and 1 /l where \ //- | Ch so that 




0. 

r'^ /"* 


Hence 



^ A-i 

-1 fd 

J.^i' Jm 

Ph 

r- r'w/ 


Now^ let fl be the volume lioiwceii two concentric spheres of radii rj 

and with centre at the origin. In this ease on tlu^ ouier 

dn tr 
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sphere and ~ = 

0 /i- 

outer, and — I ou the inner, sphere. Therefore 


' dr 


on the inner one )\. Also 


dr 

dn 


1 on the 




1 dA^d 


dr 


da- 




Now let tlie outer sphere be very large, and assume that A and dAjdr 
become very small when r becomes very great, in such a way that the 
surface integral over the outer sphere tends to zero when is inde- 
fiiutely increased. Also let the inner sphere be very small, so that 
A may be considered to be constant over its surface. Then 






dA 

dr 


where denotes the average value of dA/dr over the small sphere. 


Taking the limit for 0, we have 


j "dN=-47TA, 

or A=--!-j-dS (9) 

iTTj 

Here — ^ value of J at the origin r== 0. The origin, 

of course, can be taken to be anywhere, so that wo see that if 

A.4 - - CO, 


then the value of A at any point can be obtained by dividing the space 
around the point into small elements of volume dS and multiplying 
each element by the value of oti/r at the element, where r is the distance 
of the clement d/S from the point at which A is required. The sum of 

all these products multiplied by — l/d^r, i.e. — ~ f is then equal 
to A, 

If, for example, <n = 0 everywhere except in a small volume v 
in which its average value is d>, and if = c, then at any point at a 
distance r from this small volume we have A -== — e/lTrn 

I f 

In the equations AA = w and A^ — ^ - j dS, A and co may be 

the components of vector quantities. Thus if A and co are vectors, 
and AA — co, then 



with similar equations for Ay and A., 
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Thus we see that AA~ w, where A and m are vectors, gives 


A~~— 


J I canfN 
irr I r 


where I now denotes the vector sian of ilie })ro(la^f^ (^fhS We 

may regarcl the vector field of A as tvvcited or piodiiced by tln^ 
quantity co. 


9. SoMtioii 0 ! Equation for a Propagated Potential. 

Consider next tlie e(}uatioii 

AJ- V’lA CO ( 1 ( 1 ) 

where c is a constant and .1 -chljcf^. This unporlani e(|ualioii 
can be regarded as meaning tliato) excites a fiihl which is propagated 
out from 0 ) with the v(‘loeity c. 

T1h 3 solution of this equation can he obtained by means of Ch<‘enV 
theorem in a manner similar to that used to gnd the solution of A J (a* 

Put (f) F {t ~r i Ic), and ?/; in e<piaiiun (7): 

(^A<A - -AA./,) JS (</. - .A 


Hrrc F(/-^r/r) tlcnolfs an arl>itraiy fujictidii i)f ar, wfiidi can 

he a^en any desired ionu. It can easily Ije shown that,^ * F{f j / r) 
} ' r ‘ 

satisfies A^— — by SHltstriuliu'f (he values of (ho dilTereii(ial 

coefficients of (j> in tliis equation. We have, therefon^ 

Multiply by dt and integraii^ from /j to C. Tiius 


j (It I (f>(jo (IS "h 

WS' 


^(<Aa- 




/'.»/■ A*- (C) 


Now suppose that (/ - p f 0 except for values of /-l rV vcuy 
nearly Also let be greater than — r/c, and less, so that 
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the instant i - — ijc bet\\<‘en and L^. Also suppose lliat 
I ' rjc) This requires that i'(^) so large that although 

F{t + fjc) is zero for all values of t + r/c, except those near zero^ yet 
I “ F(l + f • The function F(l + is thus made to act as a 

selecting factor, since when multiplied by any quantity and integrated 
over the time it selects the value of the quantity at the time — rjc. 
Thus 




dS, 


where [oj] denotes the value of co m the element of volume dS at the 
tune t -= — r/c. 

“““ 


the second term on the left of equation (11) disappearing, since and 

<f> vanish when t q and t = Now let the boundary of 8 be a very 
small sphere of radius and a large sphere of radius both with 
centre at tlie origin. Assume that and dAjdn arc zero on the large 
sphere, so that only tlie integral over the surface of the small spliere 
need ])e considered. 


We have 


dA^ 

dn 

dr' 


dA 
■ Sr 


and 




dr' 


also 


: i 

3f 


(L(' + >■/<•) )^ 




9\C 


r, 


where F' is the differential coefhcicnt of F with respect to t + r/c. 

Ilencc 

?« i\ dr iqc ' 


"When /\ Ih very Kuiall, \ve may regard A aud F as constant over the 
surface of the small sphere, and rejdace dA jdr and F' by their average 
values, so that 





/AF^ 
\ »qc 



F dA 
jq dr 



In the limit when iq “ 0, this becomes 

- \7Tr:AF(ii, 

' h 


which is equal to the value of — ivA at the time t = 0, because F 
is zero except at f = — rjc, i.e. when r = 0, at f = 0. 


(D8H ) 
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Hence we have finally 

Af -(, == 


1 / [cu I djS 

i^Js ^ 


( 12 ) 


where [oj] denotes the value of o) iti the element of volume dS at the. 
time — r/c, and / is the distance from dS to the point at vliicli 
A is to be calculated. 

Thus we see that the field at any time due to the aj in any elcmient 
of volume is determined by the value of a> at a time r/o pix^viously, 
so that the field excited by co travels out with the velocity r. 


10. Cur! of a ¥ector. 

In the field of any vector ¥ we can define another vector E deter- 
mined by the variation of ¥ in the following way. (Imsider a small 
plane area a enclosed by a curve of length s. Take the line integriil 

I Fg ds of the component Vs of V along s round the curve .9. Then 

1 [ Yi,ds can be proved to bo the component of a vector E along 
aJ s 

the normal n to the plane area a. The direction of R along the. normal 
to a is taken so that a right-handed screw would advance in the direi*- 
tion of R when turned in the direction in which the !me int(‘gral 
round s is taken. The vector R is called the curl (or roiuthn) of ¥ and 
is denoted by curl ¥ (or rot ¥). 

IL Stokes’s Theorem, 

We shall now consider an important theorem diu^ to Bir ib Cb 
Stokes, which enables an integral over a surface to be transformed 
into a line integral round the boundary of the surface. 

Consider a surface of any shape in the fiidd of a veetor V and suppose 
a closed curve drawn on it. Let denote the length of tlie elosixl curve 
and cr the area on the surface enclosed by the curve. 

Let da be an element of area on the surface, n t!ie normal to ilie 
surface at da, and an element of the closed curee. Then Bt( files's 
theorem is: 

I (eurlV)n da — I F,d.9, (i:i) 

j cr J 

or, in words, the integral of the normal component of the curl of d 
vector over the surface, is equal to the line, integral round the bcamciary 
of the component of the vector along the bounding eurvi\ 

Let ABO be the closed curve, and let the surfaei* Iioiimhxl by it 
be divided up into a large number of small elements by two hi*ts of 
curves, as shown in fig. I . 

Consider the sum of the line integrals of round the boundaries 
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of all tliese elements going round tliem all the same way. Each line 
ekanent not on the outside boundary will appear twice in this siinij 
once tor each of the two elements 
of area between which it lies. The 
two line integrals along any line cle- 
ment not on the boundary are equal 
but of opposite sign, since the ele- 
ment is traversed in opposite direc- 
tions when going round the two ele- 
ments of area on either side of the 
line. The sum of the line integrals of 
round all the elements of area into 
which the whole area is divided is 
therefore e([ual to the line integral of round the outside boundary, 

or 

No\s , for any element of area da, the line integral of l\ round its 
boundtiry is equal to the component of curl V along the normal to 

the element multiplied by da, or (curl da=^j F^ ds. Hence the sum 

of all the line integrals round the elements of area is equal to 

I {GurlY)nda, 

I <r 

SO that we get 

j ^ (curl V)n da = ds, 
which is Stokes’s theorem. 



12. Components of the Curl 0 ! a Vector. 

The components of the vector curl ¥ relative to axes x, y, z can be 
c^asily calculated. Consider a small rectangular area parallel to the 
yz plane with sides dy and dz. The normal to it is along the x direction, 
so that we have I . 

the Hue integral of being taken round the rectangular area. Hence 
JV , ds ={Vy- V,/) Jy + (F/ - K.) dz, 

where F,y, Fj and V,/, V/ are the values on opposite sides of the area 
dy dz. 


But V/ ■ 


F„ 


,3F„ 


dz, and F/-F, 


dz 

fy.<b=( 


dF, 

dy 


dz 


dy 

dydz. 


dy, so that 



^12 

and tlicrelore 
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(curl ?)i - 
(curl V),R 
(curl Y)z = 


di\,_ 

T", 1 



d\\ 

ar 

dz 

' de' 

d]\ 

d]\ 

de 

^ 


(il) 


Tlie curl of a vector may be delined by ilusse (‘(juations instead 

of (§10) by 

(curl V )„ ^ j (lb) 

13. Some Important Relations. 

We have 


a /ar, 

d\\,\ 

'V.i 

^ar, aox a 

A*'' - 

3r V dij 

dz) 

ax/ *'?' 

\dx uj 


, 


_a-i'„ a^r. _ 

d.vaz PaTy 


dijdz 

dzdiP 

'('Z?.r 

i // ? u ' 


or 


div ((*url V) - 0 


(10) 


This means that the vector lines of curl ¥ always form cTista! curves, 
so that the number of unit iaibes of curl V erossimy any sivtioii of a 
vector tube of curl V is constant ulr)ni^ the lube. Ileuce if a is tlit^ 
area of tlie cross-'section of a vector lulie of curl V, a curl ¥ is constant 
along tlie tube. This is true for any ve(‘ior the divcu'gtmci^ of whicT 
is zero; it follows at oncc^ from (Ireen's lln‘or<mi (5). 

If the curl of a V(‘ctor ¥ is zero throughout a region in tlu* field 
of the vector^ the line integral of ]\ round any ch^al curve h in this 
region is zero. The vector tluTcfon^ has a poteniia!, or is (Hfiial to 
the negative gradient ol a scalar. The (‘onvtTse h |uypv<hI as lollows, 

(curl (grad H) ^ (grad N) - (grad 
0 c ^ 

-TT-r? -0, 

(, f/( : c‘:0// 


with similar ecpiations for the // and c componeni.s, so liiat 

curl (grad N) 0 (I7) 

Tlie field of a vector the curl of whieli is zero is said to be irn^fuiloHal, 
and tliat of a vector with zero divergence is eallcal solemidai. 
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TIu' I'lirl (li th<‘ cm I ol a \cctor is an important quantity. We 


(cm 1 (cm ! V) ) , (curl V)_ - (curl V)„ 


?>w„ _ 



-1l 

dijdx 

r)y/“ fl'.“ 

1 

' 0: 

k/x 

~ Cf' 

, ?)r„ , <'Va 


/oH 

dx \ c'j 

01 / ( z / 


U.r 


_ 0_/rr, , aV„ , 

dxKrj ' 0 !/'' (z) \d.f^ d,f ) 

(s^tad (liv V)j — A Fa:, 

with similar c<iuaFons for the // and components. Hence 

curl curl V ~ grad div V — AV (18) 

Wc have seen (§8) tliat if AV-- oj, tlicn 

V - ^ 

IttJ »• ’ 

SO tliai, since 

AV - nrad div V — curl cmi ¥ 


wc luive, for aRV vector ¥, 


curl curl ¥ dS - 


} I ^ grad div ¥ dS. . (19) 

477.//'^ 


IC tJie divergence of a vector ¥ is equal to zero, it is always 
possible io find another vector A such that V = curl A. For ii 
1 

A = j “ curl VdSj then (19) gives ¥ == curl A. 

Ill tliO same way, if curl ¥ - - 0, it is always possible to find a scalar 
such tlhit ¥ - — grad Cl { L7) above. 

The (livergenee of the vector product of two vectors can be easily 
calculated, \Ve have 

J W [A • E] =- [A ■ *) . + [.I ■ BJ. + '. I A ■ BJ , 

-^^{a,B,^AXi) + I U,B.-A.,b) I |(.1.B,-A.B.) 


div f A • B 1 -- (B • curl A) — ( A • curl B). . . (20) 
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IL Theorem of Coriolis. 

The theory of the motion of a point relative to moving axes aflonls 
a good example of the use of vector analysis. 

Consider any vector ¥ represented by the line OP in the diagram. 
Suppose that in time t, wliere f is small, P moves to // so that, the 

vector V changes from OP to OP, 
Also suppose that ue reier tlie 
motion of P to moving axes, and 
that if it remained fixed relatively 
to these moving axes it would move 
from P to Q in tlie iimt^ /. Tin* dis- 
placianenl PQ iluaah’on* r(y)r(‘sents 
the motion of the axes during [, 
Let the motion of tlie axes l)(‘ a 
- rotation with angular velocity 

about an axis 01 tiirough 0. The 
position of the axis of rotation may cliange with tlie imie, I)ut we 
suppose that at the instant considered it is along 01, \\h^ have* 

then PQ-^ NP ^ojt, where NP is the perpendicular from P to 01. 
But NP"= Fsini?, so that, since PQ is perpendicular to tln‘ plane 
containing 01 and OP, we that 



The motion of P relative to the moving axes is represented by QR, 
and we have the vector (vpiation 

P/e- PQhQIO 

or PR^- QR f 


Now PR represents tlie change in ¥ in time /, so tliatf we may 
put PP/^= ¥; and QR rcpreseni,s the change in ¥ riTiiive to the 
rotating axes, so that we may put QR/t — ¥h Hence 

¥=r-¥'+[<^. V]. 

Here ¥ is the rate of cliange of any vector ¥ relative to fixeil axes. 

and ¥' the rate of change relative to axes rotating with angular 
velocity co. 

Now consider the displacement D of a point. P, so that 
D-D'+[co*»]; 

and also consider the velocity D of the same point, so that 

D = |(D) + [‘*>*DJ- 
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Here D is the acceleration of the point relative to fixed axes. Hence 

D - + [o> • DJ ) + [CO ■ (D'+ [to • D] )], 

w here d' ;(U indicates the rate of variation relative to the moving axes, 
ili'iiee 

D i)' -!- Ito' • D] + [to • D'j + [to ■ D'] -f [to • [to • D] ], 

so that iD=--D' l-i^[o>-i)1 + [w'-D] + [to-[to-D]]. . (21) 

Thi.s result, is sometimes called Coriolis’s theorem, after its discoverer. 

If tin' angular velocity to of the moving axes is constant in 
magnitude and direction, 

to' = 0, 

and D=D' + 2[to-D'] + [to-[to-D]]. 

[to-D] ia eq ual to PN ‘cd, and, since PN is perpendicular to co, [co • [cjo * D] ] 
IS equal to PN • and so is simply the centripetal acceleration due 

to the rotation. The term 2 [cji>*]D'J is called the Coriolis acceleration. 
It represents an acceleration in a plane perpendicular to the axis of 

rotation. If the velocity D' is directed away from the axis, in such a 

plane, tlien 2[m * D'] is equal to 2coD\ 

Equivalent results to those above are easily found by analytical 
methods. For example, if the axes of x and y are rotating about Oz 
witli any angular velocity cn, the velocities of the point P{x, y, z) 
parallel to Ox and Oij are 

‘X — yoD, -y = 2 / -f- xo. 

Tlu^ accelerations of P are found from u and v in the same way as 
u and a are found from x and ij. The component accelerations parallel 
to Ox and Oy ai’e therefore 

u — V(x) ^ X — xcjp — jfo) — 22/m, 

and V + y tjeo^ + xo) -“I- 2xm. 

The terms — 2ym, 2,Tm are the components of the Coriolis acceleration. 

15. Fourier’s Series and Integrals. 

A function of a?, say J{x), may be represented by the series 

f{x) = E 

/jsss. — 00 
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wliere n is an integer, for values of x betv'ee]! 0 anrl L To cleteiiiiine 
the multiply by and integrate Iron} 0 iu 1: thus 



The integrals on the right are equal to z(‘ro n is not equal to di 
but to I when n = m, so 

l 

If /(j) is real, then must he n^ah so that 

<*n 

II = 2 j c‘/i j eos jl d 0). 

The avtu'age value of the square ol this is 2 1 (%, j-. 

If/(j) is zero for very large positive and n(‘gativ<* values of x, then 
for values of x between — co and -l-oo w(‘ may assuim* iliat 


where c(/i) is a function of n. To find v{)i) multiply by and 

integrate from —co to +oo, so that 

J -‘J dxdn. 


Now 


so that we may take 

/ -j- CO 

f{x)e~~^*”’^il.r : 


* 7r(u — m) ’ 


' C ^ , .siu27r(^^ — - m)l , 

— m) 


]/ .00* 


Let z ~ 27r{n ~ «i) and dz — ^rrdn^ whiefi givas 

+ " ,sin/: 


r ^ . o 7 1 r / vsin/: , 

/ — / e(/?) (/- 

•^—oo W y ^ t Z 


i ^ 


The value oil ^ dz, wlien I tends to r. and z' and A an- (dther 

both pofailivc or both negative, is easily seen to tend to zero unless 
z' is very small, so that, since when z 0 then n in, we have 

\ /(x)e~“™'"(/x - e()H) 

Cf ' 


because 
for all positive values of I. 


/ 


■ * sin h 


dz : 


, ^ 
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/ ( 'Ti * -]- CO 

y’(/')c"““ ill /(cT) = J we get 


/( / ) / / 

‘•—JO V 

\\lii(‘li is one form of P'^ourior’s inlegrdl. Tlit‘Sc tlicomiis are true lor 
finite and coiiliniHUi.s fmK'iions which Live only a finite number of 
maxinu! and minima in any finite range. They hold also for functions 
with fimie dlseoniimnih's except at the points of discontinuity. 

16. Theory of Two Equal Coupled Oscillators. 

(Joiisider a sysbmi of two {^qual masses both oscillating along Ox 
and acted on by equal restoring fon'es -—[ix and also by forces be- 
tween the i)arli(‘les pro})(>rtional to the distance between them. The 
equations oi motion are th<m 


mxi “b /xx^ + a(Xi — Xg) 
mjtiy fiX3 -b a(x2 *— x^) = 0. 

Let (ft + a) Ini *= rf and ajm ^ c, so that 

x\ d- <fx^ cXq = 0, 

^2 + = 0- 

If the system is oscillating with a definite frequency^ we may suppose 
% = and Xg == that 

-~/>y + fB-cJ^o. 

Eliminating A/B^ this gi%^es ± e. If there were no force be- 
tween the particles, we should have and the frequency of the 

oscillation would be g/27r, so that the cou pling c hanges the frequency 
from qftTT to ~ Vq^ + c/27t or The two equal 

coupled oscillators therefore have two possible f requencics, one gre^ater 
and one less ilian the frequency without coupling. 

If == q^ + c, then B = —A, and if = q^ — e, then B = A. 
Thus the two particle's vibrate with the higher frequency with opposite 
phases and with the lower frequency with equal phases. 

Any linear combination of the two solutions 
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is also a soliitiou, so we may put, for example, 

.T^ - A(r'"’*--c“’''''') 
or 

,T| = 2 n)?,irt{vi — r.,) 

- r.J. 

fa this case, il c is ^mall so tlial (I'j — v^j{vi -1- r^) is small, we may 
say that a:, oscillates with frequency (iq -|- j’ 2)/2 and sloiCy varying 
amplitude 2/J cos7r/(i’| ~ v^), and j\> oscillates with the same frequency 
ami aiiipliimle 2Asm7rt(v|- iw). At f = has amplitude 2A 
and .T 2 has amplitude zero, and at — /j has amplitude 

zero and amplitude Ihl 

Thus if at i = 0, is oscillating and x., is not, then as time goes 
on the oscillations of die dowm and thosi* of y., increase until a:, 
is oscillating and not. The transfer of the oscillations from one 
particle to the othiu and had again goes on indelinilely, 
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EXAMPLES 


CHM’TI']]? I 

1. Sfsow by itifMns of ih(‘ olcotiouMtiitictic e({uationH for empty «paee tbat in 
a plane elect uave tlieel(‘etri(* and rnajjjiielic fields are j)er|ien(hciilar to 
each oilut and to the (hrcriion of propai^ation of the wave. 

2. r>\ (‘onsiderhisi; the (‘lectromaunetic momentum in a train of waves, show 
that the vavis c^xert a pressure on a surface in which they are absorbed (‘qual to 
th{‘ eiuTuy deuMly in the wavtss, 

;L i\ sphfu'e ol elet'tneit y of uniform density expands so that its radius increases 
while its total eluuue remains constant. Show that tlie eiiiToni and the magnetic 
field in the sphere an* e\ cry where eipial to zero the expansion. 

4. \n <‘le(‘tron is projeeteil with velocity v from a point at a distance d from 
a ina^netit‘ pole. If r denotes the distance ol the electron from the pole after a 
time /, show that 

L- rV~\ i(tr,f (P, 

wluTc ?';• denotes the eom|)onent of the vcdodty v alonpj the direction of the 
immmeiic field at / - - 0. 

5. Hliow that t!u' elc('tromap;n(dic am^nilar momentum piT unit lenath alon" 
the axis of a eondmiser consisting of twa) eoniauitric cylinders of radu b and a 
is ecpia! to (6" - rr)/ir/2r, when the char^(‘ piT centimetre on the inner cylinder 
IS e and there is a ma,ujnetic held h alomr the «ixis* 

IL Show thatf the forts' on a magnetic pole w moving with velocity v in an 
eleedrie ludd P is ecjual to Fni{v'r)mniX where 0 is the angle btdween F and 

7. Show that the mean rate of radiation of energy from an electron describing 
a simpit' barmoni(‘ motion of amplitude n and fnapiemy v m etpial to Krj’cf ehPv'K 

8. Show that 

( i l'(P I- H=) rto' } -I- (FV) + r I'^IF H], ,k - 0, 

where P and H arc the electric and magnetic field strengths, p the density of 
electricity, ¥ the velocity of the electricity, Id m the volmnc enclosed !>y a. suiiu‘e 
of area <y, and the sufiix n indicates the component along the normal to the elemeiii 
of area 

f). A condenser consisting of tw'O concentric cylinders with radii b and a, 
with the space between them filled with a medium of spemfic inductive capacity 
K and magnidic permeability p, is rotating with angular velocity ce about its 
axis in a magnetic held I! parallel to its axis. Show that if the cylinders are 
connected togeiluT there are e<jual and o]>posite charges on them equal to 
:1: myHiiiK -- !)(/r (P)lc log(Wu) per unit length along the axis. 
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KX mVLVS 


10 A I orulir '‘V IiikK r . |>M lit indiu tiu' (‘tipac il\ k i pLu'c'd jii a. 

radial ( 4 e( iri(‘ Ikdd of sir(M)ij,th A / a( a / litasi tho n\H of the c^lsiidti'. 

If the (‘ylindt^r is rotaiing \uth anjj:u]ar \eio(it> co, (Mhnilate fhc magnetic ik'kl 
111 tilt eylindcT. 

(ii\pTh:R n 

]. Caleulati' llio inaumdie hekl at a [loiiit on tlu' a\!> ot ti eindt* round which 
an clfM-tron is nioviui* with ui^itorni \eio(dN iSluas that itr (‘ouipoiieuf atonuj 
th<' .ixu-. Ls ccfual to the t!et<i diu to a cum ut, round the ein le, e(|iial to ilu* elKniic 
on the cl(‘(trnri l)\ the junnlxT ot nwufutions it make''' per scctau!. 

2. A niaamdic iield // in .-^iKldt ni> !a<‘n( r<it(*(l perfuiuheul a to iIk* plane ot a 
imihaiii eiitailar rniu of t liadneit \ of etiarm* r, ntas'-, ,ind ladius (l (‘aleulafe 
tia‘ resuHinu anuukir \tioeit\ of tlu^iiiua, a-suinniu the tieid dm* U\ the liui; \ (>ry 
biuall (*ompau‘d w dh //. 

3. \\ fiat would h( tiu' apparent in.e.'uetie punuMlulit^ of .i lone imifonn bar 
tliiMuatei lal ol wliadi was a perleet eoiidiatoroi <deeiruit\? 

4 In tile eas(‘ of a ]ari;e number of biuuLii s\'t(‘in' eat h ha\niu po.>uf>le 
(‘iK'r^K'S d, c, 2c, 3c, . . . i?^c . , . , show tluit in the eipulibnum btate the inieiion 
tor which tfa^ eruuiiy A’ is hiducaai A and | dk is(({Uid t<i ^ dh' IT wfien 
c IS nia(h‘ uididiniteh small. 

5, If I is dtdined the maunetie moment pin* unit \oiume, and B H | 
IrrI, wiiiaa* H is tlie maunetie liejd stienutli. defmed .i*< UMi.d as tiu* laid m*-ide a 
lorn; narrow e,uit\ parallel to I, "i'ow that di\B ti 

b. A space in winch tiuae is a umioim maunctn held II contains // elettrojis 
per cubic e(‘immclre all movinu with velo< (tf the same maifiiitude ; m plain's 
pcrpeiulieuiar to II, Abylednm Itie mutual action ol tin i‘leet rolls, <'atesilate tia* 
int (‘Tisi ty of mnmictizat ion. Ans. II 

7. Ihseuss the analouv between ilu' ‘'Auitaal tempm'al me ’’ a \ whidi terro- 
mau;m'ri(‘ projK'rties iiisappeni and tiie “eritieaf tmnperatuie ‘ abo\e which a 
Yaptmr cannot be lipuc'iuni 

8. daleulati' tile maumfic tieid at the centre of the eireular eleetion orbit of 
a Hohr mamndom 

9 An eleetron of muss spinnimi st) that it has u mauneiit* mmnent ecpial 
to tiiat of a P>ohr mauneton, U [irojeeted with velocils ^ from a point at a dis- 
tanei ' d fnmi a math poi<‘ \i is its imtud vt‘l(»eit\ aloicj the direction tif 
tlu‘ licdd dm* to tlie pok\ and if its matnieth* a\is ptunfs towafils the pole, how tar 
from tlu' pok* wdl it tnd? Ans. \|(9J id '‘dd {t*’2 Id A’ - Im/'/*-')!* 

Id. In Stern and (Icrlaehbs experiment, if I a em, and « // < // Idtpddd, 
ealeulati' tfie mean d<wiation ?/ foi siKer atmns havina a tempeiature of iddd (\ 

(1IAPTMR ill 

1. Show lliat, on the tdasdoal tlieoiw o! fht'nmonie uni^sion, tlie nu^an kinetic 
caierey of tin* ehadrons width eseapi‘ frmn (lu* metal is eipiai Itt that of tlu' tdee- 
Irons inside the metal as tfiev taitiT the surfaci' fauau 

2. The thmamonie eurrent / from a win' is fonmi to Ih' npresiided by the 

ecpialion f *■ wh(*re A ami h are < onsfant'^. Nfiow that it ean bfoaiualiy 

well represented liy m- A'T^z where A^ and // an' not equal J awl Ih 
pnnitied that 

7'ln«4 h~ h'. 


3. If the latent heat of evaporation of the el(‘<drons from a nieial is yiven by 
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fierce p In IIh^ ])r<‘SNun‘ (4’ liu* Hortron u<‘H, and if L - X^, | aT, 

wht'iv a I- a <•oIl^■f.HlX N^nw ihat ihe iluTinioim* <‘urii‘iit dejihity tin ni Iiy 
; J yn ~ J 

1 I tli*‘ ma\!!num Uicniuonu* ('urrent from a stramlii \\ii(‘, d ! inio. 

in ciiaim tor aiui !0 mu. lou‘», to a <*% iuuler surroundnuj; d, of 2 (in. radius, diuAo 
a podidial dii'lurna o of IdO %olts, 

2 Whai fau'i io{i of the saturation thermionic enmait from a wire at loOfP (h 
\\ou!d b(‘ ohiamed uith an electrode Kuiroundun^ the \Mrc at a puteutwl of one 
volt ttlnae that oi the u nv? 


niAi^TKit iv 

1. If a plane .mrfama at potential T, lilunnnated hy uitra-viokd hnht, emilH 
eliH'lroiiN, e<pially in all tiireetioiiH and all witii velocity i\ from ev(T\^ point 
iihnninated, npow Uml the current to a parallel plane at potential zero is eijual 
to /ujl — \(2i4 ) par");, uiuTe m ihe total number of ele<*lrons ennlted per 
SI ( ( aui. 

2. I'he pot(‘Htia! difTeren<*e heltveen two larae parail<‘l metal plate.s h V. 
Thert‘ IS a luntorm maunetic Held // in the space hetwiam them parallel to the 
sui!aei‘s of tln^ plates. A small urt*a on th(' ni‘i»atjve plate is iliuiinnated and 
emits <‘le(‘lronN per sei-ond t\ith nealmihle velocities. Palimlaie tlu‘ current 
betuiam tlie plates wIhii h is so small that the s})aee (diarge can be ne^leetecL 

3. If [ej^' Tj, F(^^)hJ{v)fh 2A7/X {p. hi), show lliat 7V“ Av— n\j. 

4. Two plane circular metal plates A and B, iMch 2o em. in diameter, are 
support(‘d 2 (in. ap<irt. 4’lie pot<iitial dilfereiiee betiwam the plate A and the 
lifound IS mdieatiHl In a- cpiadrant electrometer v\hi(‘h eivcs a deflection of KHH) 
inm. for one volt If potential of the plalc^ B is ehantied from d to 1 volt, 
ihv e{i‘etroim ter defhvtion e!iaiuj:es 2d0 mm. If the plate B is kept at — 100 volts, 
A Ixiny at zero potential, and B is illuminated for iO S(‘(*. !>} ultra-violet h^jht, 
tin* elci'trometer ji:iv(‘s a delleidion of 100 mm. (Vdculatc the curreui Ix'tveen 
the plates due to tlie lieht. Also ealeulate the appartiit capacity of the electro- 
meter. Ans, (‘urrent, I ttH ‘ 10 amp., ea parity 78 em. 

b. How many (|uanla piT second of frequency v 3 K ltd‘^ per S(‘eond falling 
normally on a black plate \\oultl gi\ e a {orc(‘ on the plate of I thne*** If the plate 
had a mass ot I gm. and specilie heat 0 ! calorie per gramme per degree (Vmti- 
grade, at^ what rate would it.s tenqxTature rise? Ann. I 53 X 10““; 7*10 10^ 

dt‘grees (Tntignuk* per second. 


(TIAPTER 


L HImhv that^ the immbcT of waiys in which N like objects can bo arranged in 
n box(‘s js ecfual to /nh Ibiice slKn\ that when a gas containing N atoms expands 
freedy from a volume Fj to a volume its entiopy is ineriMScd by JcN log( IT / Fj). 

2. 1110 eiKi’gy of a colie(*tion of like systemH, each of wliadi can have eiuTgy 
0 or c only, is equal to T'Xc. Calculate the temperature of the collection. 

3. If N objects are distrilmtcd at random among Jf boxes, show" that, wlion 
Jl and N are veuy large, the fraction of the boxi‘s 'which get u objects is eijual 


to 


( 

y -1- jz \N 


N \ r 

Y hi/) * 

bution of eiKU’gy among /^^^systems, ejuh of 'wliich ean have (uiergies 0, c, 2c, 
3c, ...» 

4. DchIucc AlaxwelFs huv for the distribution of th(‘ \el()eiti(‘s among the. 
mok^Gules of a gas Iroiii the quantum theory of a monatomic gas. 
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EXAMPLES 


5. i ‘almilatr' the apour pn-sure of nuTain \ at 0 ( L iii inillmietrcH of nicmiry, 
by means oi the (‘((nation (p. 7o) 



Cl HIk^v that, ac{‘()r(linii: to Peh^els tlioory ((i speeiOe heats, the shortest 
possible Ma\T-h'nt£th in .i holnl is neaPy equal to tiie mean (iistanca^ between 
the centres of two adjacimt at<»nis. 

7 Assumiiin iliat lieat r<u!iaiioii eousisi-. of ((uanta of energy hv and that the 
pressure p on tlie \ud!s of a %a‘Soel eontcomno: radiation <d eneryv density E is 
e{|uni to i’J/d, show tlial p - OdlO . . . ^‘\/dh \\ht‘r(' th(‘ uioida‘i of quanta pea 
eiihie eentiiiU'tre, k tlK‘(i,as eonstanl tor 1 luoleeule, and 0 tlu‘ ab^^'olute tcinpera" 
tare 

8. If an electron of mass m and elrarLU* r is (h'seribniLi; a (un'idar (»rbi( atanit a 
lix(‘d positive (diarm^ /A and if tlu^ an'j:u]ar mona'iitum of the i‘l(‘etron ean only 

be equal to nil TI t:, ^\ller<‘ n -- 1, A Jh 1 slum tiiat ilu‘ { neray is tM|uai to 

A — (2r:-c“/'/''w) {nVi^). where is a (onstant. 

Ih If the aeceieration of a partieh* reiatu(‘ to fixeal axes is A, show that 




wliere R is the distance of the partule from th(‘ oiimn n‘!ativc to axes rotating 
with constant angular \eloti1y co. 

Id For a pendulum eimsisting of a parta'lc of huins n?, suHpend(*d liy a thread 
of haigth /, dt'senlnng a (ureh* in a honzontal plau(\ show that ac(‘ording to the 
quantum tiR‘ur\ the possible values of u t!i(‘ radius of the circle, are given by 

/d/p 

r IdTrb/iy- 


wIk'O' n ~~ (h f, 2, 3, - . , 8how aPo that if / is slowly made shorter the kinetic 


en<‘rgy dnided h^\ tfie fnH(iU‘ncy will rcnnain constant. 

I L For a particle of mass m moving along tlH‘ .e a%is and acted on by a fone 

(Hpial to {“" jxa), Hehnxhiiger s eipiation A6 (/e/ laHHuncs 

h 


^ 1 " 'h, (/(V — 0. Trandorm this into ^ ifyh " th wIutc 

(:.i“ «"■ I f/j- ^ 

2v%andv,j ~ /Fn Fimi a solution in the form c " L* Xrqa/'h and 

V 

show that if V -- tn . I (// d, L 2, 3, . . .) tlie series terminates. 


12. Draw' a graph showing the number of electrons with moiTumta bt^weeii 
p and p -|- I as a function of p for an (‘l(‘efron gas with Id-^ eketnms per 

at tempi ‘rat lire idd(^“‘ I\. 

13. Show that the constant {i in the FermhDirac theory of an (dectron gas 
is e(|iial to 1/1*0. 

IL Bhow^ tiiat the path of an electron in an eliK'trie ileld is the same as that 
of a ray of light in a medium of refractive ind(‘K V(/i — F)//:/, wiitTC E is the 
energy of tlio <‘lectron and V its potent iai energy, 

, fgr//>r/v __ 

15. Show that w^A(E-^ F)""b'4e I h ^ where f = V2w(A' — V% is 
an approximate* solution of Sdinidingor’s equation for a particle moving along 
the X axis, provided that V vark's siowl}^ with x. 

Id. If V 0 for X < 0 and V — Fj, a constant, for x y> 0, hnd solutions 
of Schrd(linger’’s equation — F)?e/F -- 0 which satisfy the 
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lioiiiid.in <‘n!i(iiiioas iliai w aiitl jau^i }h‘ continuous at x 0. Coii&irlor 

the t\u> cases ^ Fj inid /^' ' ['i, 

17. Hhow that the nonuah/a d proper funetiona for the li}drogen atom with 
71 — 2 are 


2 V2Ka^ 


e-fi2 




1 

2 V2n 




where P is eosO, - _ sin(W», or ^ and a JP/iTt^mc^. 

v I V 2 

18. Show iiiat Sehrodinuer's {M|nation tor a inolccuio consibting of two 
atoniK with Bia'ihes Mj arui at a lixinl diataxice d apart is 


I ^ / .. l ir\ 1 (}^w 

slni) oi}\ Pt) ^ 


Sn^fE 

IP 


= 0 , 


where 0 an<l 9 are polar co-ordinateH of the liia* ioining the two atoms, and 1 
is the moment, of inmlia of the molecnlts aliout <in axis tliroiigli its centre of 
mass and perpeiidieular to the Ime joining the two atoms. 

19. iShow that /i’„ for the molecmlo of (18) is given by 

^ Hn f 1), where w = 0, 1, 2, . , . : 


20 . Calculate the chance of a transition from Wj^ to lOg for the molecule of (18). 

2 L Rhow tliat scattering of electrons by a fiositively eliarged nucleus may 
be explained by supposing that the do IJrogiic waves of an electron arc scattered 
by each elenuuit of volume near tiie nucleus and that the waves scattered have 
amplitude equal to ^remV jlPrdxdydz, ivhere F is the potential energy of an elec- 
tron at the element of volume dxdydz, and r is the distance from the element of 
volume. 

22 . Bhow that = //q/27r, wdiere p is the momentum belonging to the 

co-ordinate g. Fso pw ~ wdicro w is a function of g, so that qpw is not 

equal to pgie. 


23, Show that — p^f - 


ih df 
2Tc5a?' 


where /is a. function of x. 


CHAPTELi VI 


1. (Calculate the potential dillerence in volts through which an electron must 
drop in order to have enough enc wgy to move the electron in a hydrogen atom 
from the orbit with (piantum number 2 to that with number 3. 

2 . Oalciilafce the average kinetic energy in ergs of electrons from a wire at 
2000^’ C. What potential ddlercnce in volts would be required to stop an elect roii 
having this average energy? 

3. The potential difference bet-ween two parallel plates is equal to F. dlie 
space betw'cen them contains a gas at a low pressure, the molecules of which are 
ionized by electrons which have fallen through A volts, but collisions with slower 
electrons arc perfectly elastic. If tlie negative plate emits « electrons, sliow that 
the charge received by the positive plate is equal to ne^2v, where p is equal to the 
integral part of F/d, assuming there is no ajipreclablc recombination. 

4. Calculate the ionization potential of an atom consisting of a heavy sphere 
of electricity of uniform density, charge e,and radius u, with an electron with cluirge 
— c at the centre. What value of a would make the ionization potential V agree 
with that given by the equation Ve ■= Av, where v is the fre(|uency of the ciect-ronT 
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EXAMPLES 


5. Oalrulaie tlse ioiiiTiaf loii of a iif liuns aUaiK ax.uiiiHiiu it to (‘fiiisist 

of a heavy niK'lou^? uitli (‘liariiio 2r *tn(i (wo eiteti‘<nix moviiiii, rmuitl a eirek‘ at 
opposite eiitls (tf a dumcter, the angular nioiu(aitiuii heinv e<{ual to // 'tt. When 
the alum has lost one eieclroii, assume that the other oiu‘ luoves in a eiivle vitli 
angular moment ii in /i >2- 

Vll 

1. All X-vny tube iis(\s 30 milhampcTes at HHhOtH) \olts. Assuming that 
1 per cent of the energy gocH into X-ia\s uhieh are emitted e(|iiallv in ai! dinv- 
tions o\er a hemisphere, ealeuLite the tauTgy (d' the* ra\s falling on i s(]. (in. 
per second at a djsl in(‘e of 1 m. from tin* ant i-(Mthod(\ 

2. Calv iilate the ivave-lengtli of X-rays for which the mierny of (uio (piantmii 
IS erg 

3 A (‘iw^stal consists of eiju.il atoms turangi'd on a eubieal space iatlat*, ihf* 
eubieah^kmuails having Side's o A I0”"‘'<‘m kmg. t hhailatf' th'‘ iirst ordiT L’laneing 
angles for X-ia^s ol wav(‘-length horn liu' (100), (210), .nid (1 12) htee^. 

4. Tlio refractive ind(e\[x ol a snhstame Itu light o{ irecincnt } v is gnem hy 



where v.s"- 3 10^'h (hh ulale i]H‘ iefraeiiv(‘ indi's: for X-rnvs of wave-haigth 

10 eiiL, and the (‘ritual glauein** aneh' i(U* ioial reth'etion ot thes<‘ ia\s ,d 1h(‘ 
suilaee ol tlH‘ suhstaneta 

a Ii V-rays aie ndh'eted from the siirfac‘e ol a etgstai the rei'racdni' index 
of wludi foi t}i<‘ rays is ix and grating space d, shcn\ that 

/cX - — (l/pd eos“0» 

(). If Oj is the \afiH‘ of 0 foimcl when n ~ hi the pnw'ious exampkg and 
Oj that witli in, show' that 

. ^ 7?rshd0j — ^in‘*{h 


Putting )i{ki 2(/ sinOi, and ?cy j— 2dsin()», and X^ — X^ f^X, sliow' that wPen 
(5X X|_ IS sniidh 

j siirO, 3X 

{ny -nj)X 

7 h)l<‘(‘trons are propeted witli veloeity r from a fHmii in a uniform magnetic* 
held //. 'Fhe eh‘etrons all start off m m‘arh tfu- >ain«‘ direetuan whh‘h is p(*rp(*ndi” 
eular to tlu* h(‘Id. Show that th(*y will <*dl pass thremgh a lim* parallel to t!u* Ih'ld, 
and tim^ the iio.-.ifion of 11ns lima 

S. Show that ataau’ding to tin* c lassien! t!u*(»ry tlic fauTgy .'•eaitcTf d per s( (‘ond 
b;\ an ei(*etron, wh(*n in a beam of plam* pchanzed X-rai g inside a ecuu* of solid 
angle* dw making an angle 0 with llu* diTe<*fion of tin c‘hH‘trie lii’ld in the ia\'s, is 
ei|na! to {F-e^ sin"0d<o)p lai^nV*), w}u*re F (hmotes tin* root mean sgnao* of the 
electric in tin* ineichad ravs. 

Hence show' that for nnpolarizcd im\s the (‘!U‘rgy p(‘r sceemd in a ihjiu* making 
an angit* 7 with tin* direct ion of the ray.-^ is (PA (I , corvldw. 

0 . Show that it is impossihle for a free (‘le(‘tron nntially at rest* to eompietely 
absorb a ipmntum of radiation* 
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10. \. II. ( MNifituir, of tfn. of X-ravs to flip ca.Ko 

of ,j oiiaiiluni //V iH'ijPj l>\ <ui t 4 H‘lrt»n OHAin'i indial!\ \\ilh \duvii\ r 

in 1 dinH'liMii makoio an a!t'l<‘0 ^wfls tfiat in uhi«'h the (|uantuiii ih iiii>\jnu' 

II ralriifatr IImm lianur ufien liiilit (if \o'n (‘ lonatli 10"^ (‘in 

IS o.iHanni h\ lon^ (iMrtion^ in a diit'pfnai |>or{M‘n(licnlar to tht‘ <iirc(‘tion o{ 
|)rupana1i«*n ni tin hnht* W'niild )ou ('sput I 0 liol this (‘liiui'ir \\a\e-ieimth 

hnlit !- n‘|]p(*l(<I from a lualaHa niirntr*" 
l:k ^h<»u that tho (‘hain/r of ua\ duo to rioaittTina of X-rays by free 
on iho <niantuin lhonr\ i; Hio ^anu ai- that iiidieutcd the* oiashical 
ilst'on for so.Jtornn] !)\ oiodroio !uo\iii‘i ni tin* diroolion ot tiic iiitidoni rays 
w ilfi a ('(‘ilain \ t !< Kut \ , and oal« uLd(* thin . 


(’HAP‘rFdJ Vill 

I 11u \\a\o nuinboiN of a spot'fral >vru‘s aro IS, “>7, 25,215, 27,555, 

2Sdl'i7. Show ill si I!h‘ limit of tiiih .otion i ^ <ip{>ro\iinatoly 52,03*1 

2. dho \aiur oi tlu^ comdant A* in tla‘ formula. 



for hydro'/oii is 100,578 3 and for lu‘liuni 100,722 0. Sliow that for an atom 
wilfi a vorv !.*in»o \aluo of Z it is 100,737 7. 

3, Tosild limw of wavt* num!HT.s 3t27‘5, 3S(;8*3 ho iiiu's in iln^ Kpeedrum of 
atoinii* h\'dioypn? 

4. I’iie ^\avl* numhiTs in a hand sfiesdrum an* ^ivon hy v 20,000 ± 1000/& 
, 0th/“. (^aimdaii* tho W’a\a nmnlHT lor tlm head of tiie banri. 

rh Ida* wavp luunlaTs in a hand HptMdrum an* .^iven by v 1000(2?/ — 1) 
when ?? i -1 positive, and v- - 1000(2/? | I) when w is n<*.t?aiivc Caloulate the 
monuait of iniTtia of the niolec'ules emittlni^ this spi'etrum. 


tdiAPTFIl IX 

1. A iiydd. Ih-xibli* wire Hch in a jilane which is perpendicular to a nomiiniforni 
nujynetie tiekl. it thf^ ten.sion in the wire is 7h and li earriCKS a current c, show tliat 
it lies along a possible path of an eleetron in iii(i field, provided 

7^ ?//?? 

c c ' 

where m m iho mass, e the charge, and ?? the velodiy of the fdectron. 

2. A particle* of nia.ss m mid eiuirge e is projected from iho origin of co-ordinates 
j\ I/, along the .r axis with vtdoeity v. There is a magnetic held 71 along tlie 2 
axis. If f/i IS th(‘ y co-ordinate of a ]>oint on the path of the particle a^t a* i, 
show' that provided y/at is sraall 

3. if iiiHiead of the inagnidie in the previous example, there is an 

deetric lk*ld Y along the* y axis, show' that 
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4. 8I10U thai- tlio etjujiticms of motion of a partic*l(‘ of mass m and c 

in a mamiotie iiel<i \nth ,r, //, *. < ompoin nts F, f/, // am ffi,) ~ f{IIii — (/-;), //^// 
f(F;j — i/a), ' fvVj'-— Fy/), and slum by nutans of thes(‘ equations that tlio 

Y(*l(K‘i(y (4 tile partmk rtananirt eonstaril. 

5. ii F and // ar<‘ zero iiml tlu‘r(‘ an efeelnt field }' atony the // <L\i^, show 
1 1nit 

)NJ ei///. nil/ r -ii. d. 

8iiow that a stjhition n uiven bv a J -h v.) ' }\'!L \j A cos^cof 

and fold the siyniiieaiua' of tlif (*onstanfs J, e>, a. 

t). A partiele earnmy a charue e and havimji: iiutLii kimdie enemy T passes 
through tile radial eletdiie held iietneiai two eomaaitrie s«plu‘res of vdiK^h the 
outer lias radius F and tbe inner a eiiar‘H‘ F. Siam tiuit 



where h is' t!u‘ perptaidieul.ir fioin tiu' etuif re of the spiuTi's to the orimnai flireciion 
of the path, L FI\ and is tlie .inyh' tlironaii tUneh tlu' pa,th is delkvted. 

7 Hit' velocity r oi an c^-ray \Uu<*Ii lias IravelltHl a. disfanee a* is i;nen bv 
id - - -d{F — a*). >Siiow that th(' tim<' it takt‘S to yo a distaneo a' is t l:A^^ 
\IP — (R— x)\\, (’aleulaie th(* force t>n the particle as a function of a, antfas a 
fimetion of /. 

S. If an a-ray makts a hea<l-on cttihsion with a hydroyen atom at rist, and 
th(‘ eolliMon is perha’tlv elastic, isdiailate tlu' ratio fd tin* vidoeitx ui\<‘n to the 
liyilroycm atom to the initial V(‘locity of the a-ray. 

th If a-ra\s an scattered hy a slieet of yold eontaininy ltd”> atoms per square 
centimetre, and the initial velocity of the ray-i is 2 \ lti‘‘ <*ni per seecuid, what 
fraction of the ra>H will Ik' seiittered tliionyh anyl<*s ladween HO" and lOtf 

iO, (Calculate the pidential dilTenaiee iii volts re{{uired to yivc' an a-ra} a 
velocity of 2 y KF em./MV, 


(HAPTKR X 

L What maynetie and cdeetrie fiidds would lie neec'saa ry in 4. d. Thomson's 
positive ray parabola apparatus (p. 220) to yive erfiia! ekadrie ami maiimdie 
deilections of 2 cm. with posit i\e rays eonsisliny of oxygen atoms (‘arryinu t!u‘ 
piotonie eharye e. Take </ 5 cm., / «- 20 cm., and r HP <an seia 

2. i^leidion sc'verai possifile posit iv<* raws for winch e m 002 appmxi- 
mately, 

3. in Aston’s mass speetrouraph (lig. 4 p. 232), if the anyk' befwetm AB 
produeeil ami Pd) is denotisl liy 0,^ and is supposisl constant, sfiow that for BI) 
to be independcmt of the velocity of the rays we inusi have 0 O^j. 

4. In Aston's mass spivtrograph iTui, 4 , p. 222) show that if // lilb tlieii 
. - 0(m c)d(c;ni), approximately. 

0 . In Dianpstm-'s metliotl of finding r in (p. 22.1), show that d/y' -‘-.l(w/c) 


(HAPTKR XE 

1. Show tliat the average' life of tlu' atoms of a radioactive body wliieh dmiys 
according to the <H|ua1ion AT ■" A’yC""^ is eipial to I, a. 

2, Show that the average life of the atoms ol a radioactive body" wliieh dis- 
appear during an interval t w eipial to 
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7i \ - 

IVhl'ii / is very sniall, Uiai thi', reduces to y. 

d I'ah ui,d(‘ the ueiuht ju ! 4 nu)uu(*s of i <\ rit. ot radoii i^ah at 0 (h uiifi 71)0 mm. 
4 ihie milliu'ranniU‘ of radium ih ip a Muali eavii\ of radius 0 5 mm. ai liiv 
ft litre of a spluTo of radius 2 ein. and thermal eondiK'livity (^01. If the surfaec 
uf the splHT<‘ is k(‘pt at 0 (U what v\iil lx* tin temperature of the radium? 

5. After how many years would iiutialK pur<‘ uranium eoiitain i per eeiit by 
weiulit oi l(‘ad'^ 


rifAPTEIt \ll 

L If matter eonsistH of nothme but ehHd.ra*. point charges attraeling and 
repelling according to the inverse square of tlu^ dtd.irice, show that, on classical 
tiicory, there, is nothing t.o determine a defini1(‘ for any piece of matter or 
atom composing the pitsv. 

2. In collisions lietween two particles, of equal mass, one initially at rest and 
one moving with velocity r, the final dire<‘tions of motion redaiivo to tiio centre 
of mass are dcdiibuted equally in all directions. Cilculato the distribution rclidivo 
to fixed axes. 

3. The radius of a nuehms of mass number A is 25 X Assuming 

the particles in the nucleus all have proper functions only appreciable m equal 
volunK\s wliicfi togidher make up the volume of the nucleus, calculate roughly 
the root mean squan^. oi ilio mommituTii |kt particle w'licai the nucleus is at rest, 

4. Show by means of WVizsac-ker's formula that the known iicavier nuclei 
cannot disintegrate with the emissicm of a proton. 

5. Calenlato the wwo-leimth of the y-rajs for wdiich the target area for 
disintegrat.ion of a deuteron is a maximum. 

(». By using the atomic weiglils of the seven lightest elements, find if they are 
stable for disintegrations with the emission of protons, neutrons, or ^-rays. 


CHAPTER Xin 

1. The gas between tw’-o paral]<4 plates at a distance d apart is ionized so that 

q positive and g negative ions are produced pin* cubic centimetre per second. 
8how that tlic maximum or saturation current density is eqxud to dqe ^ L li 
the current density i is Jess than f, show that, assuming everywdiere, 

approximately, where P is the potential difference bctiveen the plates and a is 
the coefficient of recombination. 

2. In Zelenyhs method of finding h (p. 282), show that, if b — a -■= h is a small 
quantity, then 

" "" Xd' 

where v is the average velocity of the gas an<l X the electric field strength. 

3. If y IS the velocity of the gas between two parallel plates at a distances d 
apart', and ions start from one plate and reach tiie other at a distance A, in the 
direction of r, from the starting-point, show that 
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wiuw A' is llip i-lpfiric fii'ld iit ;i <lis(uu<'c i imm llii' pl.iic ai the inns siari. 

4. In ! januoMiirt method of Imdiim iP li inht(‘a«i <*1 iotuzaii'-’ the aas 

over the whoJe dLsi<uKf‘ bdwt'tm the {)l<d(‘s it is onU' ioju/aul iii a iiim la\er imd- 
^\d\ heiwetii the plates, show huu tlie eharue reeei\(‘<l by the plates Will vaiy 
Willi tlu‘ time inteiwa! 

5. Assuiumu, tliat an ion inovmijj throuLdi a s^as with xelcK-dy r h retarded h\ 

a foi'ee equal to show lliai the Aelneity of the uai due to an deetne flchd 

X IS ccfiiai to \vh(a’(^ is (he distanee the ion mo\es tiiroueh tile gas 

when proj(‘eted With jiutial velo<*ity h . 

0. A(‘(‘ordingi(> thi^ kimdu* th<M>r\ of e<ises tlieeoei'lieiiad of djlfiedai is apfiroxi- 
matel> ai\eii hy /v ^aT, and t}u‘ \elo(Mtv vif an ion due to a held X is IX 
Xr},wl\ Deduee tiie e((uation /.’ A-‘\V liT (p lN7) from (Hjuations 

7. faleulate the total nundier ot ek'etnais in a <irop of waftr whteh tails m 
air at ratt^ ol I min. per se* ond. 

S Is it possi!)le ior a eharged drop of mereury wliieh faiU in air ai the rate 
of 1 mm. per second to remain at r(‘st in a \ertieal lh'l«l of dlHHl volts p< r eenii- 
met r<‘? 

0. A number N of moli'Ciiles in a gas is imifoimiy ilidiihuttMl ovia* (lie volume 
of a sphere of radius u. Cat ulatt* tht‘ nuMii squai(‘ ot thi^ du'-lame of 1ii(*se inole- 
cul(‘s from thc^ < entu‘ of the spliere aftei a time I 

Jt) Hhow tliat it X moleeiiles m a ua> tlesmihe a hvv paths, the mean stpiare 
of th(‘ distumr of these moh'eiiles iiom <in\ pmnt is inertsnseil h\ 2aA“, whm‘eX 
is the m(‘an frei^ path 

11 Th(‘ vapour pressure of a sphi'ruaii uneliarged cho[» of ladms n is grt‘uter 
than tiiat, ol a, plaiu^ surface by 

p a 


where f/ is the ileiisny of the vapour, 0 that of tln‘ Inpud, and T the siiiface 
tension oi the liquid. I.f the drop i‘aiTKs a eharae A. »show lliai 

'A 

p \ 7 St:u ‘ 

Hmiec calculate the radius of a water drop eanwing the protonic charge c for 
whi(*h - 1). The surface tension of w<iler is 8(( duuss eim 

12 Air saturated with water vafKair at Iti C, ami 7hd mnn i" suddenly 
expanded m the ratio J . 1-5. Caleulatc the amount of water which t'ondenses, 
and the llmd tempi ‘raliire. 


(HAPTMR XW 

1. In d'ownsmurs ap])aratns (p. h tlie slit at- H is replaced h\ a smaii 

hole at* the centre of tlie disc li and thf‘ lower plate* Cf I K is di\ ided into a eireidar 
disc of radius 7 surroimdt'd hy a coiu'entru rmi\ slnnv that ilu* iraihion cd the 
charge ri'aeiung tli(* disc; ol radius n is i— where oc ql[:^/r7A,e. and z,i 

IS the vahui of ,'3 at 11m lower plate. 

2. Assuming atoms of argon to !>e hard s[>heres and elt'etnaw to he points, 
calculate the diameter of an argon atom if the nuNiii free path of a liigioudHit} 
eieihroii in argon at 1 mm. pressuie is 0-M7 tan Ans. 7*S * IP '* cmi, 

li Show tliat when an electron is mo\ing in a sfronir t‘h*f‘trk‘ field X in a gas 
at pressure /A and we supposi' that the vcloeity of the <*k‘tdroii ts nHlwed to a 
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siiiaii if'i 'Mf’h 4 (till Miii, |?H‘n if. uliHjty ihroiiuli IIm* r proporlitsiuil 
{ LI '' A / f 

I it 7 iiuinit • llu ji'ui'lH \ ni jnir- o1 Kjjt-, prntiiH'iil 1 a a'l «'1 m Irnii jkt (7‘uti™ 
fjiiirr i if a lu M \ ui f i* i' at |>r<* sui<‘ //, and li u(' suppo.a' thnf tiie 

fui'\t , Hi a -fiaiiiit -hnu thal 7 . (/> /p: ulu‘ri* Aj is Hh* 

lifT pat [i ui 1 li» i In UoH a! I niifi. pi'r aiK , tUid 1 i ^ f he potiHil ni throiiufi liidi 
UaMhalrfai lufi \ dtopffM'jj < HnuvItfiM'UA i<> iniu/za a niolpdiha As.suhh* Ih.it 
t‘\tr\ at ulna!} lht‘ an* r>\ ni lla alartioii is L'raatar than f ( luia- 

z.itif'ii and llul af »\uy Mtilninfi tht* U‘loait^\ uf the «4<'a(i(ai is rsHlucatl to yarn, 

a II rha oloatri* laid tuo paralini plates i" not umiornu ouiii<£ to 

liio pnanao ol unniHaf fUitiilnas of ions an<l ('Inal rois, she »\\ that, aHsiiinui^ the 
rloi f mii., |)ro^illi o lof, Ia i odsion hot that tlu* nai* do not, 

" J •" I ' 

/Z *' 07 

f) ^ * V 

j li}i‘ <oi)iiition for a eoiitininaH tli-eharL<‘, ularc' y ia Iho ninnher rd eleetrons 
iiharatfd at the {'alliode Ia the impai t <4 a fKhnitive ion, 7 is tlu^ number ot {lairs 
of loiH pn-diieed by an ojeelion |K*r ('enlinietie, and I) lu the disttin(‘e bedueen the 
plab-s. It A i'M nn^ian^,^li(A\ iiiat theahoMs'onditioa reduee- hh y/(i j y)* 
If *j IS a eonsfaiit, and / /d(A />), shtAv thid th(‘ condition fur the potentlai 
d{{lerenec‘ to he a ndniiumn is pl> plJ) /{V'pU}. 

rilAlTMH XV 

1. In the (fu‘or\ oi the variation of the potential between parallel electrodes, 
with an ionr/anl uas betvosa) them, show that it, in th(‘ la\er of thiekneas Xj, at 
th<* posilue eleetnsde, U( assunn^ (/- ,7j/p/o </( I --a’Xj), then the potential 

drop Ti at this eieitroile is nnen ]>y Vf ' t l\, 

7r) 

2* dlie cuirrent in ainpt'res throneh a tianie bet\UH‘n t\u> paralkd electrodes 
at a dihlanee (/ enn apart \^as ;iiven by the eipiatioii 

I 3 d 

\Uiere » eurreni and V~ pidential dillVnaiee. The cross-section of the 
t!am<‘ was ubtini I sq, <*m. If tne vtdoeity of th(' negative iom due to a fieki of 
I volt per eentiinelre was 7tHH) ein./seo,, eaieulate the number of negative ions 
per eiibie eentimetre in tfie flame. Aim. 7*5 X lOX 

3. (hkmiate the tliiokm'Ss of the layer in vluch tlie field varies, at tlie cathode, 

In the iianie of the prevlmis oxamph*, taking the inohillty <if the positive 10 ns to 
k‘ 2 em./see. f)er voH/eentimetr(\ when tiie current is lO-djxj^Qp. 10 

Ann. In tM>3 eim 

4. If one <d<‘(d»rode in the flame c)f ex*unpie 2 is coated with lime or potassium 
carbonate, show that tin* current due to d3t) volts will be 210 times greater in 
one direction tli.in in the other. 

0 . Hhow that iogqyAb^/A"! - - 50d8( Vi — where and Ki are the 

ecpiilibrium constants for the eqiiiiihnum between the vapours of tw^o metals 
and (icetrons at tiie absolute temperature T, and Vi and IX are the ionization 
potcaiiials of the metals in volts. 

b. The ionization pot<*ntiaLs of <*a»Hium, rubidium, potassium, sodium, and 
lithium are 3-87, 4*15, 4*32, 5*il, and 5-36 volts respectively, »Show that the 
relative miiub(*rs of atoms of iliese metals requirial to give ecpial ciaidiictivities 
t<f a llame. at 2000'' L\ arc approximately as I, 4*8, 13*2, 1330, 5731, wlien the 
amounts are not very smalL (The relative numbers of atoms to give equal eon- 
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ifcioH to a Buiiseu ilamc aro found r^xiJerimentally to he a})oiit as 1, 

7-3, !)3U, iim.) 


(dlAPTEll XVL 

L In a iiuiforiu positive eoluum, asHumnu; al! tiie loiuzalicm to be due to 
collisions I)} the eleetioiis, and all the loss oi 10 ns due to diifusion, aiul the rate 
ol loss to be inversely as the pressure and ])ro])orlional to the number of eleetrcms 
piT eulue (‘entimelre, shou that the ndatioii between the elecHno h<‘ld X and t!ie 
pressure p must lie of the ionn p-fiX p) ~ eonsiant, vvhert‘/(A" p) demotes a furu*- 
tioTi of Xjj It A y- ^ j), find /( A" 'p). 

2. if m an elect rie diseharue throui»h a the elect ne mbmndy A diminishes 
as th(‘ ciiirent density meri'ases, show that llu‘ eross-seet ion ot the discharge will 
contract nidi! th<^ enromt densit\ has tlie value for whit'li A is a minimum. 

3 Th(‘ ‘■‘normal'" eathoih^ fall of potential is approxnnidely equal to the 
minimum sparLma ptdenthd Diseusi* this result. 

4. The variation of tht‘ potential m a diseh.irei' tube close to tlie anode is 
similar to th<it iiimr tlie eatiiode but on a much Hinaller scale. Wliy is this? 

d. it lias bemi tound that a uniionu jiositive column in a diseharuc' tube, m 
a ina!j;netie field pea pendieular to its length, movivs sideways in a direetion per- 
peiidieiilar to the mamietie field and to the length of tiie column, with a viTwity 
«ippro\miat(‘ly proportional to tlu' maunetie field IJ and inversi*!} to the* pressure 
p. Show that w{‘ should (‘\p(‘i‘t the viTuatv to he equal to ///yw Ad wltere /q 
and r.j are tlie velomt ies ot tiie positive and negative ions along tlie column, aiul 
A is the (‘lectnc intensity. 


CHAPTER XVn 

i If 34 pairs of Ions are generated per euhie (amtimi'tre per ‘^eiamd in the air, 
liow many })OHitjve ions will there be pcT (‘ubic (bcdlieient of 

eombmation — 34tldc, with e in elect rost at ie units Ann. HHMl, 

2. "IVhat will lie the* eonduelivitv ot tlu‘ air m the previous tsvample, lu eli'ctro- 
Htatie units. If A, ~ Aw - 1-b vm.iHv. per voitymi ? Ans, 

3. if .3 eni. of rain fail, eonsislinu of drops (12 em. In dianu'ter, eaeh carrying 

a eliurge of d’77 eleeiroslulic units, what will he the tdiargt^ naaaved by 

the earth per square kilometre. Ann. 4r>t> e.s u. 

4. A eluud eonsisting of a sphere of radius 0 5 Lin,, vuth its eiaitre 4 km. 
abov(‘ tii(‘ earth's surfai‘e, ihscharsies to the isarth. If there are 8'*l x ltd drojis 
per eubie eentmietn* in the e!ou<l, eni*h earrymg n charge ‘P77 IO”dip,H.u., 
what will be the efiange in tin* V(‘rtieal eliMdru* tiekl on the earth's suifaeig at a 
point 10 km. from the point veitieally iielovv the centre i»f tlie cloud? Ann. 
4 volts /em. 

5. Tf tliere were a current ot 501) amp. into thei^arth from tlie air in the northern 
lieinispluTe, and a eumait of 5(H) amp. from the eartli into the air m tin* southern 
luanisphere, how nmeh work in ergs would be napiired to takc^ a imlt magnetic 
polo once round the equator? Ans. 630. 

PHAPTEE XVm 

i. 8how that |- //- •}» is transformed into d- 4 

by the transformation 

ji - .tf eosha -b rP sinha, y ij% 

JC^ * 

i - P eosha + ' ninhcc, z -= z'. 
c 
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If a = J that this transforniaiion {ij 2 ,rees with that of the special 

theory of relativity. 

2. If the electric field in a ray of light travelling along the a; axis is propor- 
tional to sin-- (.f ■— ct) to an observer at rest relative to the axes a:, //, z, show that 
A 

to an observer moving along the x axis witlx velocity v the field in the ray will 
be proportional to 

sin dO, 


w'licre 


X Isz 


3. If an observer is moving along the x axis with a velocity v and observes 
the volume of a body moving along the x axis with a velocity u, show' that the 
ratio of the volume observed to that of the body w'hen u = vm 


4 


(C“ — tw)^ 


4. Considcriim only two co-ordinates x and f, and taking the velocity of light 
c= 1, show that changing from rectangular axes x and t to new ones, which 
are moving relatively to a and i with velocity v along the x axis, is equivalent 
to changing to oblique axes with tiie n<wv x axis, x% making an angle ^ with the 
old X axis and the new i axis, i', making an angle ^ with the old i axis so that 
the angle betw een f and is |:t — 2tJ;. (Show that tan^jj = v. 

5. In example 4, show' that the intercepts of the eurves — ^- == il on the 
axes x' and t' arc equal to tlie units of length and time in the moving rectangular 
axes. 

(). vShow that, li H If Ey, II z and Fi, F,/, are the eompononis of an electro- 
magnetic field relative to axes x, y, the components relative to axes y\ ?S 
moving along x with velocity v and coinciding with x, y, 2 at i •= 0 are given by 



///=f 

i(H,r 

c / 

E/ - j 


• fif, 

C 


A-/'-P 

(Eu- 



i(a’.+ 

^11 y 

c 


where S ~ — 

^ VI — 


^2/c3‘ 


7. A body of mass M moving through empty space, with a velocity along 
a straight line, loses particles of matter, as it goes along, in such a way that 

the particles remain at rest. Show that ■= 0, so that it may be said that 

there is no force on the body, since its momentum remains constant' a II hong ii its 
velocity increases as ii diminishes. If, how'cver, the particles continue to move 
with velocity components, parallel to the path of the fiody, equal to F, show 
that (lVldt>-= 0, so that the momentum of the body diminishes at the rati^ 

and there may therefore bo said to bo a retarding force acting on 

the body equal to the rate of change of its momentum. Criticize these state- 
ments. 

S. Show that the difierenco tv between two velocities v and as delinecl in 



EXAT\1PI.ES 



tIHAPTEIi XiX 

L Wlial in the sijinifu'nnee of the so-ealknl ahKolnte cleiermiiiaiHmN of the 
velocity oi rotation of the earth ()y means oi Foueauli's |KaitliiIiini (sr siimlar 
fleviees\ ui the i»en(‘ral theory of relativit\ 

2. It we regard tlu‘ earth an at rest, \\hieh aei'onlinu to the pnia iple of rela- 
tivity n allowaide, how can we (‘vpLun the rotation round tia* (Mrlli ni dif-iant 
stars 111 (ureular orbits with veloeities enormoiisK ensdiT than that of heht’^ 

3* If HI reetaia^iilar eo-onhnatis //. w / 

(Lr - ilif ilJ (lt*\ 

show that in a system of reittiimular dW" ip aw ay, rotatni'i with anaiiLir 
VTfotih C() 111 the /, // plains 

"-day - | r/Jldep 

I 2<i j t j t /a I da* | — 2coa | (/ r » dr j 

4. Show direetly tiiat the equations 

‘‘"’y [a a!-''*'" II (rr 1,2. 4) 

i A" I I (S ( S‘ 

must bo the equations of motion of a particle in a ynivitational flt^d. 

f), Hhow that ibniiuibs law of eravitidiou may In* ri‘!ianh‘d as an atiradion 
inversely as tla* *-f|nar{‘ of the detame to^iother with a very .^mall «itti<iei!on in- 
versely as the fourth power of tlu dwtamtu 

IL Show that the dt‘f!e( turn of a ])artiele movme with the \(‘loeit\ ofliehl past 
the sun on XowioibK law of ^travdaiiou is one-lialf that iiulieatid liy Eiibleiirs 
theory. 

7, Show that the delleition of hieht by 11u‘ miiw on PJihtiun s tluHiry, is the 
same as if thi' spaee around tlu* sun had a r(‘fraeti\(‘ imhev i * 2/e r, when* m 
is the raa^s of llie sun and r the distanee from its eenlre. 
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( D hit) 


The niiiiihei^ in fiont of the sviul^oh uf the elements denote the atomic numberb, the numbers underneath are the atomic weights The 
lattei aie taken, %^itli a luodilicatioiis, tiom the Repoit of the International CommisMon on Atomic Weights for 1932 The double 
ariow — > indicates the places wheie the oider of atomic weights and that of atomic mimbeis do not agree 
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Absorbability of scatteicd X-radiation^ 176. 
Absorption, and senes lines, iQi 

— of cathode ta^s, 202 

— spectra, X-ia} , 166 
Action, amt of, 76 

Air, conductnit} of, 347 
Alkali metals, spectia ol, 182 
Alpha-particle, orbit of, near nucleus, 222 

— eraG^e life oi, 227 
Alpha-iaes, 216 

™" and disinlei^ration, 225, z(nj 

— and enin'siou of elections, 263 
protons, 262 

— and ^nviuy paiadox, 225 
' — and heimiii, 218, 240 

— and ionization, 216, 247 

■ — and radioactnity, 223, 240 

— fioinbardriient b\ , 249 

— charged helium atoms, 218 
chai^^e of, 217-8. 

— counting of, 216. 

— disn"itc£Trat!ims due to, 263. 

— eini for, 216, 218 

— cnc‘l,u:i^ of, 223, 2:^6 

— ionization hj , 220 

— mass of, 218 

— photo£?raphs of tracks oi, 29 1 

— range and \elocitv of, 219, 220, 225. 

— single scatteiing oi, 141, 142, 221. 

— stopping power loi, 220. 

Aluminium, bombarded b\ a-ra}s, 249 

— disintegiation of, 249, 263 
Angular momentum, 13 1, 192 
'\node, hot, 23 V 

Antl«^^mmetlKul proper function, 127 
Artificial radioacluity, 249 
Astoifs mass speiliograph, 232-4, 236 

— positive ra) analysis, 232 
Atmospheiic eleUncity, 347 
Atom, absoipiiion of light by, 191. 

• — Bohr's iheoiv of, Qo 

— ciitjcal potenUa! of, 143. 

— eneig> of foinuition of, 252, 270 
--excitation potential of, 143, 146 

— grouping of elections in, 107, 165 

— loni/ation of, 143 

— loni/ation potential of, 1,13 

— loni/ed, spectium of, 185 

— normal state of, 191 

-- nucleus theorv of, i, 221, 251. 
stability of, 256, 

— stationary state of, K13 
~ stniuture of, 202-3, 221 

— symbol for, 232 

— very light, 257 

— with two electrons, 124 
\tomR bomb, 277-8 

- heat, 82 
nuclei, 251 

- number, 164, 170, 223, 231. 

' 1 


Atomic numbei, Moseley's woik on, 163, 
189 

— structure, and chemical affinity, 251. 

— weight, 231, 251. 

and isotopes, 23 |.-6 

joss of, 253 

— weights, calculation of, 271. 

precise, 238 

Average, m quantum theory, 1 15, 189. 

Balmcr’s senes, 92, 164 
Band spectia, 193 
JBeta-ravs, 173, 203, 351. 

— absorption of, 210 

— and y-iav'i, 173 

— and ladioactieity, 203, 213, 215, 240^ 

244 ~- 50 - 

— Bucheicr’s cxpeimients on, 205, 

— e/w foi, 201, 203 

— energy of, 21 1 

— Fermi’s theoiy of, 213 

— fiom ladon, 244-50 

— ionization b\ , 201 

— Kaufmann’s experiments on, 203. 

— mass and velocity of, 205. 

— ]ienetiatmn of matter by, 210 

— photographs of tracks of, 203, 291 

— scattering of, 207 

— secondarv, 173. 

— velocity of, 201 

Bohi’s theory of hvdrogen atom, 90, 106. 

spectra, 32, a6, 87, 90, 97, 106 

Boltzmann on entiopv anci piobabihty, 70. 
Blow man mov’ement, 299 

Capacity, specific inductive, i, 3, 16, 19-21. 
Cathode fall of potential, 33 8 

— rays, 152, 196 

absorption of, 302 

and fluorescence, 152 

and jonu alien of gases, 200 

ejm foi, 199 

magnetic and electric deflection of, 

197 ^ 

motion of, in gases, 201. 

— negative charge of, 198 

velocitv of, 303 

— Wehnelt, 197 

Central forces (Schrodingei), 104 
Chance, in quantum thtors”, <)4, 97, 104, 
107, 109 , 1 13 , 114-5, IlS, 127, 135-6, 
138, 260. 

Charge, ionic, determination of, 293. 

— of election, 1 1, 15 

— on gaseous 10ns, 288. 

Chemical constant, 78 
Clinstoffel’s symbols, 386 

(’dmuls, C d' F. Wilson’s appaiatus, 390. 

— electric chuige on, 349 
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